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PEEFACB 

This volume completes the plan of a course iii mathematics out- 
lined in the preface to the first volume. 

The subject of integration of functions of a single variable is 
treated in the first eight chapters. Emphasis is here laid upon the 
fundamental processes, and the conception of the definite integral 
and its numerous applications are early introduced. Only after the 
student is well grounded in. these matters are the more special 
methods of evaluating integrals discussed. In this way the student's 
interest is early aroused in the use of the subject, and he is drilled 
in those processes which occur in subsequent practice. A new 
feature of this part of the book is a chapter on simple differential 
equations in close connection with integration and long before the 
formal study of differential equations. 

With the ninth chapter the study of functions of two or more 
variables is begun. This is introduced and accompanied by the use 
of the elements of solid analytic geometry, and the treatment of 
partial differentiation and of multiple integrals is careful and rea- 
sonably complete. A special feature here is the chapter on line 
integrals. This subject, though generally omitted from elementary 
texts, is needed by most engineering students in their later work. 

The latter part of the work consists of chapters on series, the 
. complex number, and differential equations. In the treatment of 
differential equations many things properly belonging to an ex- 
tended treatise on the subject are omitted in order to give the 
student a concise working knowledge of the types of equations 

which occur most often in practice. 

iii 
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In conclusion the authors wish to renew their thanks to the 
members of the mathematical department of the Massachusetts 
Institute of Technology, and especially to Professor H. W. Tyler, 
for continued helpful suggestion and criticism, and to extend 
thanks to their former colleague, Professor W. H. Roever of 
Washington University, for the construction of the more difficult 
drawings particularly in space geometry. 
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A COURSE IN MATHEMATICS 

CHAPTEE I 
INFINITESIMALS AND DIFFERENTIALS 

1. Order of infinitesimals. An infinitesimal is a variable which 
approaches zero (fs a limit. ,The word "infinitesimal" in the mathe- 
matical sense must not be considered as meaning "very minute." 
For example, the size of an atom of matter is not a mathematical 
infinitesimal, since that size is regarded as perfectly definite. That 
a quantity should be infinitesimal it is essential that it can be 
made smaller than any assigned quantity. In operating with in- 
finitesimals it is not, however, necessary to think of them as 
microscopic or of negligible size. They arc finite quantities arid 
obey all the laws of multiplication, division, etc., like finite 
quantities. It is generally the last step in a problem involving 
infinitesimals to determine the limit of some expression, usually 
a quotient or a sum, when the infinitesimals contained in it 
approach zero. 

Ex. 1. To find the velocity of a moving body (I, 100)* it is necessary to 

find the limit of the quotient - , as As and A approach zoro as a limit, where 

A 

Aft is the space traversed in the time A. Here As and A are infinitesimals and 
the velocity is the limit of the quotient of two infinitesimals. 

Ex. 2. To find the area of a circle it is 'customary to inscribe in the 
circle a regular polygon of n sides and to divide the polygon into n tri- 
angles by radii of the circle drawn to the vertices of the polygon. When 
n is increased without limit, the area of each triangle is infinitesimal, and 
the area of the circle is the limit of the sum of the infinitesimal areas of 
aji indefinitely great number of triangles. 

4 

* References preceded by I refer to Vol. I. 
1 
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In a mathematical discussion involving infinitesimals there will 
usually be two or more infinitesimals so related that as one. ap- 
proaches zero the others do also. Any two of these may be com- 
pared by determining the limit of their ratio. We have accordingly 
the following definitions : 

Two infinitesimals are of the same order when the limit of their 
ratio is a finite quantity not zero. 

An infinitesimal ft is of hiyher order than an infinitesimal a 

$ 

if the limit of the ratio is zero. 

cc 



Ex. 3. Let ft = sin a and 7 = 1 cos a, where a is an infinitesimal angle. 

Then Lta = Llm = 1, 

a a 

n, 1 t*f\a yv 

= 0. (I, 161) 



a 



a 



Hence ft is of the same order as cr, and 7 is of higher order. 

Kx. 4. Let the arc Alt (fig. 1) be an arc of a 
circle of radius a with center at O, the chord AB 
the side of an inscribed regular polygon of n 
sides, and CD the side of a regular circumscribed 
polygon. Also let 

a = the area of the triangle A OB, 
ft = the area of the triangle COD, 
7 = the area of the trapezoid ABDC. 

Then if n is indefinitely increased, <r, , and 7 are 
infinitesimal. To compute their values, draw OE 
perpendicular to AB and CD. Then 




FIG. 1 



2* 
n ' 

From this it follows that 



7T 

n' 



2 



= a* sin cos - , 
n n 



tr 

ft = OF- ~ = OF- FD = a* tan , 






7 = 



FD)(OF~ OE) 



= a 2 /sin - + tan -Vl - cos -} = a 
\ n^ nj\ n) 



sin~ 
n 

cos - 
n 
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8 1 

Hence ' Lim - = Lim = 1, 

a n ir 



sin*- 

Lim 2 = Lim - = 0. 

a ?r 

cos 2 - 

n 

Therefore ft is of the same order as cr, and 7 is of higher order. 

2. Particular importance attaches to the case in which the limit 
of the ratio of two infinitesimals is unity. Suppose, for example, that 

ft 

Lim = 1. 
a 

Then, by the definition of a limit (I, 53), 

->+ 

where e approaches zero as a approaches zero. Hence 

ft SB a + ae. 

Now the term, ae is an infinitesimal of higher order than a, for 
Lim - - = lime = 0, so that ft and a differ by an infinitesimal of 
higher order than each of them. 

Conversely, let ft and a differ by an infinitesimal of higher 
order than either of them, i.e. let 



7 
where, by hypothesis, Lim - = 0. Then 



Tim - = Lim(l + ?)=!. 
a \ a/ 



We have accordingly proved that the two statements, "Two 
infinitesimals ft and a differ by an infinitesimal of higher order" 

ft 
and " lam = 1 " are equivalent. 



a 



Ex. 1. The infinitesimals a and sin a differ by an infinitesimal of higher 
order (I, 151). 

Ex. 2. The areas of the triangles AOB and COD (Ex. 4, 1) differ by an 
infinitesimal of higher order, namely, the area of the trapezoid ABLC. 



4 INFINITESIMALS AND DIFFERENTIALS 

3. Fundamental theorems on infinitesimals. There are two im- 
portant problems which arise in the us of infinitesimals, namely : 

1. A quotient problem : to find the limit of the quotient of two 
infinitesimals as each approaches zero. 

2. A sum problem : to find the limit of the sum of a number of 
infinitesimals as the number increases without limit and each in- 
finitesimal approaches zero. 

Each of these problems has been illustrated in 1 ; for each 
there is a fundamental theorem as follows: 

1. If the quotient of two infinitesimals has a limit, that limit is 
unaltered by replacing each infinitesimal by another which differs 
from it by an infinitesimal of higher order. 

2. If the sum of n positive infinitesimals h as a limit, as n increases 
indefinitely, that limit is unaltered by replacing each infinitesimal 
by another which differs from it by an infinitesimal of higher order. 

To prove theorem 1, let a and ft be two infinitesimals and let 
a l and ft l be two others which differ from a and ft respectively by 
infinitesimals of higher order. Then we have ( 2) 

Lira. = 1 , Lim -3- = I, 

*! Pi 

whence a = a A + 6^, ft = ft + e 2 /3 t , 

where e t and e 2 approach zero as a and ft approach zero. Then 



a a l +e l a l a l 
Therefore 

T- ft T- i r- iT- * T- 

Lim - = Lnnl - - - -- -- - ? )= Lim -- Lini T-T-- = Li 



a ^ + e a, + x a l 

Ex. 1. Since the sine of an angle differs from the angle by an infinitesimal 

of higher order, . rt n 

b ' T . sin 8 a , . 3a 3 

Lim ------ = Lim = -. 

sin2a 2a 2 

To show this directly, we may write 

sin 8 a _ 3 sin a ~ 4 sin'tr _ 3 _ 2 sin a a 
sin 2a ~ 2 sincr cosa "~ 2 cosa cosa 

Therefore ' L im?15^ = l 

sin 2 a 2 
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To prove theorem 2, let oc v a v a B , , a tl be n positive infini- 
tesimals so related that, as n increases indefinitely, each of the 
infinitesimals approaches zero and their snm approaches a limit; 
and let j3 v # 2 , /3 3 , , /3 n be n other infinitesimals such that 

-i, Um-' = 1, 

2 a s 

We wish to sliow that 



Now (2) 



A =+; 

whence Liin (+++... + ^) 



Now let 7 be a positive quantity which is equal to the largest 
numerical value of the quantities e v e 2 , e 8 , , e tt . 

Then 7 ^ e l ^ 7, 



whence 7^ 1 ^ e l a l ^ 



since by hypothesis a 1 is positive and may multiply the inequality 
without change of sign. Similarly, 



whence 



6 INFINITESIMALS AND DIFFERENTIALS 

As n increases indefinitely, a^ a 2 + a 8 H h <* n approaches a 

finite limit by hypothesis, and 7 approaches zero. 

Therefore Lim (e^ + e 2 # 2 + e 8 # 8 H h n a n ) = 0, and hence 

Lim (j3 t + /8 2 + $ 8 + 4- $,) ^ Lim (a^ + # 2 ~J~ ^s "^ " " " "J" ^n)- 

n as oe n = oo 

The theorem is thus proved for positive infinitesimals. 

Ex. 2. The limit of the sum of the areas of n triangles such as AOB (fig. 1) 
is the same as the limit of the sum of the areas of n triangles such as COD, 
when n is indefinitely increased. 

The theorem is also true if the infinitesimals are all negative, 
since to change the sign of each infinitesimal is simply to change 
the sign of the limit of the sum. If the infinitesimals are not all 
of the same sign, however, the theorem is not necessarily true. 

Ex. 3. Let 

l 11 1 

{%i = : ) #2= - tta = > fT4= -i etC., 

vn vn Vn vn 

_1_1_1_I 
n n n n 

Then a\ -f #2 + <*s 4- + #n = 0, or = , 

ft + ft + ft + 4- fti = 1, or = 1 -f -L f 

vn 
according as n is even or odd ; and 

Liin (ai -f a* -f a 8 + 4- a n ) = 0, 
Lim (ft + ft + ft -f - - + Ai) = 1. 

n= oo 

4. Differentials. The process of differentiation is an illus- 
tration of the quotient problem of 3. For if y =/(#) is a 
continuous function of x which has the derivative f(x), and 
A# and A t y are the corresponding infinitesimal increments of 
x and y y then, by definition, 

\t/ m 

?-/H (i) 
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It appears from (1) that Au? and Ay are infinitesimals of the same 
order, except in the cases in which /'(#) is or oo. Moreover, (1) 
may be written * 



where lim = 0, and hence 

AarAQ 

Ay =/(#)A<r + eA#. (2) 

Tt appears, then, that /'(#) A# differs from Ay by an infinitesimal 
of higher order than A#, and f f (x)Ax may therefore be used in 
place of Ay in problems involving limits of quotients and sums. 
The quantity /'(#)A# is called the differential of y, and is rep- 
resented by the symbol cty. Accordingly 

Ay =/(*)A* (3) 

Now in the special case in which y = a 1 , formula (3) reduces to 

dx = A#. (4) 

Hence we may write (3) as 

dy=f(x)fa (5) 

To sum this up : The differential of the independent variable is 
equal to the increment of the variable; the differential of the 
function is equal to the differential of the independent variable 
multiplied by the derivative of the function, and differs from the 
increment of the function by an infinitesimal of hiyher order. 

From this point of view the derivative is called the differential 
coefficient. 

The use of differentials instead of increments is justified by the 
fundamental theorems of 3 in many problems which are eventu- 
ally to involve the limit of a quotient or the limit of a sum. 

It is to be emphasized that dx and dy are finite quantities, sub- 
ject to all the laws governing such quantities, and are not to be 
thought of as exceedingly minute. Consequently both sides of (5) 
may be divided by dx, with the result 

/- 
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That is, the derivative is the quotient of two differentials. This 
explains the notation already chosen for the derivative. 

Ex. 1. Let y = x 9 . 

We may increase x by an increment A# equal to dx. Then 

Ay = (x -f- dx) B x a = 3 x' 2 dx -f tS x (dx)' 2 + (dx) a . 
On the other hand, by definition, 

dy = 8x*dx. 

It appears that A# and cZy differ by the expression 3jr(rLc) 2 -f (ffo) 3 , which is 
an infinitesimal of higher order than dx. 

Ex. 2. If a volume v of a perfect gas* at a constant temperature is under 

k 
the pressure p, then v = - , where k is a constant. Now let the pressure bo 

increased by an amount Ap = dp. The actual change in the volume of the 
gas is then the in civ meat 

k k 

Ai? = = 

p 4- dp p 

The differential of v is, however, 

-_**? 

which differs from Aw by an infinitesimal of higher order. The differential dv 
may, accordingly, be used in place of Av in problems which involve the limit 
of quotient*! or sums of this and other infinitesimals. 

5. Graphical representation. The 

distinction between the increment 
and the differential may be illus- 
trated graphically as follows: 

T^et the function be represented 
by the curve y =/(#) (fig. 2). Let 
P(jc 9 y) be any point of the curve, 
and Q (x + A#, y + Ay) a neighboring 
.X point. Draw the lines PR and RQ 
parallel to the axes, the chord PQ, 
and the tangent PT. Then 





FIG. 2 



and 



Aa; = tie = PR, Ay = B Q, f r (x) = tan RPT, 
dy =/(*) dx = (tan RPT) PR = 7^ T. 
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Hence the increment and the differential differ by QT. That QT is 
an infinitesimal of higher order than PR may be shown as follows: 



RT 


= tan BPT Lim(tan RPQ) = 0. 

6. The formula 

dy=f'(x)fo (1) 

has been obtained on the hypothesis that x is the independent 
variable and y = /(*). 

Consider now the ease y =/(#), where x = <f>(t) and I is the 
independent variable. By substitution we have 



y =/(*) =/[<*> <Q] = 

Then, by ( 1), <fy = F'(t) dt. (2) 

But by I, 06, (7), /<"(/) =/(.) 



Substituting in (2), we have 

(3) 



But since is the independent variable and x = <f>(t), we have, 

from(1) ' ifa 

Substituting in (3), we have 



This is the same form as (1). Therefore (1) is always true 
whether x is the independent variable or not. 

7. Formulas for differentials. By virtue of the results of the 
preceding article, the formulas for differentials can be derived 
from the formulas for the corresponding derivatives. 

For example, since the derivative of u n with respect to u is nu*~\ 




whether u be an independent variable or the functioh of another 

variable. 
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Proceeding as in the above example, we derive the following 
formulas : 

^/.....-V-A. (1) /7 __ 1 ,,_ :n _^ =} (U) 



d (cu) = c du, (2) 

u + v) = du + dv, (3) d tan -i u = d_ 9 (15) 

d(uv) = udr + vdu, (4) 1 + 

V\ ?> du w, rZ rf ctn' 1 a = '-^ > (16) 

-) = ^ ( 5 ) 1 + ^- v ' 

rf('M n ) = nu n ~ l du, (6) rf Sec" 1 = / ; * (1 7) 

^ sin ?t = cos u du, (7) 

<# cos u = sin w rfw, (8) rf esc"" 1 % = T ^. * (18) 

\/ /*/>.< x ' 

rf tan M = sec 2 ?^ rfw, (9) 



' = 7f^?' (18) t**."-**.'' ( 22 ) 



.... . j (i.7y 

ctn w = esc" n an., (10) , 

rf sec 16 = red* taint rfw, (1 1) rf lo S M = ^'' ( 20 ) 

rfcscw = C5scttctnttc7w,(12) rfa- = ^Icjgarfw, (21) 

^^ /1\ 71 1 rfM 

76 

8. Differentials of higher orders. By definition 

dyf(r)dx. (1) 

But rf// is itself a function of ,r, and may, accordingly, have a 
differential, which will be denoted by rf 2 y; i.e. d(dy) = d*y, and, 
in general, d(d n ~*y)~d n y. The differentials d*y, d*y, -, d n y are 
called differentials of the second, the third, , the nth order 
respectively. 

When x is the independent variable, its increment dx may be 
taken as independent of x. With this assumption, applying our 
definition of a differential to (1), we have 

d*y = d[f(x) d,r] = [/"(#) dx] dx : 

where dx* is written for convenience instead of (dx)*. 
In like manner, 

and, in general, 



DIFFERENTIALS OF HIGHER ORDERS 11 

The reason for the notation used for derivatives of the second, 
the third, , the nih orders is now apparent. 

If x is not the independent variable, the expressions for the 
differentials become more complex, since dx cannot be assumed as 
independent of x. We have, then, 



)> T) 

where, if x = $(t), dx = <}>'(t)dt, and d 2 # = fi f (t)dt* 9 t being the in- 
dependent variable. It appears, then, that the formula for the 
second differential is not the same when written in terms of the 
independent variable as it is when written in terms of a function 
of that variable. This is true of all differentials except the first 
(see 1 6). 

Hence the higher differentials are not as convenient as the first, 
and the student is advised to avoid their use at present. 



CHAPTER TI 
ELEMENTARY FORMULAS OF INTEGRATION 

9. Definition of integration. The process of finding a function 
when its differential is known is called integration. This is evi- 
dently the same as the process of finding a function when its 
derivative is known, called integration in I, 1 10. 

In that place integration was performed by rewriting the deriv- 
ative in such a manner that we could recognize, by the formulas of 
differentiation, the function of which it is the derivative. 1MI this 
method can be applied only in the simpler cases. For the more 
complex cases it is necessary to \\v\,vvf orumltiit ofinfeyrution, which 
can evidently be derived from the formulas for differentials ( 7). 

Using the symbol J to denote integration, it is evident from the 
definition that if / 



then 



Cf(.<)d.r. = F(.r). 



The expression /(*') d.K is said to be inidcr the sign of integration, 
and/(,#) is called the inlct/rund. F(,r) is called the in/tyrul of /(.) d#. 
10. Constant of integration. Two functions which differ only 
by a constant have the same derivative and hence the same differ- 
ential; and conversely, if two functions have the same differential, 
they differ only by a constant (I, 110; IT, 30). 

Hence if /(.) d,v = dF(t), (1) 

it follows that /(,*) dx = d [F(,r) + C], (2) 

where C is any constant. 

Eewriting (1) and (2) as formulas of integration, we have 



F(x) (3) 

and Cf(v) dx = F(x) + C. (4) 



12 
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It is evident that (3) is but a special case of (4), and hence that 
all integrals ought to he written in the latter form. The constant 
is called the constant of integration and is independent of the form 
of the integrand. For the sake of brevity it will be omitted from 
the formulas of integration, but must be added in all integrals 
evaluated by means of them. As noted in I, 110, its value is 
determined by the special conditions of the problem in which the 
integral occurs. 

11. Fundamental formulas. The two formulas 

I c du, = c I du (1) 

and \(dtt + dv + dw + ) = Cdu + idv + idw + (2) 

are of fundamental importance, one or both of them being used in- 
the course of almost every integration. Stated in words, they are 
as follows : 

(1) A constant factor may be changed from one side of the sign 
of integration to the, other. 

(2) The, itifcyrftl of a sum of a finite number of functions is the 
sum of the integrals of tlw separate functions. 

To prove (1), we note that since c du = d(cu) t it follows that 



I c du == I d(cu) = cu = c I du. 



In like manner, to prove (2), since 

du + dv + dw + - == d(u + v + w H ---- ), 
we have 



/ (du + dv + dw-i ---- ) = / d( 



u + v + 

= U + V + W + 



= I du + I dv + I dw 



The application of these formulas is illustrated in* the following 
articles. 
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12. Integral of u". Since 



it follows that I fi 

But by 11(1), if m =5^0, 

m I u m ~ 1 du = I ?; 

/H m 
u m ~ l du = 
m 

Placing m = n + 1, we have the formula 

n ^ = -~7 (!) 



for all values of n except n = 1. 

If w = 1, the differential under the integral sign in (1) becomes 

du 

> which is recognized as d(logu). 

Therefore 

In applying these formulas, the problem is to choose for u some 
function of x which will bring the given integral, if possible, under 
one of the formulas. The form of the integrand often suggests the 
function of x which should be chosen for u. 

Ex. 1. Find the value of f ( ox 2 -f foe -f - -f 
/ \ x 

Applying 11 (2) and then 11 (1), we have 



bfxdx + c C ~ -f efxr*dx. 

The first, the second, and the fourth of these integrals may be evaluated 
by formula (1), and the third by formula (2), where u = , the results being 

respectively -ox 8 , - fee 2 , ~, and c logx. 
32 x 

Therefore 



f( 
* \ 



ox a -h 5x -f ~ -f ^W = - -f -fcx* + c logs - ~ f (7. 
x x a / 3 2 x 
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Ex. 2. Find the value of f (x 2 + 2)xdx. 
If the factors of the integrand are multiplied together, we have 
J"(x 2 4 2)xdx = J(x + 2x)dx, 



which may be evaluated by the same method as that used in Ex. 1, the result 
being x 4 -f x 2 4- C. 
Or, we may let x 2 -f 2 = u, whence 2xc2x = dii, so that xcLc = dw. Hence 



f (x 2 -f 2)x dx = f J u du = J f 



= 



1 ( 2 4- 2)2 + C. 

Instead of actually writing out the integral in terms of w, we may note that 
xdx = J d(x 2 + 2), and proceed as follows: 



= J (x 2 -f 2)2 + C. 

Comparing the two values of the integral found by the two methods of 
integration, we see that they differ only by the constant unity, which may 
be made a part of the constant of integration. 

Ex. 8. Find the value of f(ax a -I- 2 6x)(ax + b)dx. 

Letax 2 +26x = u. Then (2 ax + 26)dx = du,sothat (ax + &)dx= \du. Hence 

+ 2 6x) (ax + 6) dx = C\ u*du 



Or, the last part of the work may be arranged as follows : 

26x)8(ox + b)dx = J(ox 2 + 26x) 8 Jd(ox -f 26x) 

= jf (ox 2 + 2 6x) 8 d (ox 2 + 2 6x) 
= 4 (ax 2 -f 
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Ex. 4. Find the value 



s of I 

C=M. Then (2 ax 4- 

/4 (ax -f b) dx __ / 2 dit __ r die 
ax 2 + 2 6x ~ / u ~~ J u 



As in Ex. 3, let ax 2 +2 bx=u. Then (2 ax+2b)dx=du, so that (ax+b)dx= J du. 
Hence 



^(x 2 jf^2fox) 
^ax 2 +~2 &x~ 
(ax 2 + 2 &x) + C 
= log (ax 2 + 2 6x) 2 + C. 

Ex. 5. Find the value of C(&* + 6) 2 e**- r dx. 
Let e -f 6 = u. Then e"- r a dx = da. Hence 



r (<** + 6)wiix = r tt * 

= - 1 / 

a J 



Or, f (e B -f &) 2 &* dx = T - (e^ + &) 2 d (e J + 6) 

= 1 r(c* + &)2rf( e <'* + &) 
d / 



3a 



Ex.O. Find the value of . 

J tan (ax 4- b) + c 

Let tan (ox + 6) -f c = u. Then sec 2 (ox -f 6) a dx = dw. Hence 

/sec 2 (x 4- &)dx __ /! du 
tan (ax 4- b) -f c "" J a u 

- 1 f ?** 

~" a J It" 
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= - logu-f C 

= - log[tan(ox + 6) -f c] + C. 



r 8en*(axjf_&)_(iB __ r 1 d[lan (ax 4- 6)4- c] 
J tan (ax -f b) -f c ~~ J a tan (ox + b) -f c 



tan(ox -f b) + c 

= - log [tan (ax + b) + c] -f C. 
a 

The student is advised to use more and more the second method, 
illustrated in the preceding problems, as he acquires facility in 
integration. 

13. Integrals of trigonometric functions. By rewriting the 
formulas (7) for the differentiation of the trigonometric func- 
tions, we derive the formulas 



/ 
/ 



/ 



cos u du = sin u y (1) 

sin u du = cos u, (2) 

* 
sec 2 u d'H = tan u, (3) 

esc 2 u du = ctn u, (4) 

sec u tan u du = sec u, (5) 


esc u ctn udu= esc u. (6) 

In addition to the above are the four following formulas : 

* 
tan u du = log sec u y (7) 

** 
ctn u du = log sin u, (8) 

//7T U\ 
sec % dfo* = log (sec u + tan u) = log tan ( ~ + I > (9) 
\4 2/ 

esc udu log (esc ti ctn u) = log tan - (10) 
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To derive (7) we note that tan u = and that sin u du 

,. x JL 7 cosw 

= a (cos u). Then 



/fdfooau 
tan u du = I 
J COBU 



= log cos u 

= log sec u. 
In like manner, 



/feosudu 
ctn w du I .- -- = log sin u. 
J sin ?4 

Direct proofs of (9) and (1 0) are given in 68. At present they 
may be verified by differentiation. For example, (9) is evidently 

true since 7 , 

rc log (sec ^ + tan u) = sec 2 rf?. 

The second form of the integral may be found by making a 
trigonometric transformation of secw + Uuitt to tan (-- + -] 
Formula (10) may be treated in the same manner. 

Ex. 1. Find the value of f cos (ax 2 -f toe) (2 ax + 6) dx. 
Let ax 2 + bx = w. Then (2 ax -f- 6)dc = dw. 

Therefore fcos (ax 2 + 6x) (2 ax -f 6) (2x = Tcos (ax 2 + 6x) d (ax 2 + 6x) 

= sin (ax 3 + bx) + C. 

Ex. 2. Find the value of Tsec (e ^ + 6) tan (## -f b) e aj ^x dx. 
Let e"* 8 -f 6 = it. Then e** a 2 ox eZx = du. 

Therefore f sec (<p* -f 6) tan (e*** + 6) e* 2 x dx 

= ^- fsec (e** 8 -f 6) tan (^ + 6) d (&*# + 6) 
2 a v 




2a 



The integral may often be brought under one or more of the t 
fundamental formulas by a trigonometric transformation of the 
integrand. 
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Ex. 3. Find the value of f cos 2 xdx. 
Since cos 2 x = (1 4- cos2x), we have 

f cos 2 xdx = J f (1 4- cos2x)dx 

= %fdx 4- \fco*x d(2x) 
= x4- I sin2x4- C. 
Ex.4. Find the value of jsec2x(fx. 

If we let sec 6 2 a; = sec* 2 x sec 2 2 x, and place sec* 2 a; = (1 + tan 2 2 x) 2 = 
1 -f- 2 tan 2 2x4- tan 4 2 x, the original integral becomes 

f (1 4- 2 tan 2 2x 4- tan*2x)ec 2 2xdx. 

Place tan2x = w. Then sec 2 2 x 2 cfce = du. Making this substitution and 
simplifying, we have 

fs 



= 4 ^ tan 2x 4- i tan2x -f ^ - tan2x 4 C. 

14. Integrals leading to the inverse trigonometric functions. 

From the formulas (7) for the differentiation of the inverse trig- 
onometric functions we derive the following corresponding formulas 
of integration : 

x ^7.,. 

= sin"" 1 ^ or 




= tan"" 1 ^ or ctn"" 1 ^, 



or 



These formulas are much more serviceable, however, if u is 

replaced by - (a > 0). Making this substitution and evident 
CL 

reductions, we have as our required formulas: 

du . ,u * 

"" - " 



/: 



= = sin"" - or cos"" 1 i (1) 

~u l * ^ 

du 1 _j u 1 , . u ' /ov 

= 5 - tan J - or ctn a -* (2) 

a a 4-^ a a a a a 

u 1 i u * /ov 

- or esc"" 1 (3) 

a a a 
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ni 

Referring to I, 153, we see that in (1) sin"" 1 - must be taken 

u a 
in the first or the fourth quadrant and that cos" 1 - must be taken in 

77 

the first or the second quadrant. In like manner in (3) sec" 1 and 

a 

esc" 1 must be taken in the first or the third quadrant. 

It is to be noted that the two results in (I) differ only by a 

ni n i 

constant. For let sin" 1 = <fi and cos" 1 = i/r. where <f> is in the 

a a 

first or the fourth quadrant and ^ is in the first or the second 
quadrant. Then 

. . n u 

sin o> = - > cos vr = 

a a 



COS<X> = \ I 




*7T* 

Therefore cos (< + ty) = 0, whence < + ^ = (2 A; + 1) - > where 
k is any integer or zero. 



d JL (A, 

Similarly, the results in (2) or (3) may be shown to differ by 
constants. 

Ex. 1. Find the value of C rrr-r=r^- 
/ V9 4 x a 

Letting 2 x = u, we have du = 2 dc, and 

~ or 



Ex. 2. Find the value of f 

If we let V8x = u, then du = V3dx, and we may write 

""^r7j7 :=s /^r ^' - =^ sec " 1 ^- 1 + c or -^ C8 - 1 ~ : + 0- 
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Ex. 3. Find the value 



of C= -- 
J Vi'x-x* 



Since V4x-x 2 = V4 - (x - 2) 2 , we have 

/dx __ r _ (ix _ __ /* d (x - 2) 
V4x-x 2 J V4-(x~-2)"* V4 - (x - 2)5 

= ain- 1 lH? + C or - cos-i ?-=-? + C. 
2 2 



Ex. 4. Find the value c 

To avoid fractions and radicals, we place 
dx 



2x* + 3x + 6 I(5x 2 -f 24x-f 40 (4 x 4- 8) 4- 31 

Tlierefore 

f dx _ = 9 f ___ ^i __ = 2 f '- (4 ^ 8 ^ 
J 2a: + 3x + 5 "J (4x + 8) + 31 J (4x + 8)"a'+ 31 



+ or - cta- + a 

v81 V31 V31 V81 

The methods used in Exs. 3 and 4 are often of value in dealing with 
functions involving ax 2 + bx + c. 

Ex.5. Find the value of f 



Separating the integrand into two fractions, i.e. 



and using 11 (2) we have 

/(x 8 + x) d _ / g'cfa /__ x 
"T+^aB*"""-/ 6 + 4x* / 6T 



, I*, i**/ j ; 4xdx 



/xdx _ 1[ 
FT4~x* "" 4 



-- v.. - - or ctn- 1 - 

4v5 v5 4V5 v5 



-J-4X* lo 4V6 

or -L log (5 + 4 x*) - - ctn-i + 0. 

10 4 v 5 v 5 
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15. Closely resembling formulas (1) and (2) of the last article 
in the form of the integrand are the following two formulas : 

d? L t 

P== = li*(*4Vrf + rf) (1) 



, r du 1 , u a 1 , a u /ox 

and I - - = log - or - - log ----- (2) 

J u 2 - a 2 2 a 6 a + a 2a *a + u v ' 



Tojlerive (1) we place u = a tan <. Then t2u = a sec 2 <rf^, and 
+ a' 2 = a sec 0. Therefore 

/du C 17. 

.-^. __ = I sec <6 ad) 
Vtt' + a 51 J 

= log(sec + tan 4) (by (9), 13) 



= log (tt + -Vu 2 + a*) log a. 

But log a is a constant, and may accordingly be omitted from 
the formula of integration. If retained, it would affect the con- 
stant of integration only. 

Formula (2) is derived by means of the fact that the fraction - 

may be separated into two fractions, the denominators of which 
are respectively u a and n + a ; i.e. 



_J_./_3 L_V 

'- 2a\u-a u + aj 

mu C du if/ 1 1 \j 
Then I -5 3 = - / ( }d 

J u* or 2 a J \u a u + aj 

_j_/ r du r du \ 

2a\J u a J u + a/ 



1 

= T~ P8 ( u "~ a ) "" l S( u + a ) 

Zi (t 

1 , u a 

~~. .. \f\Cf f 

"" O ^ o . i 
<L Q' U + tt 
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The second form of (2) is derived by noting that 

/(hi r tin . 
= I = log (a u). 
u-a J a u &v ' 

The two results differ only by a constant, for 

a . u 1 u a 

a + u u + a 

and hence log = log ( 1 ) + log ; 

and log( 1) is a constant complex quantity which can be ex- 
pressed in terms of i ( 170). 

Ex. 1. Find tho value of C ?* -. 

To avoid fractions we multiply both numerator and denominator by V. 

Then _- _=^- _: = --- --- = - -- f - . 

Vij x 2 + 4 x V9x' 2 + 12a; V(3 x -f 2) a - 4 

Letting 3 x 4- 2 = w, we have du r= B dx, and 

/: 



- V 1og(8a> + 2 -{ V(Ij a; + 2) - 4) 



Ex. 2. Find the value of C -- - 

J 2x + x- 

g the numerator and the de 

_ _?*__- 2 f __ 4rf * 

2x + x - l>i J (4x + 1)2 - (11)2 



+ 2 + oxMl2x) + C. 



16 
Multiplying the numerator and the denominator by 8, we have 



^ maybe reduced to llog|z| + c t or llo 

and the term ^ log 2, being independent of B, may be omitted, as it will 
only affect the value of the constant of integration. 
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If in the formulas for the differentiation of 

sinh" 1 ^, cosh"" 1 ^, and tanhr 1 ^ (I, 161) 

we replace u by > they become 

Qt 

du 

d . , x u _ dx 
dx a ^% 2 -j_ Q* 

du 

d i __i u dx 

dx k a Vu* a* 

du 

i d , , ->u dx 

and tanh" 1 - = -5 

dx a arw 

The corresponding formulas of integration are evidently 

du -11^ 

= smrr > 



, u 



and / -TT^-T = - tanlr 1 

a a 

These forms of the integrals are often of advantage in problems 
where the resulting equation has to be solved for the value of u in 
terms of the other quantities in the equation. 

By formulas (2), 14, and (2) of this article we can find the value 

/dx 
5 ; We can also find 
atf+te + c 




the 



value of any integral of the form I -^ r ^ , as shown in Ex. 3. 

J (XfX "f" OX "f" 

/P (x\ dx 
s---f - > where P(x) is a 
atf+bx + e ^ ' 

polynomial, can always be found, since by division the integrand is 
equal to a polynomial plus a fraction of the form just mentioned. 
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Ex. 3. Find the value of 



If 2x 2 4- x - 16 = w, dtt = (4x + l)dx. 
Now 8x4-4 may be written as f (4x + 1) 



Therefore rJ!>*L . 
J2x 2 + x-15 



- ? r JlfLiil) *L 4. 1? r 

~ 4 J 2x^~x~^16 "4 J 



2x 2 + * ~ 16 

The first integral is Iog(2x 2 + x-15), by 12 (2), and the last integral is 

of the form solved in Ex 2, and is - log -- ^~ 

44 x -f 8 
Hence the complete integral is 



Ex. 4. Find the value of /<** + )* 
J V3x-i-4x 



Tlie value of this integral may be made to depend upon that of Ex. 1 in the 
same way that the solution of Ex. 3 was made to depend upon the solution of 
Ex. 2. For let 3x 2 + 4x = u \ then du = (Ox 4- 4)<fx. 
+ 4) + -V- 



Therefore 



g"a*, f 

2 ^ 




-* [ (0 a: + 4)*] + 



The first integral is J V8x 2 -f 4x, by 12 (1), and the second integral is 
11 



log(3x -h 2 + V9x 2 -f 12 x), by Ex. 1. Hence the complete integral is 



3V3 

11 



~log(3x -f 2 4- v9x 2 + 12x) + C. 
3V3 

16. Integrals of exponential functions. The formulas 

=- a) 



and ' a^du-a* (2) 

J loga 

are derived immediately from the corresponding formulas of differ- 
entiation. The proof is left to the student. 
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17. Collected formulas. 

/ u n+l 
*,=, ) 

/du , 
--!<*, (2) 

I cos u du = sin M, (3) 

/ sin // dii, = cos //>, (4) 

I sec 2 ?6 rfvt = tan n, (5) 

/ csc 2 ?^ du = ctn w, (6) 

/ sec w tan u. dn = soo u 9 (7) 

/ csc5 ?A ctn u du = esc M, (8) 

I tan u du = log sec u, (9) 

/ ctn ^6 du = log sin ?/', (10) 
/ sec M rfw = log (sec ?6 + tan -u) = log tan f j + ^ J, (11) 

I esc ?^ rf^ = log (esc u ctn if) = log tan > (12) 

/f?M , U , 16 

=-.-==- = sur 1 - or cos- 1 -. (13) 

Vrt'-w* 

/rflfr 1,1?^ 1 A 1 ^ .+ A 

-5 -- - = ~tair 1 - or -- ctir 1 -* (14) 

or + ir a a a a 

/da 1 _^u I ^u 

- . -_ = - sec - or -- csc~ - > (15) 

w V^ a rt a a ^ a x ; 

+V^T7t r2 ) or sinh- 1 -, (16) 



a 
du 



C du =log(^+V^T^) or cosh" 1 -, (17) 

J VM* a* a 



/'WH, 
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/du 1 , u a 1 , a u 1_ , ,u /10 . 
__ - . log or - log or tanh~ l -> (18) 

f, (19) 

~a- (20) 

log a 

18. Integration by substitution. Tn order to evaluate a given 
integral it is necessary to reduce it to one of the foregoing standard 
forms. A very important method by which this may be done is 
that of the substitution of a new variable. In fact, the work thus 
far has been of this nature, in that by inspection we bave taken 
some function of x as u. 

In many cases where the substitution is not so obvious as in the 
previous examples, it is still possible by the proper choice of a 
new variable to reduce the integral to a known form. The choice 
of the new variable depends largely upon the skill and the experi- 
ence of the worker, and no rules can be given to cover all cases. A 
systematic discussion of some types of desirable substitution will 
be taken up in later chapters, but we shall in this chapter work a 
few illustrative examples. * 






2 x + 3 

Let 2 x -f 8 = z 2 . Then x = (z 2 - 3) and dx = z dz. Substituting these val- 
ues in the original integral, we have 



- G* 2 + *>)dz = i (I z*-2z* + 92) 4- C. 
Replacing z by its value in terms of x, we have 

s (X* - 2 x -f 0) + C. 




Ex. 2. Find the value of / X * + a * dx. 



2 = z 2 . Then xdx = zdz, and = *xdx = ~ --- ^. 
Then, after substitution, we have x x z* a 



* + a 
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Replacing z by its value in terms of x, we have 



Ex. 8. Find the value of f Va 2 -x 2 eto. 

Lot x = a sin z. Then cfcc = a cos z dz and Va2 _ X 2 _ a cos ^ 



Therefore 



f 



= a 3 Ceo&zdz = | a 2 f (1 -f cos22)(fe 



But 3 = sin- 1 - , and siii 2 z = 2 sin 2 cos 2 =.- 2 - Va a x 2 . 

' 



Finally, by substitution, we have 



a' 2 



(7. 



Ex.4. Find the value of C x* V~x*^ a* dx. 

Let i = a sec 2. Then efce = a see 2 tan 2 d, and Vx 2 - a 2 =. a tan 2. 



Therefore C 



= a 5 ft 

=: a 6 Mtan** -f tan 4 2) sec 2 2(?2 
= a f (J taii 8 2 -f JL tan**) + C. 



_ 

But sec 2 = - , whence tan 2 = , so that, by substitution, we have 



- o*j (2 a 3 



-f C. 



Ex. 5. Find the value of f-_?L- -. 

J (x2 4- a)8 _ 

Let x = a tan 2. Then dx =. a sec 2 z dz and Vx a -f a 2 = a sec 2. 



Therefore f_-*L * f^*- 1 . fcos 2 dz = i sin 2 + (7. 
^ ( 2 -f- a 2 )* a 2 / sec* a 2 J a 2 



But tan 2 = - , whence sin 2 = 
a 



a 2 



, so that, by substitution, 
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Ex. 6. Find the value of C 

J (2x4-l)V6x 2 4-8x4-8 

1 1 /I \ 1 

Let 2x4-1 = - Then * = ( 1 )i <& = H"!^, an< * 

1 



Therefore 

dx 



/_ _ dx ___ __ f ^ z __ f _ -* 

(2x 4- 1) V6x*4-8x4 : ~3 ~ ^ VPTtfVT 6 ~ * V(* + 3)2 - 4 



4- 3 + Vs + * + &) 4- C. 

But a; = ----- and hence 
2J4-1 



= log 



8x 4- 2 4- v6x a 4- 8a 4- 8 



... r __ <fa 

"J (2x4-l)^x a 4- 



8x4- 2 4- VSx 52 4- 8x + 8 
log 2 having been made a part of the constant of integration. 

The student should refer freely to these examples as possibly 
suggesting a type of substitution desirable in the solution of a new 
problem. From them the following hints for substitution in similar 
cases may be deduced : 

In integrals involving "v'a-f bx try a + lx = 3", as in Ex. 1. 

In integrals involving Va?+a* try either gf + a 2 = a 2 , as in Ex. 2, 
or x = a tan z, as in Ex. 5. 

In integrals involving Va 2 3? try x = a sin 2, as in Ex. 3. 

In integrals involving Va^ a 2 try x = a sec 2, as in Ex. 4. 

In integrals of the form I - - try ^ + B = - > 

J Ax + ^ Va ^+ te + c * 



as in Ex. 6. J ( A 

It is not to be supposed that the above substitutions are desir- 
able in all cases. For instance, in Ex. 2 the substitution x == a tan z 
does not simplify the integral ; but the substitution a?+ a 2 = s 2 is 
of advantage, though it is rare that the substitution of a single 
letter for the square root of a quadratic polynomial leads to any 
simplification. 
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19. Integration by parts. Another method of importance in 
the reduction of a given integral to a known type is that of inte- 
gration by parts, the formula for which is derived from the formula 
for the differential of a product, 

d (uv) = u dv + v da. 
From this formula we derive directly that 

uv = I u dv + I v du y 
which is usually written in the form 



I u dv = nv I v du. 



In the use of this formula the aim is evidently to make the orig- 
inal integration depend upon the evaluation of a simpler integral. 

Ex. 1. Find the value of ixe x dx. 

If we let sc = w ami e x dx = dt>, we have du = dx and v = e*. 
Substituting in our formula, we have 

jxe x dx = xe x ierdx 

= xe* - e* -f C 



It is evident that in selecting the expression for dv it is desirable, if possible, 
to choose an expression that is easily integrated. 



Ex. 2. tfind the value of 

Here we may let sin- 1 a; =. 
Substituting in our formula, we have 



Here we may let sin~ 1 x =. u and dx = (?i?, whence du = - -= and v = x. 




= x sin-ix + Vl-x 2 4- C, 
the last integral being evaluated by 12 (1). 

Ex. 3. Find the value of fxcos a xdx. 
Since cos*x = \ (1 + cos2x), we have 

*x cos 2 xe!x = - J*(x 4- a? cos2x)dx = + ^aj cos2xdx. 
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Letting x = u and cos 2zdx dv, we have du, = dx and o = J sin 2 x. 

/o 1 /* 

xcos2xdx = - sin2x / sin2xdx 

x 1 

= -sin2x-f -cos2x-f C. 
2 4 

/x 2 1 /x 1 \ 

xcos 2 xdx = ^-f I- sin2x-f - cos 2$) + C 
4 2 \2 4 / 

= (2x 2 -f 2x sin 2x + cos 2x) -f C. 

Sometimes an integral may be evaluated by successive integra- 
tion by parts. 

Ex.4. Find the value of Cx' 2 e x dx. 

Here we will let x 2 = u and e*dx = <fu. Then dw = 2xdx and u = &. 



Therefore fxVdx = x 2 e* - 2 Cxe*dx. 

The integral ixe 3 dx may be evaluated by integration by parts (sec Kx. J), 
so that finally 

TxVrfx = xV - 2(x - l)e* + C = c*(x 2 ~ 2x + 2) + C. 

Ex.6. Find the value of re^sintocdc. 
Letting sin bx = u and c"* dx = di>, we have 

/e a - r sin 6x fie = - e ar sin Zwc -- Ce" r cos 6 <Zx. 
a a J 

In the integral ie ajr cos 6x cLc we let cos bx = u and e"-* dx = (Zv, and have 

/&** cos 6x dx = -- &* cos 6x + - Ce?** sin 6x dx. 
a a J 

Substituting this value above, we have 

/<*** sin te d = - *" sin 6x ( - e ax cos &x -f - fe^ sin bx dx\ . 
a a \a a J / 

Now bringing to the left-hand member of the equation all the terms con- 
taining the integral, we have 

n + ^l Ce a *tinbxdx = -e ay 'mibx --- e^cosfcx, 
\ a 2 / J a a 2 



whence Vsinte^ ?^2** ~ 6coste ). 

a* + 6* 
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Ex. 6. Find the value of fe*cos&x<to. 



The result is ! (l!L s > + 6 sin te > , the work being left to the student, since 
a 2 -f cr 

it is exactly like that of Ex. 6. 



Ex. 7. Find the value of C Vx^f d?dx. 



/M /7j 

Placing Vx 2 -f a 2 = u and dx = dw, whence du = and v = x, we have 




f , - / fM tiff 

Vx 2 + a*rte = x VxMTa 2 - \-.?=-L-. (1) 

^ 2 - 2 



Since x 2 = (x 2 + a 2 ) a 2 , the second integral of (1) may be written as 
(x 2 -fa 2 )dx r dx 

~-. 

-j- 



/*(x 2 -fa 2 )dx r dx 

I ~"-^i=. .... Ct I ----- : 

/ Vx 2 -j- a 2 J v x' 2 4- a 2 

/. ........... /* dx 

Vx 2 + a 2 dx a 2 I ------- - 
J Vx 2 -f a 2 

Evaluating this last integral and substituting in (1), we have 

fVx 2 + a 2 dx = x Vx 2 -f a 2 - f Vx 2 + a 2 dx 4- a 2 log(x -h Vx 2 4- a 2 ), 
whence f Vx 2 -f- a 2 dx = ^ [x Vx 2 +~a 2 -f a 2 log (x + Vx 2 -f a 2 )]. 

20. Possibility of integration. In this chapter we have learned 
how to express the integrals of certain types of functions in terms 
of the elementary functions, and the discussion of methods of inte- 
gration will be continued in Chaps. VI and VII. But it should 
be noted now that it is not always possible to express the integral 
of elementary functions in terms of elementary functions. For 

/Ax 
-.- - ' -^ - cannot be so expressed; in fact, 
V(1~#*)(1-/;V 2 ) F 

this integral defines a function of x of an entirely new kind. 

Accordingly when it is said that the integration of certain func- 
tions is not possible, it is meant that the integration is not possible 
for one who knows only the elementary functions, which are in 
fact the functions generally used in applied mathematics. In this 
respect integration differs radically from differentiation, which can 
always be performed upon elementary functions. This fact is not 
surprising, since it is closely analogous to what takes place in 
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connection with other operations which are the inverse of each 
other. For example, the addition of positive numbers can always 
be expressed in terms of positive numbers, but the inverse opera- 
tion of subtraction is made always possible only by the introduc- 
tion of negative numbers ; also the involution of rational numbers 
is always possible, but evolution is always possible only after 
irrational numbers are introduced. 

PROBLEMS 

Find the values of the following integrals : 



3. 

./ 



7. 

s. r<^ 

J X 





25. / 



27. / 
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28. 

29. 



30. f ! -. - /* aV&x - 6 Vox , 
J 1 + * 34- J - p- 7^- ^-,; <** 

^ a[Vax-vte] 8 

n /* CZX x, 

31. J --^_^r-- - - 71 -- T\* 35. |fiin 3 ajcosxcZx. 
J vx 58 -f a 2 log(x + v 2 4- a 2 ) J 

36. C [sin 4 (ax + 6) -f cos 4 (ax H- 6)] sin (ax -f- 6) cos (ax + 6) dx. 

37. f(csc6x - ctn6x)csc6xdx. 46. Asec 3x tan3x) 2 dx. 



38 C ____ __ 47 f 

" J sin 2 ax -f 6 J 



sin 2 (ax -f 6) J secx - tanx 

a 2 ) -xdx 
" 



40. rgecxUanx^xdx 49 r ^ ^ ^ ^ 
J o a + necx 2 / 

41. f(sec x tan x + sec x) 2 dfx. 50. j^sin (ox + b) cos (a'x + 

42. Tain 2 2 x (Zx. 5 1. f ( tan 2 x + ctn 2 x) 2 dx. 

43 fr??.? x<1 ?. 52. r(secj-24. 
" J Biux J 

44. Jcoxsin2xcLc. 53 - /eo 2 (l - 

/sin2x cos as 



45. 

55. f(sec2x + tan2x ~l)(sec2x - tan2x - 



56 f ICMX + MM. 
" / \cscx - ctnx 

57 r cos 2 g dB 
' J 



cose sin ^ 



i + tan* 
59. f -^ 

J 1 i 

60. 



sin e 

L COSX 
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66 f ** ~ RS C ** 


J Vl-8x 
67 '/ * ' 


v x a 8x1 d 

se. r .* 


88 / * ' 


J (8x-l)V8x-2x-8 
87 f * 


69. f *" 


J I ' 

Mf2 + (l-fx a )x^ 


70. r..?_ _...... 


. 1 ax. 

J l-fx a 


71 f ** 


O9 1 * - "~~ OX 

^ /* yfl 7 X 

Qli 1 s7/ 


' * J 1 

//7i* 
<** 


Q 1 / *?/* 


73. y ? 




74. f * 


92 i^ + 


^ x Va 2 x 2 6 2 

75 r * 


' J 1 -f cos 2 x 
94 f ^ 


J x s + 2xslna + l 
76. /*-; 
77 / e r fc 


' J a 2 + 6 2 cos 2 x" 

95. T {?! .. . 
J 4x 2 - 9 

96 f ^ 


' " */ ** + a * r tan a + sec a 
78 f *** 


I / 

97 r dx 


79 f *" 


f * ' " "^r * 

98 r - ** _. 


J V2X-8X" 

so r .**. 


99. r..-*" . 


^ Vl 2 c* etna e 8 * 
81 T *" 




82 f * 


101. r ^^ . 


83 r ^ 


102 r Kdx 


^ x a sin a a-j-xsin2a-f 1 
84 f Xdx 


/ jjj^ Jo 4 x^ ^" 2 

103 r * ' 


^r tJ " O X "*~ X^ 


J Vx a 2xtana 1 



35 
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dx 



104 



105 



</ 
'-f 



2x 4- 8x4-1 



** 



106. f * 

J 8x a -6x4-2 

107. r. J 

J 



vW-8x-3 

108 -/I5T^' 

109. r * 

J V8x- 2x4-1 

ll - /8x-f-2x.- 
111. f- 

/ - 



** 



V2x a -f 4x~ 6 



112. 



Vx* -a* 

us. r^ Q -- 

J 2 x a -f 8 x 4- 



115 f (2x-8)dx 
^ V2 + x + x a 

lie./ 



Vx4-4x-l 
<4x-: 



' J Vl-4x-x 
120. /- 

l - /; 



xdaj 



m/* (8 x 4* 8) (* 
I 

J Vl-2z-a 



123. f J* 

J 2as4-6x4-7 

Vx*4-2*Bina4-l I2 *' J '^fa + a8 ' 



K r Vig + 

5 -J7^ 

126. 
127. 
128. 
129. 

> 

131. / 

132. 

133. 

134. 

135. 

136. / 

137. C^ 

J V^/,2 

/.__, 
>/=-. 

^^^ /* c" ~f* 2 _ 
140, I V^J!^ 

J * + l 

/^n*- 



e~*)*dx. 
+ a-^xdx. 



1-x* 



ctn x ^ 



Va aj! 4.2a* + ec a a 
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142. 



L / JL- . 160. 

J *2 V/>2 _- /*2 



143. / 



rVx^^~a* **<* r x9dx 

I. I f 

J x 



145 r_!^__. 163. f _**_, 

x*o. i J(x* + 4)a 



146.J\__* m./^|=. 

M / x 8 eZj5 I^E /* cte 

147. I . loo. j - - 'j* 

148. fz 8 Va2 4- a; 2 cZa;. ^8- 



149 /* "^ *^w r Za; 



JV?V w -/ 

/wfe- - 168 -/^r 



169. J 
152. 



* 



-6 170 -J-. 

171. / 

1 C4 /* y ,, 

194. I o; 2 v 2 x 4- 8 cZx. 17!Z / 

J *'* J . 



* m- r x* dx 

155. I . mm ~ r %dx 

J (a 4- bx\* 173. / : 

\ ^wirj y..ll\ 

*^ 135 5C ~ *C I 

156 P oPdx 

^ V"rT 1W. Clogaxdx. 

157. 



175. Cxnlogaxdx, 

158. r . * . r 

J a? Va; -. a 3 176. Itan-iaacte. 

J t 

4 K A ^* ^^ CKB 

199. I , i jipj^ 
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178. flog (x + Vx* + a 2 ) dx. 186. f& sin ax fa. 

179. Jxsinaxdx. 187. J(logax) 2 dx. 

180. f sec- 1 ax dx. 188. f(x log ax) 2 dx. 

181. fx sec- l ax dx. 189. J* x sin 2 ax dx. 

182. f x tan- ox dx. 190. Je 2 ' cos 2 x dx. 

183. faJV^dx. 191. fe a: sm2x8mxdx. 

184. r(x-fl) 2 c a: dx. 192. jVssinSxcosxdx. 

185. r^cosoxdx. 193. j x sin- x ox dx. 



CHAPTEK III 
DEFINITE INTEGRALS 

21. Definition. We have said in 3 that there are two impor- 
tant problems in the use of infinitesimals, the one involving the 
limit of a quotient, the other the limit of a sum. We have also 
noted in 4 that the derivative of a function is the limit of the 
quotient of two infinitesimal increments, so that the limit of a quo- 
tient is fundamental in the 'differential calculus and its applications. 

Similarly, there exists a limit of a sum which lias fundamental 
connection with the subject of integration. This limit is called a 
definite integral and is defined as follows : 

If f(x) is a function of x which is continuous and one-valued 
for all values of x between x = a and ;*' = I inclusive, then the 
definite integral of f(x)dx between a and b is defined as the limit, 
as n increases indefinitely, of the following sum of n terms, 



where Ao; = - and x v # 2 , # 8 , , x n ^ are values of x between 
n 

a and b such that 



The sum in the above definition is expressed concisely by the 
notation .- 



where ^ (sigma), the Greek form of the letter S, stands for the 
word " sum," and the whole expression indicates that the sum is 
to be taken of all terms obtained from /(# t )A# by giving to i in 
succession the values 0, 1, 2, 3, , n 1, where # = a. 
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Also the definite integral is denoted by the symbol 

jf/(aj)cfe f 

where J is a modified form of S. Hence the definition of the 
definite integral may be expressed symbolically by the equation 



The numbers a and 6 are called the lower and the upper limit * 
respectively of the definite integral. 

Ex. The conception of mechanical work gives an illustration of a definite 
integral. By definition, the work done in moving a body against a constant 
force is equal to the force multiplied by the distance through which the body 

is moved. Suppose now that a body is 

A MI M t M B 3/i J/s 3/e h moved along OX (fig. 8) from A (x = a) 

.p f Q to B(x = 6) against a force which is 

not constant but a function of x and 

expressed by /(x). Let the line AB be divided into n equal intervals, each 
equal to Ax, by the points Jf lf Jf 2 , Jf 8 , -, Jtfli-i- (In fig. 3, n = 7.) 

Then the work done in moving the body from A to MI would be /(a) Ax if 
the force were constantly equal to /(a) throughout the interval AMi. Conse- 
quently, if the interval is small, /(a) Ax is approximately equal to the work done 
between A and M\. Similarly, the work done between MI and M% is approxi- 
mately equal to f(Xi) Ax, that between JBf 2 and Jf 3 approximately equal to 
/(x 2 ) AJC, and so on. Hence the work done between A and B is approximately 
equal to f ^ ^ + ^ ^ + ^ Ax + ... 4- f(x n -i) Ax. 

The larger the value of n, the better is this approximation. Hence we have, 
if W represents the work done between A and U, 

<=n-i b 

W= Lim V/(x t ) Ax = f f(x)dx. 
"*To Ja 

The use of the word "integral" and of the symbol I suggests a 

connection with the integrals of the previous chapter. This con- 
nection will be shown in 25 ; for the present, it is to be empha- 
sized that the definition is independent of either differentiation or 
integration as previously known. 

* The student should notice that the word " limit " is here used in a sense quite dif- 
ferent from that in which it is used when a variable is said to approach a limit ft, 53). 
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In distinction to the definite integral / f(x)dx, the integral 

/xa 
f(x)dx is called the indefinite integral. 

The definition assumes that the limit of 2)/(#) ^ x a l wa 7 s exists. 
A rigorous proof of this will not be given here, but the student 
will find it geometrically obvious from the graphical representation 
of the next article. 

22. Graphical representation. Let LK (fig. 4) be the graph of 
/(#), and let OA = a and OB = b. 

For convenience, we assume in the first place that a < b and 
that f(x) is positive for all values of x between a and 6. We find 



b-a 
n 



and lay off the 



?^ K 



equal lengthp 



(In fig. 4, ?i = 9.) 

Let OM^ = x v 

, OM n __ l = aj n _ r Draw 

the ordinates AD = f(a). 




/?(?. 



/ n - 1 ^- 1 = /(^ n 1 ), and 
Draw also the lines Fia ' 4 

, -, ^KH parallel to OX. Then 

c = the area of the rectangle 
u == the area of the rectangle 
u == the area of the rectangle 



area of the rectangle 

The sum 

f(a) &x +f(x l )&$ +f(Xi)&x + 

is then the sum of the areas of these rectangles, and equal to the 
area of the polygon ADR^R^ R n ^^R n B. It \s evident that 
the limit of this sum as n is indefinitely increased is the area 
bounded by A D, AB, BC, and the arc DC. 
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Hence 
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the area AJBCJ). 



Jf /<** - 



It is evident that the result is not vitiated if AD or BC is of 
length zero. 



The area ABCD is exactly the sum of the areas ADP\M\, 

B, etc. But one such area, for example J/iPiP 2 3/ 2 , differs from 

that of the corresponding 
rectangle JiPiK 2 3f 2 by 
the area of the figure 
Pi# 2 P 2 , which is less 
than that of the rectangle 
Ax Ay, where Ay = B 2 P 2 . 
The area of Pi# 2 P 2 is an 
infinitesimal of higher order 
than 3/iPi.R 2 3f 2 , since 
Pifl 2 P 2 ^ Ax Ay _ Ay 

whence Lim * ?.. a = 0. 




Therefore ( 3) the areas 

p IG 5 of the triangular figures 

such as Pi# 2 P 2 do not 
affect the limit of the sum used in finding the area of the entire figure. 

If f(x) is negative for all values of x between a and b(a<b), 
the graphical representation is as in fig. 5. Here 



f(a) A# = the area of the rectangle 
= the area of the rectangle 



etc., 



so that 



r* 

I f(x) dx 



the area ABCD. 



In case f(x) is sometimes positive and sometimes negative we 
have a combination of the foregoing results, as follows : 

r h 

If a<b, the integral I f(x)dx represents the algebraic sum of 

J a 

the areas "bounded by the curve y =/(#)> the axis of x, and tlw 
ordinates x = a and x = b, the areas above the axis of x being 
positive and those "below negative. 



GENERALIZATION 



43 



If a > 6, A# is negative, since 



The only change 



necessary in the above statement, however, is in the algebraic 
signs, the areas above the axis of x being now negative and those 
below positive. 

Ex. The work done in moving a body against a force may be represented 
by an area. For if the force is f(x) and W is the work in moving a body along 
the axis of x from x = a to x = &, then (Ex., 21) 



Consequently if the force is represented by the graph DEC (tig. 6), the equation 
of which is y =/(), the area ABCED represents the work W. 

This fact is taken advantage* of in constructing an indicator diagram attached 
to a steam engine. Here AB represents the distance traversed by the piston, and 
the ordinate represents the ^ 
pressure. Then as the piston 
travels from A to B and back 
to A the curve DECFD is 
automatically drawn. The 
area ABCED represents the 
work done by the steam on 
the piston. The area ABCFD 
represents the work done by 
the piston on the steam. The 
difference of these two areas, 
which is the area of the closed 

curve DECFD, represents the net work done by the steam in one stroke of the 
piston. In practice this area can be measured by an instrument, called a plani- 
meter, or the figure is divided into rectangles and the area computed approxi- 
mately. The latter method illustrates the definition of the definite integral. 

23. Generalization. In the definition of 21, 



where # = a and # n = b. The sum 




FIG. 6 



B 



may accordingly be written 

f(x ) to- xj +f(xj fa- x,) 



or, more compactly, 



<) fa +1 "" x 



(1) 
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This sum may be generalized in two ways : 

In the first place, it is a mere matter of convenience to take the 
increments #i +1 %\ equal for all values of a?,.. In fact the ii l 
values x v # 2 , # 3 , , # n _ t may be taken at pleasure between the 
values x = a and x = b without altering the limit approached by 
the sum (1), provided all the differences # t>1 x i are made to 
approach zero as n increases without limit. This is geometrically 
obvious from the graphical representation, for the bases A M v 
of the rectangles of fig. 4 may be of unequal length. 




FIG. 7 



In the second place, the factor /(u;,) in each of the terms of 
the sum (1) may be replaced by /(&), where & is any value of 
x between x i and # l+r ' The effect on the graphical representa- 
tion of fig. 4 is to alter the altitudes of the rectangles without 
altering the limit of their sum, as exemplified in fig. 7. It may 
be noted that the rectangles here differ from those of fig. 4 
by infinitesimals of higher order. Hence the sum theorem of 
3 applies. 

For a rigorous discussion of these points the student is referred 
to advanced treatises.* 

* See, for example, Goarsat-Hedrfok, Mathematical Analysis, Chap. IV. 
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24. Properties of definite integrals. The following properties of 
definite integrals are consequences of the definition : 



1. f cf(x) dx = c f /(*) dx, 

J a Ja 



. f Vi<*)+/,(.e)]<te= CM*)*** CM* 

Ja J*a Ja, 

. Cf(x)dx = - ff(x)dx, 

Ja Jb 

s*b /c x6 

4. / f(x)dx= I f(x)dx + \ f(:K)dx, 

Ja Ja Jc 

r" 

5. I f(x)dx = (&-)/( 

Ja 



where 



The truth of formulas 1 and 2 follows at once from the defini- 
tion, and that of formula 3 follows at once from 22. We shall 
show the truth of formulas 4 and 5 graphically. A fully rigorous 

Y 




Fits. 8 



proof could be based on the definition of 21 without the use of 
diagrams, but would follow the outlines of the following graphical 
discussion. 

To prove formula 4, consider fig. 8, where OA a,OCc,OB=sl. 

Then f /(#)dte = the area ACFE, C f(x)dx=*t]iQ area CB GF, 

Ja Jc 

and I f(x)dx = the area ABGK. The truth of formula 4 is ap- 

*/0 

parent for any order of the points A, C, B, reference being had, 
if necessary, to formula 3. 
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To prove formula 5, consider fig. 9, where the area ABCD repre- 
sents the value of I f(x)dx, and let m and M respectively be the 

J a 

smallest and the largest value assumed by/(#) in the interval AB. 
Construct the rectangle ABKII with the base AB and the altitude 
AH M. Its area is AB AH (b a) M. Construct also the rec- 
tangle ABLN with the base AB and the altitude AN m. Its 
area is AB AN (b a) m. 

T 



o 



II 

s 

D 

N 





K 
C 
T 



() 
FIG. 9 



Now it is evident that the area ABCD is greater than the area 
less than the area ABKH. That is, 



(6 a)m< I f(x)dx<(b a)M* 

Ja 

r b 

Consequently I f(x) dx (b a) p, 

J a 

where /A is some quantity greater than m and less than M, and is 
represented on fig. 9 by A 8. But since f(x) is a continuous function, 
there is at least one value between a and b such that /(( ) = /i, 
and therefore 



Graphically, this says that the area ABCD is equal to a rectangle 
ABTS whose base is AB and whose altitude AS lies between 
and AH. 



* A slight modification is here necessary if /(B) = k, a constant. Then M as m = k 

and f/(x)d*=(&~a)Jb. 
/ 
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25. Evaluation of the definite integral by integration. When 
f(x) is a known function and a and b are constants, the value of 
the integral is fully determined. Hence if we replace the upper 
limit 6 by a variable x, the definite integral is a function of x. 

Graphically (fig. 10), I /(#)cfo=area AMPC, where OA^ a, a 

J a 

constant, and OM = x, a variable. Let us place 



/ 

Ja 



f(x) dx = the area AMPC. 



Now we have shown in I, 109, 6, that 
<l>(x)=y=f(x). 

A new proof of this caii be given 
by use of the properties of 24, and 
this proof has the advantage of being 
really independent of the graphical 
representation, although for conven- 
ience we shall refer to the figure. 

Take MN= h. Then 




Fro. 10 



whence 



f(x)dx as the area ANQC, 
/*+ * 

(# + A) <(#) = I f(x)dx 

= the area MNQP, (by 3 and 4, 24) 
= (?)> (by 5, 24) 

where x < $ < x + h. Therefore 



h 
Taking now the limit as h approaches zero, and remembering that 

-2U = <f>(x) and Lim f = x, we have 
A a# 
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Let now F(x) be any known function whose derivative is /(*). 
Then F(x) differs from $(x) by a constant ( 30), that is, 



r a 

To determine C, place x = a, and notice that I f(x) dx = 0. 

Ja 

Then Q=F(a) + C, whence C F(a). 

Therefore f /(*) dx = F(x) - F(a), 

J a 

r b 

whence I f(x)dj=zF(V) F(a). 

J a 

This result gives the following rule for evaluating a definite 
integral : 

To find the vahte of I f(x)dx, evaluate I f(x)dx, substitute 

x~l and x = a successively, and subtract the latter result from the 
former. 

It is to be noticed that in evaluating | f(x)dx the constant of 

integration is to be omitted, since F(a) is that constant. How- 
ever, if the constant is added, it disappears in the subtraction, since 

] - [F(a) + C] = F(V)-F(a). 



In practice it is convenient to express F(b) F(a) by the sym- 
bol [F(je)] b a9 so that 



r 

Ja 



4 4 

/*5 - IT 

Ex.2. I smxdte = [~cosx]J = ~ cos 4- cosO = l. 
Jo J 2 

Ex. 8. f 5 _ dte = [2 log(x 4a-f 2)]J = 2 Iog4 - 2 Iog2 = log 4. 



Ex. 4. J 5 -~ = [tan-iz]^?=tan-iV8-tan-i(-l). 
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There is here a certain ambiguity, since tan- 1 VI and tan~ 1 (~ 1) have each 
an infinite number of values. If, however, we remember that the graph of 
tair^z is composed of an infinite number of distinct parts, or branches, the 
ambiguity is removed by taking the values of tan- 1 V and tan~ 1 (~ 1) from 

the same branch of the function. For if we consider C = tan- * b - tan- l a 

Ja 1 + X 2 

and select any value of tan- 1 a, then if b = a, tan- 1 b must be taken equal to 
tan- 1 a, since the value of the integral is then zero. As 6 varies from equality 
with a to its final value, tan- 1 b will vary from tan- 1 a to the nearest value of 
tan- 1 6. 

The simplest way to choose tho proper values of tan- 1 ^ and tan- 1 a is to take 

them both between and . Then wo have 

2 2 



r V dx _ TT / TT\ _ 7 TT 



srin-i-sz sin-U - 




/o 
The ambiguity in the values of sin- 1 ^ and sin- 1 !) is removed by noticing 

that sin- 1 - must lie in the fourth or the first quadrant, and that the two 

a 

yalues must be so chosen that one comes out of the other by continuous 
change. The simplest way to accomplish this is to take both sin- 1 ^ and 

sin-iQ between and 

2 2 

_, | a dx If - 7T 

Then I Z - r^rrr- = ~ ~ = - 



26. Change of limits. In case it is convenient to evaluate 
I f(x)dx by substitution, the limits of | f(x)dx may be replaced 
by the corresponding values of the variable substituted. To see 
this, suppose that in I f(x)dx the variable x is replaced by a func- 
tion of a new variable t, such that when x varies continuously 
from a to 6, t varies continuously from t to t r Let the work of 
finding the indefinite integral be indicated as follows : 

x) dx = JV (0 dt 4> (0 = F(x), 

where F(x) is obtained by replacing t in 4>(<) by its value in 
terms of x. Then * 
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r" 

But F(b)-F(a)=J f(x)das 



and 



Hence f /() dx= C^ (t) dt. 



Ex.1. Find 

Place x = asin0. Then dx = acos0d0, and when x varies from to a, 
varies from to ~. Hence 

" 2 = I 

Jo Jo L 2 4 J 4 

In making the substitution care should be taken that to each 
value of x between a and 6 corresponds one and only one value of t 
between t and t l9 and conversely. Failure to do this may lead to 
error. 

Ex. 2. Consider f 2 cos d0, which by direct integration is equal to 2. 

/ IT 

Let us place cos0 = x, whence = cos- 1 x and dtp = ....... where the sign 

v 1 - x 2 
depends upon the quadrant in which is found. We cannot, therefore, make 

ir 

this substitution in f 2 cos 0(10, since lies in two different quadrants; but 
we may write ~f 



,o 



r 2 cos0(fy=r cos0d0+ f 8 
" ~ 



and in the first of the integrals on the right-hand side of this equation place 
= cos-ix, (ty = , T and in the second 0= cos- 1 *, <Z0 = ... ."" Then 




/+i 
Ex. 3. Consider I dx and place x 9 = t. 

/-! 



Then, when x = 1, t = 1, and when x = 1, t = 1; and the attempt to substi- 
tute without care would lead to error. But x = ^ and dx = ^t~*dt when 
x is negative ; and x = ^ and dx = J ~*ctt when x is positive. Hence 
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27. Integration by parts. If it is desired to integrate by parts, 
and a and 6 are values of the independent variable, then 

x6 xft 

/ u dv = [w]* I v du. 

J a J a 

To prove this, note that it follows at once from the equation 

Xb s*b f*"h s*b 

d (HV) = I (udv + v du) = / u dv + I v du. 
*/a c/a c/a 



/.I 

Ex. 1. Find | xe?dx. 
Jo 

Take x ~ u, e^dx = dv ; then 



Ex.2. Discuss r 2 si 

t/O 

Take sin'*- 1 ^ = te, sin acZx = dv ; then 



r^si 
Jo 

= (n - 1) f 2 (sin-2x - s 
Jo 

By transposing we have 

IT ff 

n f 2 sinxcte = (n - 1) f 2 
Jo Jo 

W IT 

whence f 2 sinxdaj = 5-^~ f 2 sin-2xdx. (1) 

Jo H Jo 

If, in (1), we place n = 2, we have 



Wo 2Jo 2 2 

s 

If, in (1), we place n = 8, we have 



I 

= ? f 
3Jo 



o Jo 

If, in (1), we place n = 4, we have 



/.' 



4 Jo 
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. If, in (1), wo place n = 6, we have 

f * mi&xdx = - f 2 sin* x dc = - 4 -~. 
Jo 5/o 5-8 



Continuing in this way, we find 



/ 
/ 

Jo 



l Ll 3 : J).j.(2,fcj-J.) TT 

2-4.fl-.-2Jb 

'STfiTyT" ' 



-(2* + 1) 

28. Infinite limits* It is }>ossible to have the upper limit cc y 
where by definition 



I f(x) tlx = Liin I f(jc) dx. 

U a &= * J a 



The integral, then, is represented by the area bounded by the 
curve y =/(*'), the axis of x, and the ordinate x = a 9 the figure 
being unbounded at the right hand. There is no certainty that 
such an area is either finite or determinate. The tests by which it 

may be sometimes determined whether I f(x)dx has a meaning 

*/a 

will not be given. In case, however, it is possible to find the in- 
definite integral F(x) = j /(,/;) d#, the definite integral can be found 
Y ^ by the formula 




FIG. 11 



x where F(<x>)=UmF(V). 




Ex.l. f*. [2^ = 00. (fig. 11) 

'I VJi 



FIG. 12 




FIG. 18 



/** oe 

Ex.8. I sinxfx = [cosx] 

= indeterminate, (fig. 18) 



Similarly, the lower limit, or both limits, of the definite integral 
may be infinite, 
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29. Infinite integrand. According to the definition of 21 it is 

r b 

unallowable that f(x) in / f(x)dx should become infinite between 

J a 

x a and x = ft. It is, however, possible to admit the case in which 
/(a?) becomes infinite when x = 6 by means of the definition 

x6 ^6-A 

I f(x) dx = Lim I f(x) dx, 

Ja hAoJa 

and to compute the integral by the formula 



where F(b) means Lim F(b h). 

The integral has not, however, necessarily a finite or determinate 
value. Graphically, the integral is represented by the area between 
the curve y =/(), the axis of x, 
the ordiuate x = a, and the asymp- 
tote x = 6. 



r* dx f 11 

Ex. 1. / -;= -" =00. (fig.14) 
J-i x 2 L aU-i 

,, r a ^ f - i 

Ex. 2. I --- = fiin- 
Jo Va-x 2 L 




-1 
FIG. 14 



-A' 




a 



Km. 15 



(fig. if,) 

Similarly, f(x) may become in- 
finite at the lower limit or at both 
limits. If it becomes infinite for any value c between the limits, 
Y the integral should be separated into two inte- 

li grals having c for the upper and the lower limit 

respectively. Failure to do this may lead to error. 




-1 O 



Ex. 8. Consider / - 




Since -- becomes infinite when x = (fig. 16), we sepa- 
rate the integral into two, thus: 

* 

* dx 



FJO. 16 



p-Hd!x /* dx f*^dx 
[ =: I LI = 

i x 2 / i x 2 t/o a/ 2 
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Had we carelessly applied the incorrect formula 



we should have been led to the absurd result 2. 

30. The mean value of a function. We have seen in 24 that 



where f lies between a and b. The value 



is called the mean value of /(#) in the interval from a to b. This is 
in fact an extension of the ordinary meaning of the average, or mean, 
valup of n measurements. For let # , y lf y f , , y w -i> correspond 
to n values of x, which divide the interval from a to b into W equal 
parts, each equal to A.& Then the average of these u values of y is 



This fraction is equal to 



^ 
fe a 

As 7i is indefinitely increased, this expression approaches as a 

i r b i r b 

limit - - I dx = - - I ix dx. Hence the mean value of a 



i r b 

- I fix) dx. 
- a Ja 



function may be considered as the average of an " infinite number " 
of values of the function, taken at equal distances between a and b. 

Ex. 1. Find the mean velocity of a body falling from rest during the time ^. 
The velocity is gt, where g is the acceleration due to gravity. Hence the mean 

velocity is i~ f l gtdt = Igti. This is half the final velocity. 
t\ J o 

Ex. 2. In using the indicator diagram ( 22) engineers use the " mean effect- 
ive pressure, 19 which is defined as the constant pressure which will do the same 
amount of work per stroke as is done by the varying pressure shown by the 
indicator diagram. It is found by dividing the area of the diagram by 6 a, 
and is accordingly an example of the mean value of a function. 
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Formula (1) may be written in another form, not involving the 

integral sign. Let us place I f(x)dx F(x); then ffa) = F f (%), 
and (1) becomes ** 

F'(%) = L- \F(b) - F(a)l (2) 

o a 

or F(b) ~ F(a) = (&-) F 9 (% ). (3) 

Formula (2) has a simple graphical meaning. For lot LK 
(fig. 17) be the graph of F(x) and let OA = a and OB = b. Then 
b a= AB, F(b)F(a) = J32S AD == CJS, and 



the slope of the chord DE. 



a 

If now is any value of x y F f (f;) is the slope of the tangent at 
the corresponding point of LK. Hence (2) asserts that there is 
some point between A and JB for which the tangent is parallel 
to the chord DE. This is 
evidently true if F(x) and 
F f (,*:) are continuous. 

Formula (3) may be used to 
prove the proposition, which 
we have previously used with- 
out proof, namely : If the 
derivative of a function ?.s* 
always zero, the function is 
a constant. For let F 1 (x) be 
always zero and let a and b be any two values of x. Then, by (3), 
F(b) l*\a)= 0. That is, any two values of the function are 
equal; in other words, the function is a constant. 

From this it follows that two functions which have the same 
derivative differ by a constant. For if F r (x) = <!>'(#), then 

- <I> (x)] = ; whence F(x) = (x)+ C. 




31. Taylor's and Maclaurin's series. Formula (3), 30, is a 
special case of a more general relation, which we will now proceed 
to obtain. Let us take the equation 



f'f(*)dx-f'to-S'(a), 
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multiply both sides by Ax, and integrate between a and x. We 
have ,,, rx fa px 

I / /"(ar)A^= / /'()efo- I /'(a) 

t/a t/a t/a t/a 



Therefore /(*) =/(a) + (a - )/'() + f * f /"() *A 

t/a t/ a 

But if m is the smallest and M the largest value of /"(#) between 
a and #, then ( 24), when a? > , 

m(x a)< I f"(j)dx<M(x a), 

m(x-af ^ FT*!, ^ 
whence ^ - < I I / (^') 



Hence f* f /"(.c) rto 8 = M ^ "" rt)2 > where m<fjL<M. 

J.i Ja 2 

If /"(a?) is a continuous function, there is at least one value of x, 
say f p between a and a;, for which /"(f t ) = /A (I, 50). Therefore 
we have, finally, 

/(.,) =/() + (x - )/'() + <*--^tf"(fo (I) 

Again, let us take 



Then f ff"(f)djf^ f'f"(x)t1x- f"f"(n)dx 

t/<i t/rc t/a t/a 



and 

m*f'"(x)dx* = f'f'(x)dx- ff'(a)dx- r(x-a)f"(a)dx 
t/o t/a t/a 

=/(*) -/() - (* - )/'() - ^^/''(), 
whence 

where a < f 2 < x. 

* The symbol |_2 means 1-2, [3 means 1 -2-3, and, in general, \n, read factorial , 
means the product of the n integers from 1 to ,/i inclusive. 
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Similarly, if we start with / / (n " M) (#)d#, we obtain 

Ja 





/g fl 

where JK n = -^ ^ / ( " +1> (f ), where a < f < #, the only restrictions 



being that the ?i + 1 derivatives of f(x) exist and are continuous. 

The value of R n in (3) is not known exactly, since is unknown, 

but it usually happens that, if x a is a sufficiently small quantity, 

Lim.R tt = 0. Then the value of /(#) may be expressed approximately 

n oo 

by the first n + 1 terms of (3), omitting R H , and this approximation 
approaches f(x) as a limit as n is indefinitely increased. In this 
case we say that f(x) is expanded into the infinite series 

f(x) -/(a) + (x - ) 

(4) 



For larger values of x a, however, it may happen that the 
value of 7 tt increases without limit as n increases. Hence the 
omission of 2i n in (3) leaves n + 1 terms, the sum of which 
differs more and more from f(x) the more terms are taken. 
In such a case the series (4) cannot be taken to represent the 
function. 

The determination of the values of x a for which (4) is valid 
is, in general, a matter involving a knowledge of mathematics which 
lies outside the limits of this course. In the illustrative examples 
and in the problems for the student we shall simply state the facts 
in each case without proof. 

Formula (4) is known as Taylor's series. Here a is a known 
value of x for which f(x) and its derivatives are known. The series 
then enables us to compute the value of f(x) for values of x not 
too remote from a. 
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Another convenient form of (4) is obtained by placing x~a h, 
whence x = a + h. We have, then, 



Here the remainder is usually expressed as 

Ji n = I -- r/ n +1 ( + Oh)> where < < 1. 

I H' i L 

A special form of (4) arises when a = 0. We have, then, 

/(;/;) =/(0) + ,r/'(0) + /"(0) + S/'"(0) + - - . (6) 

Lr Li! 

This is known as Macluuriris series, and the function is said to 
be expanded into a power series in or. 

Ex. 1. e'. 

By Maclaurin's series (0), we find, since /(x) = c- r , /'(x) = e^, /"(x) = e r , etc., 
and/(0)= 1,/'(0) = 1,/-(0) = 1, etc., 



This expansion is valid for all values of x. If we place x= J, we have 
e* = 1 -f J + ^ H- T ^ ff + 1 ^ = 1.8050, correct to four decimal places. If x 
has a larger value, more terms of the series must be taken in the computation, 
so that the series, while \alid, is inconvenient for large values of x. 

Ex. 2. sinx. 

By Maclaurin's series, 

x x 6 x 7 

sin x = x - r- -f , -- , + 

l 15 IZ 

which is valid for all values of x. 

To find sin 15, we first change 16 to circular measure, which is -J^TT 
= -1*3 if = .2018. Then the first two terms of the series give sin lf> = .2688, cor- 
rect to four decimal places. 

By Taylor's series (6), we have 

sin (a 4- h) = sin a 4- h cos a sin a . cos a 4- . 

II I? 



Ex. 8. cosx. 

By Maclaurin's series, 



x* x* x 6 
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Ex. 4. (a + x). 

By Maclaurin's series, 



I* 

This is the binomial theorem. If n is a positive integer, the expansion is a 
polynomial of n 4- 1 terms, since /(+ 1 >(x) and all higher derivatives are equal 
to 0. But if n is a negative integer or a fraction, the expansion is an infinite 
series which is valid when x is numerically less than a. 

Ex. 5. logx. 

The function logx cannot be expanded by Maclaurin's series, since its 
derivatives are infinite when x = 0. We may use Taylor's series (4), 
placing a = 1. We have, then, 



Or we may expand log(l -f x) by Maclaurin's series with the result 



This expansion is valid when x is numerically less than 1. 

32. Operations with power series. When a function is expressed 
as a power series, it may be integrated or differentiated by integrat- 
ing or differentiating the series term by term. The new series will 
be valid for the same values of the variable for which the original 
series is valid. If the method is applied to a definite integral, the 
limits must be values for which the series is valid. 

Similarly, if two functions are each expressed by a power series, 
their sum, difference, product, or quotient is the sum, the differ- 
ence, the product, or the quotient of the series. 

Ex. 1. Required to expand sin-ix. 
We have 



sin-ix 



= C* r ** - = f *(1 - 
^0 Vl x 2 " 



1-8 x 1.3.5 
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Ex. 2. To find C'e-^dx. 
Jo 

The indefinite integral cannot be found directly. We may expand e- 7 " 2 by 
Ex.1, 81. Then 



Ex. 8. To expand 



By division, ----- = 1 + x 2 

1 + x 

By Huccessive differentiation, 

- (1 + x)~ 2 = - 1 + 2x - 8x 2 -h 4x3 - 5x 4 + . 
2(1-|- a)- 8 = 2 - Ax + 12x 2 - 20 x + -. 
Therefore (1 -f x)~ 3 = 1 - 8x + Gx 2 - 10x 3 + . 

1 -4- X 

Ex. 4. To expand log . 
1 x 

'log ^~- = log (I + x) - log(l - x) 

" 



_ e m , - 

Ex. 6. To expand 

VI - x* 



by Ex. 4, 81, (1 - x 2 )~* = 1 

'A O JLU 

Hence, by multiplication, 

sin-ix _ 2* 8^ 6 16 x 7 
Vi - a* "~ 8 15 86 

33. By means of Taylor's theorem we can complete the rule 
given in I, 62, for the maximum and the minimum values of a 
function of one variable. Let a be a value of x for which the first n 
derivatives of f(x) are zero ; i.e. let f r (a) = 0, f"(a) = 0, f'"(a) = 0, 
, / (n) (i) = 0, but /<"+ 1 >(a)= 0. Then, by Taylor's theorem (5), 

/<* + *)-/<*)' *" +1An+1)/ " A 
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If h is sufficiently small, the term - ^ - ^ will be larger 



n + 1 



numerically than R n + v since the latter contains h*+ 2 as a factor. 
Hence the sign of f(a + h)f(a) depends upon the sign of 



n+1 



If n is even, n + 1 is odd, and the sign of li n + l changes with the 
sign of li. Hence the sign of f(<*> + h)f(a) changes with that 
of h. Therefore f(a) is neither a maximum nor a minimum value 



If n is odd, n + 1 is even and A n+1 is always positive. Hence the 
sign Qtf(ah)f(a) is the same as the sign of / (n+1) (a). There- 
fore if / (M+ *>() > 0, /(ft) is a minimum value of /(#); and if 
y** +"()< 0,/(a) is a maximum value of 



PROBLEMS 

Find tho values of the following definite integrals : 



-/I * ^ /* * < r 4- 1 / rt rf a 1 

1. I (x 8 -j- 3x + o)ax. 10. I (2x 18 i 

J 'i e - 1 'Jo (aZ + j-zjl 

r* <fe , 

2. i . / } C T 

~" Jo cos^e* " 19. f Va 2 x 2 eix. 

/. J-a 

31 /xni /ui\A ^f> 
I (Cw "" X I CLX A 

Jo ' 12. f -- e ' (te - : 

/ re X 8 

4. i __ _(ix. 
Jo 2a x 



10 /* c'cfx 

j~Vitr^' 20. f'V^rr^dx. 

Ja 



/-/ x \ is. r fi ., . si r- rf 

5 r M- g ]dfl. J-6 + 2x + x 2 21. j xsmxdx. 

r 

i IA r* 2 

6. f xe-**dx. J, sin^<W. 2 2. f x^logxdte. 
Jo J Ji 

7. J 6 tanxdx. 15 C*" co #* d0t 23. fWixdx. 
- 70 Jo 4 Jo 

if 

8. r ? *** H >.i 

* Jo cosx lg e r*sin 2 0cos 8 0(i0. 24. j x*8in~ l xdx. 

Jo * J 

I 

17 ' f l**M&* 25 ' C ***-*<& 

Jo (x a 4- a 2 )* Jo 



IT 

9. 
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It V 

26. Trove f 2 sin de = $ f 2 sin* e do. 

Jo Jo 

7T ff 

27. Prove f 2 x" sin x dx = n f 2 x n - 1 cos x (to, if n > 1. 

Jo /o 

xOD /?J* 

28. Show that I has a definite value when, and only when, k > 1. 

J i x* 

/* ^ fix 

29. Show that / - - has a definite value when, and only when, k < 1. 

Jn (b x) k 

30. If/(-x)--/(x), show graphically that f " /(x) cZx = 0. 

J a 

31. If /(- x) =/(*), show graphically that f " /(x)dx = 2 C' l f(x)dx. 

J a Jo 

32. If f(a - x) =/(x), show graphically that C"f(x)dz = 2 C* n f(x)dx. 

Jo Jo 

/i2frir /iSir 

33. Show graphically that { /(sinx)rfx = A; I /(sin x) 

t/O /0 



34. If a < 6, and /i(x), />(x), / 3 (jr) arc three functions such that, for all 
values of x between a and b inclusive, /i(x) <fz(' r ) <fn('t)i prove 

f Vi (*) ^c < f Va (x) dx < f V (*) ^x. 

i/a / /tt 

35. Find the mean value of the lengths of the perpendiculars from a diameter 
of a semicircle to the circumference. 

36. Find the moan value of the ordinates of the curve y = sin x between 
x = and x = TT. 

37. A particle describes simple harmonic motion defined by the formula 
* = a Kin kt. Show that the mean kinetic energy during a complete vibration is 
half the maximum kinetic energy. 

Obtain the following expansions. (The values of x for which the expansion 
is valid are given in each case.) 



39. 



40. a^ 



42. tan^x = x- ]^x+ J 
48. 
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oj8 i6 ft 

44. sinhx = x + 7~-H- r7 -f n --f-". (- oo < x < <x>) 

|8 l> |7 



45. 

46. Compute tho value of tanh to four decimal places. 

47. Given log 2 = 0.603, log 3 = 1.000, what error would be made in assuming 
log 2J = log 2 + (1.000 - O.<03)? 

48. Assuming sin 60 = J V = .8000, cos 00 = J, find sin 61 to four decimal 
places. 

Verify the following expansions : 



dx= ~ -^--- _ 

x 6 ~a a + & a + 26 a + 3 6 



52. C 

Jo 



- - - _ -_ 
o 6[2 J)|4 1812 



CHAPTER IV 
APPLICATIONS TO GEOMETRY 

34. Element of a definite integral. In this and the subsequent 
chapter we shall give certain practical applications of the definite 
integral. Here we return in every case to the summation idea of 
21. The general method of handling one of the various problems 
proposed is to analyze it into the limit of the sum of an infinite 
number of infinitesimals of the form f(x)d.K. The expression 
f(,r)dx 9 as well as the concrete object it represents, is called the 
clement of the sum. 

35. Area of a plane curve in Cartesian coordinates. It has 
already been shown ( 22) that the area bounded by the axis of x, 
the straight lines ,# = a and x = I (a < I), and a portion of the 
curve y =/(#) which lies above the axis of x is given by the defi- 
nite integral ^ 

\ yd*. (l) 

i/a 

It has also been noted that either of the bounding lines x = a or 
,c = b may be replaced by a point in which the curve cuts OX. 
Here the element of integration y dx represents the area of a rec- 
tangle with the base d,v and the altitude y. 

Similarly, the area bounded by the axis of y, the straight lines 
y = c and y = d (e<d) 9 and a portion of the curve x =f(y) lying 
to the right of the axis of y is given by the integral 



f. 



xdy, (2) 



where the element xdy represents a rectangle with base x and 
altitude dy. 

Areas bounded in other ways than these are frequently found 
by expressing the required area as the sum or the difference of 
areas of the above type. 
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X 2 2/ 2 

Ex. 1. Find the area of the ellipse -f --- = 1. 

It is evident from the symmetiy of the curve (fig. 18) that one fourth of the 
required area is bounded by the axis of y, the axis of x, and the curve. Hence, 
if K is the total area of the ellipse, 




= - b \x Va*-x 2 + a 2 sin- 1 = 
a L 



Ex. 2. Find the area bounded by the 
axis of x, the parabola y 2 = 4 px, and the 
straight line 2/ + 2x-4p = (fig. 10). 
The straight line and llui parabola in- 
tersect at the point C(p, 2p), and the 
straight line intersects OJT at J*(2jp, 0). 

The figure shows that the required area is thn sum of two areas O(JD and 
CBD. Hence, if K is the required area, 

Y 










FIG. 19 



O 
FIG. 20 



Ex. 3. Find the area inclosed by the curve (y x 8) 2 = 4 a& 
Solving the equation for ^, we have 



showing that the curve (fig. 20) lies between the straight lines x = 2 and x = 2. 
It is clear from the figure that the area ACEDB^ C y^dx and the area 
ACFDB = f y 2 dx, where yi = x -f 3 -f V5 -^x and y 2 = * -f 3 - VT^x 2 . 

7-2 
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Therefore, if K is the required area CEDFC, 
JT= C y t dx - f y<tdx = f (y x - y a )<te = 2 f V4- a 

J_2 /-2 /-2 /-2 

= fx V4-&2 

L 




-2 



r" 

In the above examples we have replaced y in I ydx by its 

U a 



value /(,/?) taken from the equation of the curve. More generally, 
if the equation of the curve is in the parametric form, we replace 
both x and y by their values in terms of the independent parameter. 
This is a substitution of a new variable, as explained in 26, and 
the limits must be correspondingly changed. 

Ex. 4. Let the equations of the ellipse be 

x = a cos 0, y = b sin <f>. 
Then the area K of Ex. 1 may be computed as follows : 



7T= 4 C*ydx = - 4 f 

Jo t/ir 



Similarly, if the equation of the curve is, in polar coordinates, 
r =/(0) and the area sought is one of the above forms, we may place 

r cos 6 =f(0) cos 0, 
= r sin =/(0) sin 0, 




x 



and obtain thus a para- 
metric representation of 
the curve. 

In case the axes of 
reference are obliqtie, the 
method of finding the 
area is easily modified, 
as follows: 

Let the axes OX and OY (fig. 21) intersect at the angle o>, and 
let us find the area bounded by the curve y =/(#), the axis of x, 
and the ordinates x = a and x = ft. The area is evidently the limit 
of the sum of the areas of the parallelograms whose sides are 



FIG. 21 
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parallel to OX and F. The area of one such parallelogram is 
yAc/;sino). Hence the required area is 



smeo 



r b 

I ydx. 

J a 



36. Area of a plane curve in polar coordinates. Let (fig. 22) be 
the pole, OM the initial line of a system of polar coordinates (r, 0) 9 
OA and OB two fixed radii vectors for which 9 = a and 
respectively, and AB any curve for which the equation is r ^ 
Required the area A OB. 

The required area may be divided into K ri 

n smaller areas by dividing the angle 
A OB = /3 a into n equal parts, each of 

which equals = A0, and drawing the 

n 

lines OP 19 OP Z9 OI>, . 9 OP n _ l9 where 




= A0. (In the figure n = 8.) The 
required area is the sum of the 
areas of these elementary ureas for 

all values of n. The areas of these 

n r i Fl<J - 22 

small figures, however, are no easier 

to find exactly than the given area, but we may find them approxi- 
mately by describing from O as a center the circular arcs AJ1 19 
>./* iK- Let 



r* A0, 
r* A0, 



Then, by geometry, 

the area of the sector A OIi v 
the area of the sector 



the area of the sector 
The sum of these areas, namely 



is an approximation to the required area, and the limit of this sum 
as n is indefinitely increased is the required area. 
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To show this we need to show that the area of each of the cir- 
cular sectors (e.g. J^OJi^ differs from the corresponding elementary 
area (J$OPJ by an infinitesimal of higher order than either. For 
that purpose draw from P an arc of a circle with center inter- 
secting tt/ a j hi S. Then 

area P^Ofi^ < area 1J07J < area SOP^ 

areaJJOTJ area SOT* 
r 



area 
But area JOA> 4 = r 8 2 A0 and area SOP^ r*A0 = | (r,-t Ar)*A0. 

,_ , 
Therefore 



/SO^ (r, + Ar) a /- , ArV 
*- = ~ 8 v , ^- = ( H -- 
OA^ r* \ r./ 



Now as w increases witliout limit, A6^ and consequently Ar 
approach zero as a limit. Hence Lim y- .-* = !, and there- 



Hence .the area l^OJi^ differs from tlie area J^OP^ by an infini- 
tesimal of higher order than either ( 2), and therefore the limit 
of the sum of such areas as ^0/f (+l equals the limit of the sum of 
Huch areas as Jf()lf+ l9 as n is increased indefinitely ( 3). But the 
latter limit is the area AQtt, since 



i-n-1 

2J/?0/H- 1 a = the area A OB 

t=0 



for all values of n. Hence, finally, 

the area ^107? = Lim jjrf Atf = f r*dO = J f \f(9)]*d6. 

* ~ * t SB *^ ^ 

The student should compare this discussion with that of I, 189. 

The above result is unchanged if the point A coincides with 0> 
but in that case OA must be tangent to the curve. So also B may 
coincide with 0. 
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Ex. Find the area of one loop of the curve r = a sin 8 (I, 177). 
The required area K is given by the equation 



/o 
To integrate, place 30 = 0; then 



37. Volume of a solid of revolution. ^ sofo'd of revolution is 
a solid generated by the revolution of a plane figure about an axis 
in its plane. The simplest case is that in which the plane figure is 
bounded by the axis of revolution, two straight lines at right angles 
to the axis, and a curve which does not cut the axis. Such a solid 
is bounded by two parallel plane bases which are circles and by 
a surface of revolution generated by the revolving curve. Each 
point of this curve generates a circle whose center is in the axis 
of revolution and whose plane is parallel to the bases and perpen- 
dicular to the axis. Consequently, if planes are passed perpendicular 
to the axis, they will divide the solid into smaller solids with par- 
allel circular bases. We shall proceed to find an approximate 
expression for the volume of one of these smaller solids. 

Let XL (fig. 23) be the revolving curve, the equation of which 
is x =/(y), Y the axis of revolution, CK the line y = c, and DL 
the line y = d(c<d). Required the volume generated by the revo- 
lution of the figure CKLD. Divide the line CD into n equal 

parts, each of which equals - = Ay, by the points N v N 2 , 



-ZV ->^n-i where 

Pass planes through the points -A^, JV 2 , JV 8 , . -, N U _ 19 perpen- 
dicular to OF. They will intersect the surface of revolution in 
circles with the radii x v # 2 , # 8 , , x n _ lt where x l = N^, # 2 = N^P^ 
x t~ ^A ' ' ^n-i 32 -^n-i^-i- The areas of these sections, begin- 
ning with the base of the solid, are therefore trx*, irxf, trx%, , 
w#iLi, where # = CK. 

The solid is now cut into n slices of altitude Ay. We may consider 
the volume of each as approximately equal to that of a cylinder with 
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its base coincident with the base of the slice and its altitude equal 
to that of the slice. The sum of the volumes of the n cylinders is 



and the limit of this sum as n is indefinitely increased is, by defi- 
nition, the volume of the solid of revolution. 

This definition is seen to be reasonable and in accordance with 
the common conception of volume as follows. Whatever the defini- 

Y 




V* 



o 



FIG. 23 



\ 

\ 7^ Q 



* 



J 



tion of volume, it is evident that the volume of a solid is the sum 
of the volumes of its parts, arid the volume of a solid inclosing 
another is greater than that of the solid inclosed. 

Let then vol. N^N^I^ (for example) be the volume of the slice 
generated by the revolution of the plane figure N^N^I^ and draw 
the lines J*R and I>S parallel to OY. Then evidently 

vol. N&S3 > vol. N^N^II > vol. 



or 

But 
and voL 



vol. N.N.PJI vol. NJTJjR 
vol. NSl* vol. 



= TT 
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^ T . T . . 1 

Hence Lnn - -A-A - = Lim i.^ > = 1, 
vol. NNSJ # 2 



, n T . voL - 

and consequently Lim = a-j-i_ -= 1. 

vol. ** 



Therefore the volume of the slice differs from that of the cylinder 
by an infinitesimal of higher order than that of either ( 2), and 
therefore the limit of the sum of the volumes of the slices is the 
same as that of the sum of the volumes of the cylinders ( 3). 

Hence, finally, 

t^w-l ~ tf 

vol. ClfLD = Lim TT\^J = TT I Jdy. (1 ) 

n = j_ J c 

It is evident that the result is not invalidated if either L or K 
lies on OY. 

Similarly, the volume generated by revolving about OX a figure 
bounded by OX, two straight lines y = a and x b(a<b), and 
any curve not crossing OX is 

" 

7T 



C fdx. (2) 

*) a 



To evaluate either of these integrals it is of course necessary to 
express x in terms of y y or y in terms of #, or both x and y in 
terms of a new variable, from the equation of the curve. 

The volume of a solid generated by a plane figure of other shape 
than that just handled may often be found by taking the sum or 
the difference of two such volumes as 
the foregoing. 

Ex. Find the volume of the ring solid gen- 
erated by revolving a circle of radius a about an 
axis in its plane 6 units from the center (6 > a). 

Take the axis of revolution as OY (fig. 24) 
and a line through the center as OX. Then the 
equation of the circle is (x 6) 2 -f y 2 = a 2 . 

The volume required is the difference between the volume generated by 

CLEKD and that generated by CLFKD. But the >jolimie generated by 

/ o - 

CLEKD is ir I xfdy where x\ = 6 + Va 2 y 2 , and the volume generated 

t/ a 

by CLFKD is ir C"xjdy where X2 = 6 - Va 2 - y 2 . 

/-a 
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Therefore the required volume is 

IT f a x?dy - TT f a x$dy = v f " (x? -x%)dy 

/ o / a / a 



= 4 ir& f a Va* - y*dy = 4 irb I? Va* - y 2 + ~ dn " 1 lT == 



38. Volume of a solid with parallel bases. Fig. 25 represents a 
solid with parallel bases. The straight liue OY is drawn perpen- 
dicular to the bases, cutting the lower base at A, where y = a, and 
the upper base at B, where y = 6. (The axis of x may be any line 

perpendicular to OY, but it is 
not shown in the figure and is 
not needed in the discussion.) 
Let the line AB be divided into 




n parts each equal to 



ba 
n 



and let planes be passed through 
each point of division parallel to 
the bases of the solid. Let A Q 
be the area of the lower base 
of the solid, A l the area of the 
first section parallel to the base, 
^ the area of the second sec- 
tion, and so on, A n-l being the 
area of the section next below 
the upper base. Then A Q &y 
represents the volume of a cyl- 
inder with base equal to A Q and 
altitude equal to Ay, A^y represents the volume of a cylinder 
standing on the next section as a base and extending to the section 
next above, and so forth. It is clear that 



is an approximation to the volume of the solid, and that the limit 
of this sum as n indefinitely increases is the volume of the solid. 
That this is rigorously true may be shown by a discussion similar 
to that of the previous article. That is, the required volume is 



f*Ady. 

ft/a 



VOLUME OF A SOLID WITH PARALLEL BASES 73 

To find the value of this integral it is necessary to express A in 
terms of y, or both A and y in terms of some other independent 
variable. This is a problem of geometry which must be solved 
for each solid. The solids of revolution are special cases. It is clear 
that the previous discussion is valid if the upper base reduces to a 
point, i.e. if the solid simply touches a plane parallel to its base. 
Similarly, both bases may reduce to points. 

Ex. 1. Two ellipses with equal major axes are placed with their equal axes 
coinciding and their planes perpendicular. A variable ellipse moves so that its 
center is on the common axis of the given ellipses, the plane of the moving 
ellipse being perpendicular to those of the given ellipses. Required the volume 
of the solid generated. 




FIG. 26 

Let the given ellipses be ABA'B' (fig. 26) with semiaxes OA = a and OB = 6, 
and ACA'C' with semiaxes OA = a and OC = c, and let the common axis be 
OX. Let NMN'M' be one position of the moving ellipse with the center P 
where OP = x. Then if A is the area of NMN'M', 

A = IT - PM - PN. (by 36, Ex 1) 

But from the ellipse ABA'B' + ^- = 1, 

a 2 a* 

and from the ellipse A CA'C' ~ + ~- = 1. 

a 2 c 2 

Therefore PJtf - PJV = 5? ( a * - ). 

Consequently the required volume is 



- a 2 l ' 3 

The solid is called an ellipsoid ( 86, Ex. 5). 
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Ex. 2. The axes of two equal right circular cylinders intersect at right 
angles. Required the volume common to the cylinders. 

Let OA and OB (fig. 27) be the axes 
of the cylinders, OF their common per- 
pendicular at their point of intersection 
0, anil a the radius of the base of each 
cylinder. Then the figure represents 
one eighth of the required volume V. 
A plane passed perpendicular to OY 
at a distance ON = y from intersects 
the solid in a square, of which one side 

is NP = VoP 2 - OJV 3 = Va* - y' 2 . 
Therefore 




I V = f "J 

t/ 



and 



2 dy = f (a2 - 

t/ 

1" = V a 3 . 



= a 3 



39. The prismoidal formula. The formula V\ Ady leads to 

' */a 

a simple and important result in those cases in which A can he 
expressed as a polynomial in y of degree not greater than 3. Let 
us place ^- 



and take O, for convenience, in the lower base of the solid. Then 
if h is the altitude of the solid, 



r= f (y + 

t/ 



If now we place 7* for the area of the lower base, b for the area 
of the upper base, and M for the area of the section midway be- 
tween the bases, we have 



The formula for V then becomes 



This is known as the prismoidal formula. 
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To show its applicability to a given solid, we need only to show 
that the area of a cross section of the solid may be expressed as 
above. The most important and frequent cases arc when A is a 
quadratic polynomial in y. In this way the student may show 
that the formula applies to frustra of pyramids, prisms, wedges, 
cones, cylinders, spheres, or solids of revolution in which the gen- 
erating curve is a portion of a conic with one axis parallel to the 
axis of revolution, and also to the complete solids just named. 

The formula takes its name, however, from its applicability to 
the solid called the prismoid, which we define as a solid having 
for its two ends dissimilar plane polygons with the same number 
of sides and the corresponding sides parallel, and for its lateral 
faces trapezoids.* 

Furthermore, the formula is applicable to a more general solid, 
two of whose faces are plane polygons lying in parallel planes and 
whose lateral faces are triangles with their vertices in the vertices 
of these polygons. 

Finally, if the number of sides of the polygons of the last 
defined solid is allowed to increase without limit, the solid goes 
over into a solid whose bases are plane curves in parallel planes 
and whose curved surface is generated by a straight line which 
touches each of the base curves. To such a solid the formula also 
applies (see 91, Ex. 5). 

The formula is extensively used by 
engineers in computing earthworks. 

40. Length of a plane curve in rec- 
tangular coordinates. To find the length 
of any curve AS (fig. 28), assume n 1 
points, 7J, 7, , j_ lf between A and B 
and connect each pair of consecutive Flo 28 

points by a straight line. The length 

of AB is then defined as the limit of the sum of the lengths of 
the n chords AJ\ y JJJJ, /J/J,- , -#__!# as n is increased without 
limit and the length of each chord approaches zero as a limit 
(I, 104). 

* The definition of the prismoid is variously given by different authors. We adopt 
that which connects the solid most closely with the prism. 
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Let the coordinates of J be (x i9 y,) and those of J/ +1 be (x { + A#, 
y t .+ Ay). Then the length of the chord Ttf^ is V(A#)' 2 +(Ay) 2 , and 
the length of A B is the limit of the sum of the lengths of the n 
chords as n increases indefinitely. But V(Ao?) 2 + (Ay) 2 is an infini- 
tesimal which differs from the infinitesimal Vefar z + dy* by an 
infinitesimal of higher order. For 



Lim 



Vdtf+dy* I /dy 



Now if x is the independent variable, &x = dx (4); if x is not 

A# Ay dy 

the independent variable, Lim - j- = 1 ( 4). Also lim = -=- 

" ' ' ' llJb &X (IX 



Hence Lim M, ^ L Therefore (3), in finding the 

VtW+dy* 
length of the curve, we may replace V(A#) 2 + (Ay) 2 



Therefore if s is the length of AB, we have 

c/o 

(1) 



Xc/ 
i) 



where (^) and (B) denote the values of the independent variable 
for the points A and B respectively. 

If x is the independent variable, and the abscissas of A and B 
are a and b respectively, (1) becomes 



If y is the independent variable, and the values of y at A and B 
are c and d respectively, (1) becomes 



If # and y are expressed in terms of an independent parameter t, 
and the values of t for A and B respectively are and t v (1) be- 
comes 
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Ex. 1. Find the length of the parabola y 2 = 4px from the vertex to the 
point (h, k). _ 

Formula (2) gives 5 = f \/-"t? Ox. 

Jo \ B 



I r k . 

Formula (8) gives 8 = I vy 2 + 

%p Jo 

Either integral leads to the result 




Ex. 2. Find the length of an ellipse. 

If the equation of the ellipse is -f ~ = 1, and we measure the arc from the 
end of the minor axis, we have a 



Va 2 b 2 
where e = - , the eccentricity of the ellipse. Let us place x = a sin 0; 

then a 

1 s = a 



The indefinite integral cannot bo found in terms of elementary functions. 
We therefore expand Vl ^sin 2 ^ into a series by the binomial theorem 
( 81, Ex. 4) ; thus 



This series converges for all values of 0, since e 2 sin 2 < 1; then 



2*4 



The length of the ellipse may now be computed to any required degree of 
accuracy. 

41. Length of a plane curve in polar coordinates. The formula 

/<*> _ 
5= / Vd^+rfy 2 

J<A) 

of 40 may be transferred to polar coordinates by placing 

i 

x = r cos 0, y = r sin ft 



78 
Then 

and 

Therefore 
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dx = cos 6 dr r sin 6 d0, 
dy = sin dr + r cos dO, 



-p 

J(A) 



(1) 



If is the independent variable, and the values of for A and 
JS are a and respectively, (1) becomes 

* . (2) 

If r is the independent variable, and the values of r for A and 
5 are a and 6 respectively, (1) becomes 



s = 



(3) 



The differential of arc. From 



i = CVdj? '+ df, 



it follows ( 9) that ds = 



(1) 



This relation between the differentials of #, y, and s is often rep- 
resented by the triangle of fig. 29. This figure is convenient as a 

device for memorizing formula (1), but it 
should be borne in mind that JtQ is not 
rigorously equal to dy ( 5), nor is PQ 
rigorously equal to ds. In fact, RQ = Ay 
and PQ = As, but since Ay and As differ 
from dy and ds respectively by infinitesi- 
mals of higher order, the use of RQ as 
dy and of PQ as ds is justified by the 
theorems of 3. If now the triangle of fig. 29 is used as a plane 
right triangle, we have an easy method of recalling the formulas 




o 



FIG. 29 



dx , 

- = 008*, 



ds 



sin<, / 
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Similarly, from s = 
we find ds = 



j Vrfr' 2 + 



r*dQ* 



(2) 







which is suggested by the triangle of fig. 30, where PQ is the arc 
of any curve and PH the arc of a circle with radius OPr. This 
figure, if used as a straight-line figure, also gives the formulas 

rdd s^ = 

dr ds 

. , rd0 
sin Y = 

43. Area of a surface of revolu- 
tion. A surface of revolution is a ' 
surface generated by the revolution 
of a plane curve around an axis in its plane ( 37). Let the 
curve AB (fig. 31) revolve about OY as an axis. To find the area 
of the surface generated, assume n 1 points, Jj*, />, 1^ , %_ v 
between A and B, and connect each pair of consecutive points by 
a straight line. These lines are omitted in the figure since they 
are ao nearly coincident with the arcs. The surface generated by 

AB is then defined as the limit of the sum 
of the areas of the surfaces generated by 
the n chords Al\, J>J}, JJ7J, , -1 B as 
n increases without limit and the length 
of each chord approaches zero as a limit. 

Each chord generates the lateral sur- 
face of a frustum of a right circular coye, 
X the area of which may be found by ele- 
mentary geometry. Let the coordinates 
of ^ be (# t , y,) and those of J? +1 be (^ + A#, y,+ Ay). Then the 
frustum of the cone generated by J7/^ +1 has for the radius of the 
upper base -A r / +1 J? +1 , for the radius of the lower base JV|J/, and for 
its slant height J?J? +1 . Its lateral area is therefore equal to 



: 
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Therefore the lateral area of the frustum of the cone equals 



This is an infinitesimal which differs from 



2 Trx^dx? + df = 2 irx t ds 

by an infinitesimal of higher order, and therefore the area gener- 
ated by AR is the limit of the sum of an infinite number of these 
terms. Hence, if we represent the required area by S v> we have 

/(> 
S v ^2ir I xds.' (1) 

J(A) 

To evaluate the integral, we must either express ds in terms of 
#, or express x and ds in terms of y, or express both x and ds in 
terms of some other independent variable. 

Similarly, the area generated by revolving AB about OX is 



/<*> 

=271-1 yds. (2) 

/oo 



/oo 



Ex. Find the area of the ring surface of the Ex., 37. 
The equation of the generating curve is 

(x - ft)' + y* = a*, 



and ds - <Jl + / Ydy = g dy. 

The required area is the sum of the areas generated by the arcs LEK and 
LFK (fig. 24). Hence 

S v = 2 TT f (*i + a) q dy = 4 irafc f y = 



PROBLEMS 

1 . Find the area bounded by the axis of and the parabola a - 16 * + 4 y = 0. 

2. Find the area included between a parabola and the tangents at the ends 
of the latus rectum. (The equation of the parabola referred to these tangents 
as axes is a* 4- y* = a* (I, 69).) f 

3. Find the total area bounded by the witch y = "^ . 4a a 
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n( - _*\ 

4. Find the area bounded by the catenary y = - \c -f e j, the axis of x, and 
the lines x h. 

5. Find the total area of the curve aty 2 + 6 2 x 4 = cfflPaP. 

6. Find the area bounded by the curve xty 2 -fa 2 6 2 = a 2 y 2 and its asymptotes. 

7. Find the area bounded by the curve y(x 2 + a a ) = a a (a x), the axis of 
x, and the axis of y. 

8. Find the area of a segment of a circle of radius a cut off by a chord h 
units from the center. 

9. Find the area contained in the loop of the curve y 2 = x a (a - x). 

10. Find the area bounded by the curve y 2 (x 2 -f a 2 ) = a 2 x 2 and its asymptotes. 

x 2 i/ 2 

11. Show that the area bounded by the hyperbola = 1, the axis of x, 

a 2 o 2 

and the diameter through PI (Xi, yi) on the curve is log ( -f ~ ) . 

2 \a o] 

12. Find the area bounded by the tractrix y = ^ log a+ a ^r_ x _ Va 2 -x 2 ,' 
the axis of x, and the axis of y. 2 a - va 2 -^ 2 

13. Find the area between the axis of x and one arch of the cycloid 
x = a(<f> sin0), y = a(l cos0). 

14. Find the areas of each of the two portions into which the circle 
x 2 -f y 2 = 8 is divided by the parabola y 2 2 x = 0. 

15. Find the area bounded by the parabola x 2 4 y =. and the straight line 
8x-2y - 4 = 0. 

16. Find the area of the figure bounded by the parabolas y 2 = 18 x and 



17. Find the area between the parabola x 2 = 4 ay and the witc.h y = 

18. Find the total area of the lemniscate r 2 = 2 a 2 cos 20. 

19. In the hyperbolic spiral rd = a show that the area bounded by the spiral 
and two radii vectors is proportional to the difference of the length of the radii. 

20. Find the area traversed by the radius vector of the spiral of Archimedes 
r = a.0 in the first revolution. 

21. Find the area described by the radius vector of r=asec0 from 

* = *>* = ?. 

6 3 

22. Find the total area of the cardioid r = a(l + cosl). 

23. Find the area of the liinac.on r = a cos0 -f 6 when b > a. 

24. Find the area bounded by the curves r = a cos 8 9 and r = a. 

25. Find the area of a loop of the curve r 8 = a 2 cos n0. 

26. Find the area of a loop of the curve r = a sin nff. < 

27. Find the area of a loop of the curve r cos0 = a cos 20. 
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28. Find the area of the loop of the curve r 2 = a 2 cos 2 6 cos 9 which is bisected 
by the initial line. 

29. Find the total area of the curve (x 2 + y 2 ) 2 = 4 a 2 ^ 2 -f 4 &fy 2 . (Transform 
to polar coordinates.) 

30. Find the area of the loop of the curve (x 2 + y 2 ) 3 = 4 a 2 x 2 y 2 . (Transform 
to polar coordinates. ) 

31. Find the volume generated by revolving about OY the surface bounded 
by the coordinate axes and the curve x* -f yk = a*. 

32. Find the volume of the solid generated by revolving about OY the plane 
surface bounded by OY and the kypocycloid x* -f y$ = cA 

33. Find the volume of the solid formed by revolving about OX the figure 

n f - -\ 

bounded by the catenary y = - \e" + e /, the axis of x, and the lines x = h. 

2 

34. Find the volume of the solid formed by revolving about OF the plane 

8 a 3 

figure bounded by the witch y ~ and the line y = a. 

x 2 H- 4 a 2 

35". Find the volume of the solid formed by revolving about OX the plane 

a/ 3 
figure bounded by the cissoid # 2 = ---- , the line x = a, and the a*is of x. 

2 a x 

36. Find the volume of the solid generated by revolving about OY a segment 
of the circle x- -f y 2 = a 2 cut off by the chord x = A. 

37. Find the volume of the solid generated by revolving a semicircle of 
radius a around an axis parallel to the boundary diameter of the semicircle,, 
(1) when the arc of the semicircle is concave toward the axis; (2) when the 
arc is convex toward the axis. 

38. Find the volume of the solid formed by revolving an ellipse around its 
major axis. 

39. Find the volume of the ring surface formed by revolving the ellipse 
(x -_ 






= i around OY(d > a). 



40. Find the volume of the solid generated by revolving about OX the sur- 

x 2 i/ 2 
face bounded by the hyperbola ---- -- = 1 and the line x = a -f h. 

a 2 o 2 

41. Find the volume of the solid generated by revolving about OY the sur- 

x 2 g/ 2 

face bounded by the hyperbola --- -- = 1, the lines y = h, and the axis of y. 

a 2 o 2 

42. Find the volume of the solid formed by revolving about the line y = a 

the figure bounded by the curve y = sin x, the lines x = and x = i and the 
liney= a. 

43. Find the volume generated by revolving about the axis of x the figure 
bounded by the parabola y 2 = 4 px and the line x = h. 

44. Find the volume of the solid formed by revolving about OY the figure 
bounded by the parabola y 2 = 4pg, the axis of y, and the line y = k. 
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45. Find the volume of the solid formed by revolving about the line x = a 
the figure bounded by that line, the parabola y 2 = 4 px, and the lines y = h. 

46. Find the volume of the solid formed by revolving about the line x = a 
the figure bounded by the parabola y a = 4px and the line x = h(a > h). 

47. A right circular cone has its vertex at the center of the sphere. Find the 
volume of the portion of the sphere intercepted by the cone. 

48. A steel band is placed around a cylindrical boiler. A cross section of the 
band is a semiellipse, its axes being and V5 in. respectively, the greater being 
parallel to the axis of the boiler. The diameter of the boiler is 48 in. What is 
the volume of the band ? 

49. Find the volume of the solid generated by revolving the cardioid 

r = a(l + cos0) about the initial line. 



50. Find the volume of the solid generated by revolving about OY the figure 
bounded by tlio axes of coordinates and the tractrix. 

51. Prove by the method of 38 that the volume of a cone with any base is 
equal to the product of one third the altitude by the area of the base. 

52. Prove that the volume of a right conoid is equal to one half the product 
of its baso and its altitude. (A conoid is a surface generated by a moving straight 
line which remains parallel to a fixed plane and intersects a fixed straight line. 
If the moving line is perpendicular to the fixed line, the conoid is a right conoid. 
The base is then the section made by a plane parallel to the fixed line, and the 
altitude is the distance of the fixed line from the plane of the base.) 

53. On the double ordinate of the ellipse + - = 1 an isosceles triangle is 

a 2 6 2 
constructed with its altitude equal to the length of the ordiuate. Find the volume 

generated as the triangle moves along the axis of the ellipse from vertex to vertex. 

54. Find the volume cut from a right circular cylinder by a plane through 
the center of the base making an angle 6 with the plane of the baso. 

55. Find the volume of the wedge-shaped solid cut from a right circular 
cylinder by two planes which pass through a diameter of the upper base and 
are tangent to the lower base. 

56. Two circular cylinders with the same altitude have the upper base in 
common. Their other bases are tangent at the point where the perpendicular 
from the center of the upper base meets the plane of the lower bases. Find 
the volume common to the cylinders. 

57. Two parabolas have a common vertex and a common axis but lie in per- 
pendicular planes. An ellipse moves with its center on the common axis, its 
plane perpendicular to the axis, and its vertices on the parabolas. Find the 
volume generated when the ellipse has moved to a distance h from the com- 
mon vertex of the parabolas. 

58. A cylinder passes through great circles of a sphere which are at right 
angles to each other. Find the common volume. 
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59. A variable circle moves so that one point is always on OF, its center la 

x 2 v 2 
always on the ellipse + =1, and its plane is always perpendicular to OF. 

a 2 o* 
Required the volume of the solid generated. 

60. Two equal four-cusped hypocycloids are placed with their planes per- 
pendicular and the straight line joining two opposite cusps of one in coinci- 
dence with a similar line in the other. A variable square moves with its plane 
perpendicular to this line and its vertices in the two curves. Find the volume 
of the solid generated. 

61. Two equal ellipses are placed with their major axes in coincidence and 
their planes perpendicular. A straight line moves so as always to intersect the 
ellipses and to be parallel to a plane perpendicular to their common axis. Find 
the volume inclosed by the surface generated. 

62. A variable rectangle moves so that one side has one end in OF aiid the 
other in the circle x 2 + y 2 = a 2 . The ratio of the other side of the rectangle to 

the one mentioned is - , and the plane of the rectangle is perpendicular to OF. 

Required the volume of the solid generated. 

63. The cap of a stone post is a solid of which every horizontal cross section 
is a square. The corners of all the squares lie in a spherical surface of radius 
8 in. with its center 4 in. above the plane of the base. Find the volume of the cap. 

64. Find the length of the semicubical parabola y 2 = x 8 from the vertex to 
the point for which x = h. 

c* 4- 1 

65. Find the length of the curve y = log ~- - from x = 1 to x = 2. 

e* 1 

66. Find the total length of the four-cusped hypocycloid x j + y 8 = a'. 

67. Find the length of the catenary from x = to x = h. 

68. Find the length of the tractrix y = ~ log q -Jl-- a ~ - Va 2 - x 2 from 
x = fttox = a. 2 a-Va 2 -x 2 

69. Find the entire length of the curve (?V 



70. Find the length of the curve y 3 = - - (x 2p) from x = 2ptox = 

27 p 

71. Find the length from cusp to cusp of the cycloid x = a(# 
y = a(l cos0). 

72. Find the length of the epicycloid from cusp to cusp. 

73. Find the length of the involute of a circle x = a cos # + 04* sin <, 
y = a sin0 a# cos0 from = to </> = <i. 

74. From a spool of thread 2 in. in diameter three turns are unwound. 
If the thread is held constantly tight, what is the length of the path described 
by its end ? 

75. The cable of a suspension bridge hangs in the form of a parabola. The 
lowest point of the cable is 60 ft. above the water, and the points of suspension 
are 100 ft. above the water and 1000 ft. apart Find the length of the cable. 
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v 76. Show that the length of the logarithmic spiral between any two points 

is proportional to the difference of the radii vectors of the points. 

/\ 

77. Find the length of the curve r = a cos 4 - from the point in which the 
curve intersects the initial lino to the pole. 

78. Find the complete length of the curve r = a sin 8 - 

o 

v^ 79. Find the length of the cardioid r = a(l + cos0). 

80. Find the area of a zone of a sphere hounded by the intersections of the 
sphere with two parallel planes at distances hi and h$ from the center. 

81. Find the area of the curved surface formed by revolving about OX the 
portion of the parabola y* = 4 px between x = and x = h. 

82. Find the area of the curved surface? of the catenoid formed by revolving 

about OX the portion of the catenary y = t \tf* -f c~~ a ) between x = h and x = h. 

2t 

83. Find the aroa_of the surface formed by revolving about OY the tractrix 

a . 

y = - l 

2 a _ 

84. Find the area of the surface formed by revolving about OF the hypocycloid 

a?3 + y l = a 5. 

85. Find the area of the surface formed by revolving an arch of the cycloid 
x = a(0 Hhi0), y = a(l cos0) about OJT. 

86. Find the surface area of the oblate spheroid formed by revolving an 
ellipse about its minor axis. 

87. Find the surface area of the prolate spheroid formed by revolving an 
ellipse around its major axis. 

88. Find the aren of the surface formed by revolving about the initial lino 
the cardioid r a (I + cos0). 

89. Find the ami of the surface formed by revolving about the initial line 
the lemniscate r a = 2 a' 2 cos 2 6. 



CHAPTEE V 
APPLICATIONS TO MECHANICS 

44. Work. The application of the definite integral to determine 
the work done in moving a body in a straight line against a force 
in the same direction has been shown in 21. Problems for the 
student will be found at the end of this chapter. 

The case of a body moving in a curve, or acted on by forces not 
in the direction of the motion, is treated in Chap. XIV. 

45. Attraction. Two particles of matter of masses m l and m 2 
respectively, separated by a distance r y attract each other with a 

force equal to k -- > where k is a constant which depends upon 

the units of force, distance, and mass. We -shall assume that the 
units are so chosen that k = 1. 

Let it now be required to find the attraction of a material body 
of mass HI upon a particle of unit mass situated at a point A. Let 
the body be divided into n elements, the mass of each of which may 
be represented by Am, and let % be a point at which the mass of 
one element may be considered as concentrated. Then the attrac- 
tion of this element 011 the particle at A is ^> where r % = 



and its component in the direction of OX is cos6J, where 

6 i is the angle between the directions If A and OX. The whole 
body, therefore, exerts upon the particle at A an attraction whose 
component in the direction 0A~is equal to 



Lim V "Y^Am. 

" iTi r < 

If now cos0 f , TV, and Am may be expressed in terms of a single 
independent variable, we have, for this component, 



T . ' n cos0 fA fcos0, 
Lim V r- f Am = I -- dm, 

jf{ T ? J * 
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where the limits of integration are the values of the independent 
variable so chosen that the summation extends over the entire 
body. The manner in which this may be done in some cases is 
illustrated in the following example. 

Ex. Find the attraction of a uniform wire of length I and mass m on a par- 
ticle of unit mass situated in a straight line perpendicular to one end of the wire 
and at a distance a from it. 



Y 

Lot the wire OL (fig. 32) bo placed in the axis of y with 



one end at the origin, and let the particle of unit mass 
be at A on the axis of x where A = a. Divide OL into 



n parts, Qlfi, M\M%, M^Mz, , J/),_i2/, each equal to 

- = Ay. Then, if p is the mass per unit /'''' '' 






*'' 



of length of the wire, the mass of each 

element is pAy = Am. We shall consider 

the mass of each element as concen- ,#'1''''''''**'''''' 

trated at its iirst point, and shall in v*''*' f --~~~~~~''~ 

this way obtain an approximate ex- j&&'-'^~- 

pression for the attraction due to tho ^ ., ^ 

element, this approximation being the 

better, the smaller is Ay. The attraction of the element M^IL^\ on A is 

then approximately . . 

- - / r: = - - 5 , where y/ = 
AM? J + y; 

The component of this attraction in the direction OX is 



L 
M, 



3/4 

M, 
If, 



, 
a* + y* (a* + 

and the component in the direction OY is 



a 2 + y? (a 2 + y, 2 )* 

Then, if X is the total component of the attraction parallel to 0<3T, and Y 
the total component parallel to OF, we have 

i=n-l 

v T "V* Ptf Ay 
^=Lim> ra = />a 

ttss *ito 

1 

V - 



To verify this we may show that the true attraction of 3f,-3f/ +1 differs from 
the approximate attraction, which we have used, by an infinitesimal of higher 
order. Let I be the true as-component of the attraction of Jlf*3f{+i, I\ the approx- 
imate attraction found by assuming that the whole mass of M { M i+ i is at Jf<, 
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and la the approximate attraction found by assuming that the whole mass of 

JfJWi+i is at M t + i. Then, evidently, 7 a < I < I\\ that is, < <!. But 

-*i *i 

Jl= ^_,i 1= ^y _ ,anil*=r. ** + y? -] Therefore 
o? 4-1 a a + M + Ay) 2 3 /i La*+(y,+ Ay)J 



Lim ~ = 1 and Lim - = 1. Hence I\ differs from / by an infinitesimal of higher 

n = <* J-l nssoo L\ 

order ( 2), and may therefore be used in place of I in finding the limit of a 
sum (8). A similar discussion may be given for the ^-component. 

To evaluate the integrals for X and F, place y = a tan 0. Then, if 

a = tan-i- = OAL, 
a 

JL = - f cos0 cZ0 = ~ sin a = ^sin a:, 
a Jo a aJ 

/I / or /> ITT, 

y=" / Bin^d0= -(l-cosa) = -,(l~cosa), 

since lp=zm. 

If J2 is the magnitude of the resultant attraction and ft the angle which its 
line of action makes witli OX, 



nrt, 
al 2 



. ^ ^ 

fl = tan- 1 = tan- l . 

M A" Hiiuc 2 

46. Pressure. Consider a plane surface of area A^t immersed 
in a liquid at a uniform depth of h units below the surface. The 
submerged surface supports a column of liquid of volume h&A, 
the weight of which is wh&A, where w (a constant for a given 
liquid) is the weight of a unit volume of the liquid. This weight 
is the total pressure on the immersed surface. The pressure per 
unit of area is then j ^ , 



which is independent of the size of AJ. We may accordingly 
think of &A as infinitesimal and define wh as the pressure at a 
point h units below the surface. By the laws of hydrostatics 
this pressure is exerted equally in all directions. We may accord- 
ingly determine the pressure on plane surfaces which do not lie 
parallel to the surface of the liquid in the following manner. 

Let OX (fig. 33) be in the surface of the liquid, and OH, for which 
the positive direction is downward, be the axis of h. Consider a 
surface ABCD bounded by a portion of OH, two horizontal 
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lines AD(h = a) and BC(h = 6), and a curve with the equation 
%=f(h). Divide AB into n segments, AM V 

M n , B y each equal to = A7*,, and 

* -1 n 

draw a line Mfi through each point M i 
parallel to OX. Consider now the ele- 
ment of area J/^J^, Jl/j K1 , where Mtf = ,r. 
=/(//,). Its area is equal to that of a rec- 
tangle with base M t M l+l and altitude some 
line between MJ* and ^/ I4 .i^ +1 (5, 24), 
and is therefore equal to (x t + e f ) A7/-, where 
e, < A^. The pressure on the element 
would be wh t (,c t + t )A/t, if all points of 
the element were at the depth OJH\ = k t , 
and would be w(h t + Ah) (or. + t )AA, if all points were at the depth 
Consequently 9 the pressure on M i J^Jf +l M i ^ l is 




Fi. 83 



plus an infinitesimal of higher order. Therefore the total 
pressure P on the area ABCD is 



issn 1 x6 x6 

P = Lim VWi^A/f = I whxdli = ?# I }if(h)dh. 

n==fl0 t^O *^ a ^ a 



The modification of this result necessary to adapt it to areas 
of slightly different shapes is easily made by the student and is 
exemplified in the following example. 

Ex. Find the total pressure on a vorti- 
cal circular area, a being the radius of 
the circle and 6 the depth of the center. 

In fig. 34 let OG = b, CA-CK= a, 
OM = h, MN = AA. Then OA = b - a, 
qj? = 6-f a, LA"= 2 Jlftf = 2 Va- (A - 6), 
and the pressure on the strip LKIG is 
2 wA Va 52 - (h - 6)' 2 A^, except for an infin- 
itesimal of higher order. Therefore the 
total pressure on the circle is 




*>+* 



To integrate, place h 6 = asin#; then 

IT 

P = 2 w C * a* cos 2 0(6 + asm 0)cZ0 = iratbw. 
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If the equation of the curve CD (fig. 33) is x =/(y), referred to 
an origin at a depth c below the surface of the liquid, OX being 
parallel and OY perpendicular to the surface of the liquid, the 
pressure on ABCD may be shown to be 



a and 5 being the y coordinates of A and B respectively. 

If this formula is used in the example, the center of the circle 
being taken as the origin of coordinates, we have 



y 2 fly = TTtfbw. 




47. Center of gravity. Consider n particles of masses m lt w a , 
, 8 , -, m n , placed at the points P^(x l9 y x ), JJfa, y 2 ), P 3 (x 9 , y 8 ), - . ., 
|(,j; n , y n ) (fig. 35) respectively. The weights of these particles form 
Y a system of parallel forces equal to 

111$, w 2 //, m 3 (/, - , m n #, where ^ is 
7> 8 the acceleration due to gravity. The 

p resultant of these forces is the total 

weight W of the n particles, where 






Fu, 3 5 =</> - m - 



This resultant acts in a line which is determined by the condi- 
tion that the moment of W about O is equal to the sum of the 
moments of the n weights. 

Suppose first that gravity acts parallel to OY, and that the line 
of action of W cuts OX in a point the abscissa of which is He. Then 
the moment of W about O is //^^w, and the moment of one of the 
n weights is g m^. 

Hence gx m t . = g 



Similarly, if gravity acts parallel to OX, the line of action of the 
resultant cuts OF in a point the ordinate of which is y, where 
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These two lines of action intersect in the point 6r, the coordinates 
of which are 



2, MI 

Furthermore, if gravity acts in the XO Y plane, but not parallel 
to either OX or Y, the line of action of its resultant always passes 
through G. This may be shown by resolving the weight of each 
particle into two components parallel to OX and OY respectively, 
finding the resultant of each set of components in the manner just 
shown, and then combining these two resultants. 

If gravity acts in a direction not in the XOY plane, it may still 
be shown that its resultant acts through G, but the proof requires 
a knowledge of space geometry not yet given in this course. 

The point G is called the center of gravity of the n particles. 

If it is desired to find the center of gravity of a physical body, 
the problem may be formulated very roughly at first by saying that 
the body is made up of an infinite number of particles of matter 
each with an infinitesimal weight ; hence the formulas for the co- 
ordinates of G must be extended to the case in which n is infinite. 
More precisely, the solution of the problem is as follows. The body 
in question is divided into n elementary portions such that the 
weight of each may be considered as concentrated at a point 
within it. If m is the total mass of the body, the mass of each 
element may be represented by Aw. Then if (x., y t ) are the coordi- 
nates of the point at which the mass of the tth element is concen- 
trated, the center of gravity of the body is given by the equations 



_ 
x = Lim ^~ - , y = Lmi 



In case x i9 y iy and Am can be expressed in forms of a single inde- 
pendent variable, these values become 



/ xdm I yd 

*J -- F-^T 

I dm I d 
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where the limits of integration are the values of the independent 
variable so chosen that the summation extends over the entire body. 
It is to be noticed that it is not necessary, nor indeed always 
possible, to determine x t , y i exactly, since) by 3, 

t^n i=n 

lAm V (x t + ,) A?/& = Lim ^ a\ Am, 

if t approaches zero as Am approaches zero. 

The manner in which the operation thus sketched may be car- 
ried out in some cases is shown in the following articles. Discus- 
sion of the most general cases, however, must be postponed until 
after the subjects of double and triple integration are taken up. 

48. Center of gravity of a plane curve. When we speak of the 
center of gravity of a plane curve we are to think of the curve as 
the axis of a rod, or wire, of uniform small cross section. Let 
Y LK (fig. 36) be such a curve, and let p 

n p be the amount of matter per unit of 

PIJ J.- -n X 

P length of the wire which surrounds LK. 

That is, if s is the length of the wire 
and tn is its mass, we have for a horno- 

L 



*' ia - 86 = p = a constant ; 

As 

and for a nouhoinogeneous wire 

T . Am dm f . . 

Lim --- = r- = p = a function of s. 
As ds 

The curve may now be divided into elements of arc, the length of 
each being As and its mass Am, and formulas (2) of 47 may be 
applied by placing 



I pxds I py ds 

whence 35 = ^ - > y ^ -- (1) 

I p ds I p ds 

The limits of integration are the values of the independent variable 
for L and K. 
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If p is constant, these formulas become 

w = / x ds, sy = / y ds> (2) 

where s is the length of LK. 

Ex. 1. Find 11 10 center of gravity of a quarter circumference of the circle 
x 3 .j. ^2 a a ? w hi c h lies in the first quadrant. 



.- . , . ft ft 

We have ds = v dx a + dy 3 = dx = - dy. 

y x 

Therefore Cx ds = - f a dy = a 3 , 

f yds = I adx = a 3 , 

and a = a quarter circumference. 



Hence x = y = 

IT 

The problem may also bo solved by using the parametric equations of the 
circle x = a cos 0, y = a siii 0. 

Then 



fx ds = a 2 f * cos d0 = a 3 , 

IT 

Cyds = a 3 r 2 sin0cZ0 = a 3 . 



9 / 

Therefore x = y = as before. 

Ex. 2. Find the center of gravity of a quarter circumference of a circle when 
the amount of matter in a unit of length is proportional to the length of the arc 
measured from one extremity. 

We have here p = ks, where k is constant. Therefore, if we use the para- 
metric equations of the circle, 



W 

/pxds isxds \ 2 
* J Jo 







Cpyds Cayds C * a*<f> sin $ d<f> 



ft 
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49. Center of gravity of a plane area. By the center of gravity 
of a plane area we mean the center of gravity of a thin sheet of 

matter having the plane area as its 
middle section. We shall first assume 
that the area is of the form of fig. 37, 
being bounded by the axis of #, the 
curve y =/(#), and two ordinates. 
Divide the area into n elements by 
n 1 ordiuates which divide AB into 
-x n parts each equal to A#. We de- 
note by p the mass per unit area. 
That is, if A is the area and m the 
mass, we have for a homogeneous sheet of matter 

Am 

= p = a constant ; 



G 



M N 
Fio. 37 



and for a nonhomogeueous sheet of matter 

Am dm 



Lim 



. , , 
= p = a variable. 



Hence in (2), 47, we place 

dm = p dA = py dx, 

since for the area in question dA~ydx ((1), 35). 

Consider now any one of the elements MNQP, where OMx, 
ON= x + A#, MP = //, NQ = y + Ay, and draw the lines PR and 
QS parallel to OX. The mass of the rectangle MNRP may be con- 

(\^y\ fl/\ 
# + 7 j> and the 

mass of the rectangle MNQS at its middle point <7 2 ( x + -^ , | + -^ ) 

\ 22 2 / 

Accordingly the mass of MNQP may be considered as concentrated 
at a point which lies above G v below <? 2 , and between the ordi- 
nates MP and NQ. The coordinates of any such point may be 

expressed as (x + p&x, ^ + ?~ir)> w ^ re ^ ^?= 1, ^ j ^ 1. 

' / v\ 

But the coordinates of this point differ from those of G (#, | \ by 

an infinitesimal of the same order as 
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Therefore it is sufficient to consider the mass of MNQP as con- 
centrated at 6r (#, ~ ] Hence formulas (2), 47, become 

I pxydx It I pifdx 

X = J 7 -, y = :+ --- (1) 

I py dx I py dx 

If p is a constant, these formulas become 

/ xydx \ I y*dx 



c 

/ y dx I y 



(2) 



>dx 
u 

which can be written 

If it is required to find the center of gravity of a plane area of 
other shape than that just discussed, the preceding method may be 
modified in a manner illustrated by Ex. 2. 

If the area has a line of symmetry, the center of gravity evi- 
dently lies upon it, and if this line is perpendicular to OX or OY, 
one of the coordinates of the center of gravity may be written 
down at once. 

Ex. 1. Find the center of gravity of the area bounded by the parabola 
2/2 4p X (fig. 38) ^ the axis of x, and the ordinate through a point (h, k) of 
the curve. Here 

Ax- 



Ay = j f h y*dx = 2jp f h xdx = ph* = J hk*, 

'Jo Jo * 




r h r h Q\ 

and -4=1 ydx = 2#l x*dx = $J>W = | hk. FIG. 38 

J o / o 

> 

Therefore x = g h. y = ft k. 
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Ex. 2. .Find the center of gravity of the segment of the ellipse -- \- = 1 

(fig. 30) cut off by the chord through the positive ends of the axes of the curve. 
Divide the area into elements hy lines parallel to OY. If we let y 2 be the ordi- 
nate of a point on the ellipse, and y t the ordinate of a point on the chord, we 

have as the clement of area 

dA =i/2- 



The mass of this element may be considered as concentrated at ( x, yi J y2 V 

, \ ^ / 

r a 

I (v* - yi)xdx 










Hence x = 



* /ft 

. 30 I (y*-y\)dx 

t/O 



From the equation of the ellipse 7/ 2 Va a - x*, and from that of the chord 

vi ;=-(<*-). 

a *tt 

Tho denominator I (y 2 yi)^c is equal to the area of the quadrant of the 

ellipse minus that of a right triangle, i.e. is equal to ?- . 



Hence 



50. Center of gravity of a solid or a surface of revolution of 
constant density. Consider a solid of revolution generated by re- 
volving about OF the plane area bounded by OF, a curve x =/(y), 
and two lines perpendicular to OF. The solid may be resolved into 
elements by passing planes perpendicular to OF at a distance dy 
apart ( 37). The same planes divide the surface of revolution 
into elements ( 43). If the density of the solid is uniform, it is 
evident from the symmetry of the figure that the mass either of 
an element of the solid or of the surface may be considered as 
lying in OF at the point where one of the planes which fixes the 
element cuts OF. 



CENTEK OF GRAVITY OF A SOLID 
Consequently, the center of gravity lies in Y y so that 
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Now if V is the volume of the solid and S the area of the sur- 
face, we have, by 37 and 43, 

d V = TTJ? dy and dS = 2 irx ds. 

Consequently, to find the center of gravity of the solid we have 
to replace dm of 47 (2) by p7rx*dy with the result 



j p7rx*ydy j x 2 ydy 

y = f TS 

I pirxfdy I o? dy 



and to find the center of gravity of the surface of revolution we 
have to place in 47 (2) dm = 
2 irpxds with the result 



I 2 irpxy ds I xy ds 
""" f* ' /* 

I^TTp^ds / ,13 



ds 



Ex. 1. Find the center of gravity 
of a spherical segment of one base 
generated by revolving the area JWJB 
(fig. 40) about OY. 

Let OB = a and OE = c. The equa- 
tion of the circle is x 2 4- y 2 = a 2 , 



and 




r 

Jc 



Fio. 40 



>2a+e 



Ex. 2. Find the center of gravity of the surface of the spherical segment 
of Ex. 1. 

Using the notation and the figure of Ex. 1, we have ds = -- and therefore 

x 



/a />a 

I xyds I ydy 

Jc = Jc _ CHM 

Txda 

Jc 



The center of gravity lies half way between E and B. 
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51. Center of pressure. The pressures acting on the elements 
of a submerged plane area form a system of parallel forces perpen- 
dicular to the plane. The resultant of these forces is the total 
pressure P( 46) and the point at which it acts is the center of 
pressure. To find the center of pressure of an area of the type 
considered in 46, we may proceed in a manner analogous to that 
used in finding the center of gravity of a plane area, only we have 
now to consider, instead of the weight of an element, the weight 
of the column of liquid which it sustains. 

Let (x, h) be the coordinates of the center of pressure. Then 
the moment of the total pressure about OX is Ph, and the moment 
of the total pressure about Oil is PJC. Also the pressure on an 
element J/^/^T^/? (fig. 33) is a force equal to wh^&h plus an 
infinitesimal of higher order ( 46). By symmetry this force acts 
at the middle point of the element, the coordinates of which are 

-f and h i9 except for infinitesimals of higher order ( 49). Hence 
2t 

the moment of this force about OX is wJifx^li and the moment 
about 0/Tis ^ w/^Aft, except for infinitesimals of higher order. 
Now the moment of the resultant must be equal to the sum of the 
moments of the component forces. Hence 

Pi = Lim2jwA> t AA = w C tfx dh, 

n=sao l0 J* 



P\c 



x 

= % w I 

*' 



Ex. Find the center of pressure of the circular area of the Ex., 40. 
By symmetry it is evident that x = 0. 
From the discussion just given, 



Ph = 2w 

'* 
it 



= 2 w C 2 a 2 cos 2 ^ (6 + a sin 0) 2 d0 (where A 6 = a sin 0) 

t/_ IT 

IT IT IT 

/o / Q fl A* 2 

cos 2 a0 4* 4 a s oiv I cos <2 sin0 dd> -f 10 I sin 2 2 d> dd> 
_V /__ 2 t/_ 



2 

-I- 
But P = ira 2 6w (Ex., 40). Therefore h = 6 + - 

4. r> 
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PROBLEMS 

1. A positive charge m of electricity is fixed at 0. The repulsion on a unit 
charge at a distance x from O is -~ Find the work done in bringing a unit charge 

a 

from infinity to a distance a from O. 

2. A rod is stretched from its natural length a to the length a+x. Assuming 

x 
that the force required in the stretching is proportional to - , find the work done. 

3. A piston is free to slide in a cylinder of cross section S. The force acting 
on the piston is equal to pS, where p is the pressure of the gas in the cylinder. 
Find the work as the volume of the cylinder changes from i to u 2 , (1) assum- 
ing pv = fc, (2) assuming j>0Y = fc, y and k being constants. 

4. A spherical bag of radius a contains gas at a pressure equal to po per unit 
of area. Assuming that the pressure per unit of area is inversely proportiona^ 
to the volume occupied by the gas, show that the work required to compress the 

bag into a sphere of radius 6 is 4 ircflpo log - 

o 

5. The resistance offered by any conductor to the passage of a current of 
electricity is proportional to the distance traversed by the currant in the con- 
ductor and inversely as the area of the cross suction of the conductor. If a 
source of electricity is applied to the entire interior surface of a cylindrical shell, 
and the current flows radially outward, what resistance will be encountered ? 
The length of the shell is A, the right circular section of the interior surface is 
of radius a and of the exterior surface is of radius 6, and a unit cube of the 
substance of which the shell is made offers a resistance k. 

6. A particle of unit mass is situated at a perpendicular distance c from the 
center of a straight homogeneous wire of mass M and length 2 1. Find the force 
of attraction exerted in a direction at right angles to the wire. 

7. Find the attraction of a uniform straight wire of mass M upon a particle of 
unit mass situated in the line of direction of the wire at a distance c from one end. 

8. Find the attraction of a uniform straight wire of mass M upon a particle 
of unit mass situated at a perpendicular distance c from the wire and so that 
lines drawn from the particle to the ends of the wire inclose an angle 9. 

9. Find the attraction of a uniform circular wire of radius a and mass M 
upon a particle of unit mass situated at a distance c from the center of the ring 
in a straight line perpendicular to the plane of the ring. 

10. Find the attraction of a uniform circular disk of radius a and mass M 
upon a particle of unit mass situated at a perpendicular distance c from the 
center of the disk. (Divide the disk into concentric rings and use the result 
of Ex. 9.) 

11. Find the attraction of a uniform right circular cylinder with mass Jff, 
radius of its base a, and length f, upon a particle of unit mass situated in the 
axis of the cylinder produced, at a distance c from one end. (Divide the cylinder 
into parallel disks and use the result of Ex. 10.) 
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12. Find the attraction of a uniform wire of mass M bent into an arc of a 
circle with radius a and angle tf , upon a particle of unit mass at the center of 
the circle. 

13. Prove that the total pressure on a plane surface is equal to the pressure 
at the center of gravity multiplied by the area of the surface. 

14. Find the total pressure on a vertical rectangle with base b and altitude a, 
submerged so that its upper edge is parallel to the surface of the liquid at a 
distance c from it. 

15. Find the center of pressure of the rectangle in the previous example. 

16. Find the total pressure on a triangle of base b and altitude n, submerged 
so that the base is horizontal, the altitude vertical, and the vertex in the surface 
of the liquid. 

17. Show that the center of pressure of the triangle of the previous example 
Jies in the median three fourths of the distance from the vertex to the base. 

18. Find the total pressure on a triangle of base b and altitude a, submerged 
HO that the base is in the surface of the liquid and the altitude vertical. 

19. Show that the center of pressure of the triangle of the previous example 
lies in the median half way from the vertex to the base. 

20. Find the total pressure on an isosceles triangle, with base 2 6 and alti- 
tude a, submerged so that th base is horizontal, the altitude vertical, and the 
vertex, which is above the base, at a distance c from the surface of the liquid. 

21. A parabolic segment with base 2b and altitude a is submerged so that 
its base is horizontal, its axis vertical, and its vertex in the surface of the liquid. 
Find the total pressure. 

22. Find the center of pressure of the parabolic segment of the previous 
example. 

23. A parabolic segment with bane 2& and altitude a is submerged so that 
its base is in the surface of the liquid and its altitude is vertical. Find the 
total pressure. 

24. Find the center of pressure of the parabolic segment of the previous 
example. 

25. Find the total pressure on a semiellipse submerged with one axis in the 
surface of the liquid and the other vertical. 

26. Find the center of pressure of the ellipse of the previous example. 

27. An isosceles triangle with its base horizontal and vertex downward is 
immersed in water*. Find the pressure on the triangle if the length of the base 
is 8 ft., the altitude S ft., and the depth of the vertex below the surface 5 ft. 

28. The centerboard of a yacht is in the form of a trapezoid in which the 
two parallel sides are 1 and 2 ft. respectively in length, and the side perpen- 
dicular to these two is 3 ft. in length. Assuming that the last-named side is 
parallel to the surface of the water at a depth of 2 ft., and that the parallel 
sides are vertical, find the pressure on the board. 

* The weight of a cubic foot of water may be taken as*62i Ib. 
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29. Find the moment of the force which tends to turn the centerboard of 
the previous example about the line of intersection of the plane of the board 
with the surface of the water. 

30. Find the pressure on the centerboard of Ex. 28 if the plane of the board 
is turned through an angle of 10 about its line of intersection with the surface 
of the water. 

31. A dam is in the form of a regular trapezoid with its two horizontal sides 
300 and 100 ft. respectively, the longer side being at the tup and the height 20 ft. 
Assuming that the water is level with the top of the dam, find the total pressure. 

32. Find the moment of the force which tends to overturn the dam of Ex. 81 
by turning it on its base line. 

33. A circular water main has a diameter of 6 ft. One end is closed by a 
bulkhead and the other is connected with a reservoir in which the surface of 
the water is 100 ft. above the center of the bulkhead. Find the total pressure 
on the bulkhead. 

34. A pond of 10 ft. depth is crossed by a roadway with vertical sides. 
A culvert, whose cross section is in the form of a parabolic segment with 
horizontal base on a level with the bottom of the pond, runs under the road. 
Assuming that the base of the parabolic segment is 6 ft. and that its altitude 
is 4 ft., find the total pressure on the bulkhead which temporarily closes the 
culvert. 

35. Find the center of gravity of the semicircumference of the circle 
x 2 + y 2 = a 2 which is above the axis of x. 

36. Find the center of gravity of tho arc of the four-cusped hypocycloid 
x 3 + y* = a* which is in the first quadrant. 

37. Find the center of gravity of the arc of the four-cusped hypocycloid 
x* + y* = a^ which is above the axis of x. 

38. Find the center of gravity of the arc of the curve 9 ay 2 x(x 3 a) 2 = 
between the ordinates x = and x = 3 a. 

39. Find the center of gravity of the area bounded by a parabola and a 
chord perpendicular to the axis. 

40. Find the center of gravity of the area bounded by the semicubical 
parabola ay 2 = x 9 and any double ordinate. 

41. Find the center of gravity of the area of a quadrant of an ellipse. 

42. Find the center of gravity of the area between the axes of coordinates 
and the parabola x* + y* = a*. 

43. Find the center of gravity of the area contained in the upper half of 
the loop of the curve ay 2 = ax 2 x 8 . 

44. Show that the center of gravity of a sector of a circle lies on the line 

2 8in f 
bisecting the angle of the sector at a distance -a from the vertex, where 

a is the angle and a the radius of the sector. ~ 
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45. Find the center of gravity of the area bounded by the curve y = sin x 
and the axis of x between x - and x = ir. 

46. If the area to the right of the axis of y between the curve y = e-* 2 * 2 

V7T 

and the axis of x is J, what is the abscissa of the center of gravity of this area ? 

47. Find the center of gravity of a triangle. 

48. Find the center of gravity of the area between the parabola y* = 4px 
and the straight line y mx. 

49. Find the center of gravity of the plane area bounded by the two parabolas 
y 2 4 px, and x 2 = 4 py. 

50. Find the center of gravity of the area bounded by the two parabolas 
x* 4p (y 6) = 0, x 2 4py = 0, the axis of y, and the line x = a. 

51. Find the center of gravity of the plane area common to the parabola 
x a _ 4py = o and the circle x 2 + y 2 - 32 p 2 = 0. 

52. Find the center of gravity of the surface bounded by the ellipse 

5- + ~ = 1, the circle x 2 + y 2 = a 2 , and the axis of y. 
a 2 ft 2 

53. Find the center of gravity of half a spherical solid of constant density. 

54. Find the center of gravity of the portion of a spherical surface bounded 
by two parallel planes at a distance hi and h* respectively from the center. 

55. Find the center of gravity of the solid formed by revolving about OX 
the surface bounded by the parabola y 2 = 4#x, the axis of x, and the line x = a. 

56. Find the center of gravity of the solid formed by revolving about OY the 
plane figure bounded by the parabola y 2 = 4 px, the axis of y, and the line y = k. 

57. Find the center of gravity of the solid generated by revolving about the 
line x = a the surface bounded by that line, the axis of x, and the parabola 



58. Find the center of gravity of the solid formed by revolving about 01" 
the surface bounded by the parabola sc 2 = 4py and any straight line through 
the vertex. 

59. Find the center of gravity of the solid formed by revolving about OT 

the surface bounded by the hyperbola -- - - = 1 and the lines y = and y = 6. 

a 2 o 2 

60. Find the center of gravity of a hemispherical surface. 

61. Find the center of gravity of the surface of a right circular cone. 

62. Find the center of gravity of the surface of a hemisphere when the 
density of each point in the surface varies as its perpendicular distance from 
the circular base of the hemisphere. 



CHAPTEE VI 

INTEGRATION OF RATIONAL FRACTIONS 
52. Introduction. The sum 

A , A , 4 




each term of which is a rational fraction in its lowest terms with 
the degree of the numerator less than that of the denominator, is 

f(x) 
known by elementary algebra to be a fraction of the form J ^ > 

where ^ ' 

F(x) = fax + bj fax + 6 2 ) fax? + b^x + c 3 ) 
and /(,/) = A ,fax + i a ) fax*+ b 

+ (A,x + S 9 ) fax + I,) fax + & 2 ). 

Again, consider the sum 

A, | A[ A 

fax + \f 

Here the linear polynomial a^+ b L appears both in the first and 
the second powers as denominators of fractions which have the 
same form of numerator, a constant ; also the quadratic polynomial 
a^x? + b 3 x + c 3 appears both in the first and the second powers as 
denominators of fractions which have the same form of numerator, 

a linear polynomial. If this sum is denoted by ~-^r> then 

*( x ) 

F(x) = fax + &,) 2 fax + 6 2 ) faa* + b 9 x + c 8 ) 2 , 

and /(#), when determined, will be of lower degree than F(x). 

In both examples, f(x) and F(x) have 110 common factor and 
f(x) is of lower degree than F(x). 
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We proceed in the following articles to consider, conversely, the 
possibility of separating any rational fraction ~~ in which f(x) 

is of lower degree than F(x) into a sum of fractions of the types 
we have just added. 

53. Separation into partial fractions. Consider now any rational 

f(x) 

fraction ^-^> where /(,/?) and F(x) are two polynomials having 
F(u) 

no common factor. If the degree of f(x) is not less than that of 
F(x), we can separate the fraction, by actual division, into an inte- 
gral expression and a fraction in which the degree of the numera- 
tor is less than that of the denominator. 
For example, by actual division, 





ar 9 ar - 9 

Accordingly, we shall consider only the case in which the degree 
of f(x) is less than that of F(x). 

Now F(x) is always equivalent to the product of linear factors 
(I, 42), which are not necessarily real ; and if the coefficients 
of F(x) are real, it is equivalent to the product of real linear 
and quadratic factors (I, 45). We shall limit ourselves in this 
chapter to polynomials with real coefficients and shall assume 
that the real linear and quadratic factors of F(x) can be found. 
We shall make two cases: 

Case I, where no factor is repeated. 

Case II, where some of the factors are repeated. 

CASE L As an example of this case let 
F (x) = (a^x 



May we then assume, as suggested by the work of the previous 
article, that 

, 4. , 



F(x) a^ + 6j 
where A v A^ 9 A 9> and J? 8 are constants ? 
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It is evident that the sum of the fractions in the right-hand 
member of (1) is a fraction the denominator of which is F(x), and 
the numerator of which is a polynomial, which, like /(#), is of 
lower degree than F(x). 

It will be proved in 55, 56 that A v A. 2 , A s , and B exist. As- 
suming this, we may multiply both sides of (1) by F(x), with the 
following result : 



f(x) = A 

+ (A 3 x + 7* 8 ) (a^x + JJ (a z x + 6 2 ). (2) 



As (2) is to hold for all values of x, the coefficients of like 
powers of x on the two sides of the equation must be equal.* 
The right-hand member is of degree three, and by hypothesis the 
left-hand member of degree no higher than three. Hence, placing 
the coefficients of x*, x*, x, and the constant term on the two sides 
of the equation respectively equal, we have four equations from 
which to find the four unknown constants A v A v A Q9 /> 3 . 

Solving these equations and substituting the values of A 19 A 2 , 
A<p and 7? 8 in (1), we have the original fraction expressed as the 
sum of three fractions, the denominators of which are the factors 
of the denominator of the original fraction. The fraction is now 
said to be separated into partial fractions. 

It is evident that the number of the factors of F(x) in no way 
affects ,the reasoning or the conclusion, and there will always be 
the same number of equations as the number of the unknown 
constants to be determined. 

* If the two members of the equation 

(1) 



are identical, so that (1) is true for all values of x, the coefficients of like powers of x 
on the two sides of (1) are equal, i.e. a = 6 a i= & i> ' * ' a n= &n 
Writing (1) in the equivalent form 



we have an algebraic equation of degree not greater than n, unless a ~b , cti-bi, 

0=&n- 

Then (2) is true only for a certain number of values of x, since the number of roots 
of an algebraic equation is the same as the degree of the equatipn. But this is contrary 
to the hypothesis that (1), and therefore (2), is true for all values of x. Hence a 6 , 
ai =&!, f c^ = b nt as was stated. 



106 INTEGRATION OF RATIONAL FRACTIONS 

Ex. 1. Separate into partial fractions - --. 
Since the degree of the numerator is less than the degree of the denominator, 
weassume x* llx + U = _4_ _B_ _0_ 

(X : + 3)(X* "- 4) X-2X + 2X + 3' ( ' 

where A , 1?, and C are constants. 

Clearing (1) of fractions by multiplying by (x -f 3) (x 2 4), wo have 

x* + 1 1 x + 14 = 4 (x + 2) (x + 3) + R (x - 2) (x + 3) + C (x - 2) (x + 2), (2) 
or x 2 + 11x + 14 = (4 +7* + C)x 2 + (54+)x + ((M-6-4<7). (3) 



Since (3) is to hold for all values of x, the coefficients of like powers of x on 
the two sides of the equation must be equal. 

Therefore A + J? + C = 1, 



64-67*-4C = 14, 

whence wo find A = 2, B = 1, and C = - 2. 
Substituting these values in (1), we have 

14 _ _2_ 1 __ 
~~ 



(x + 8)(z*-4)~~-2 x + 2 

If the factors of the denominator are all linear and different, as in this ex- 
ample, the following special method is of decided advantage. In (2) let x have 
in succession such a value as to make one of the. fat 1 tors of the denominator of 
the original fraction zero, i.e. x = 2, x == 2, x = 3. 

When x = 2, (2) becomes 40 = 204, whence 4 = 2; when x = - 2, (2) bo- 
comes 4 = 4 B, whence J5 = 1 ; and when x = 3, (2) becomes 10 = 6 6', 
whence C = 2. 

The method just used may seem to bo invalid in that (2) apparently holds 
for all values of x except 2, 2, and 3, since those values make the multi- 
plier (x + 3) (x 2 - 4), by which (2) was derived from (1), zero. This objection 
is met, however, by considering that the two polynomials in (2) are identical 
and therefore) equal for all values of x, including the values 2, 2 and 3. 

Ex. 2. Separate into partial fractions - '- 

x 8 1 

Since the degree of the numerator is not less than that of the denominator, 
we divide until the degree of the remainder is less than the degree of the 
divisor, and thus find 

x + 4x 2 + x 4x 2 + x + l 



The real factors of x 8 1 are x 1 and x 2 + x + 1. Hence we assume 
4x+ x-L 4 J?x+C 
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Clearing of fractions, we have 

x + i - A (x a + x + 1) + (Bx + C) (x - 1) 



= (A + B)x* + (4 - 7* + C)x + (^ - C). (8) 

Equating coefficients of like powers of x in (3), we obtain the equations 

A+B = 4, 
A-B + C^l, 

A - C = 1, 

whence -4 = 2, B = 2, C = 1. 

,. 4x 2 + a + l 2 2x + l 

Hence - -^ ~^-~ = - + - - - , 

x 8 - 1 x - 1 x 2 -f 3 + 1 



and x 2 

x~l" " x-1 

The vahies of X, J5, and C may also be found by assuming arbitrary values 
of x. Thus when x = 1, (3) becomes 6 = 8<4 ; when x = 0, (3) becomes 1 = A C ; 
and when x = 2, (3) becomes 19 = 7-4+2 tt +<7; whence -4 = 2, C = 1, JJ = 2. 

54. CASK 1 1. We will now consider the case in which some of 
the factors of the denominator F(x) are repeated. For example, let 



We assume 



as suggested by the work of 52. 

Multiplying (1) by F(x), we have an equation of the 6th degree 
in x, since the degree of f(x) is, by hypothesis, less than that of F(x). 
Equating the coefficients of of, zf, x\ x* 9 a?, x, and the constant 
term on the two sides of the equation, we have seven equations 
from which to determine the seven unknown constants, A v A' v 

-,*;. 

It is evident that, granted the existence of ttyese constants, the 
above method for determining them is perfectly general. 
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Ex. 1. Separate into partial fractions - ~. 

Since the degree of the numerator is not less than that of the denominator, 
we find by actual division 



(x + 2)(x*-4) ( 

w 2x A B C 

We now assume ---- - -- = --- -~ -f - -- 1 -- - . (2) 

(x + 2) (x 2 - 4) (x + 2)2 x + 2 x - 2 ^ ' 

Clearing of fractions, we have 

2x2 - A (x - 2) + ll(x* - 4) 4- C(x + 2) 

(3) 



Equating the coefficients of like powers of x, we obtain the equations 

B + C = 2, 
4 + 40 = 0, 



Whence A = - 2, B = g, C = . 

Therefore substituting in (2), wo have 



2 : + -*.,+ 



(x + 2) (x* - 4) (x + 2)2 x + 2 x - 2 
so that filially 

x*-fi.r2 + 16 g 2 _3 _1_ 

(x -I- 2J"(x - 4) ~~ X (x + 2) a 2 (x + 2) 2~(x - 2) ' 

Ex. 2. Separate into partial fractions . 

By division we first find 

^2(x~i) = 2 X + 2 + (x 8 - 1) 

Wo now assume 

x 8 4x a 7x + 4 4 B Cx-f-D 

: + 



(X - I) 2 (X - I) 2 X - 1 (X 2 + X -f l) a 



and clear of fractions. The result is 



-f B- 

+ (24 + It + C - F) 
-f (24 -B + C-2D + j0-F)x.f (4-B-f D + F). (8) 
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Equating the coefficients of like powers of x in (3), we obtain the equations 

# + J = 0, 
A+B-E + F=$i 
2A + B+ C-F=1, 
3 A - It - 2 C + I) - = - 4, (4) 



whence -4 = - , # = 0, C = 3, D = 4, # = 0, F = 
Substituting these values in (2), we have 



(x - l)a 3(x - l) a (x* -f a: 

so that finally 



21 f -1 
, > x -f 



2(x-l) a 2 2 3(x~l) 2 



55. Proof of the possibility of separation into partial fractions. 

In the last two articles we have assumed that the given fraction 
can be separated into partial fractions, and proceeding on this as- 
sumption we have been able to determine the unknown constants 
which were assumed in the numerators. We will now give a proof 
that a fraction can always be broken up into partial fractions of 
the types assumed in 53, 54. 



Let the given fraction be ^~^> where f(x) and F(x) are poly- 

F(x) 

nomials having no common factor. 

Let x r be a linear factor of F(x) which occurs m times, 
and F^(x) be the product of the remaining factors. Then F(x) 
= (x r^F^x) and 

m __ 



Now the equation 

f(x) = A fW 
(-r)^(ar) '(x-r)' (* 

is identically true, A being any constant. 



110 INTEGRATION OF RATIONAL FRACTIONS 

If we can determine A so that 

f(r)-AH\(r)=Q, (3) 

then f(x) AF l (^) is divisible by x r (T, 40) and may l>e de- 



noted by (T' 

But by hypothesis neither /(,u) nor F^JL) is divisible by (, r), 
and hence /(/) ^ and 7^(r) = 0. Tlierefore, from (3), 



a constant, which is not zero. 
With this value of A we have 






y^, r ) ( X _ r y (,,; r y - 1 /^(./-) 
Applying this same method to c l ^_\ > we have 



, ,_ 

l / >. /,.\-- JV T / 



(x r)" 1 - 1 ^.*;) (,/: r) w 
where ^-^ and (^-r)/^)-/^)--!^^). 

^iv/ 

It is to 1)0 noted, however, that A l may be zero, since /^(r) may 
be zero; but A^ cannot be infinite since -l<\(r) =/= 0. 

Applying this method m times in succession, we have 



, i - i 



/(a) (a: - r)' w (j; - r)* - 1 (x - r) m ~ a a; - r 

where J, J A , J 2 , A m are all finite constants, of which A is the 
only one which cannot be zero. 

By the above reasoning it is evident that corresponding to any 
linear factor of the denominator which occurs m times we may 
assume m fractions, the numerators of which are constant, and the 
denominators of which are respectively the mth, the (in l)st, 
, 1st powers of the factor. 

After these fractions have been removed, the remaining frac- 

/ / r \ 
tion, i.e. J > may be treated in the same way. 
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In the above discussion r and the coefficients of f(x) and F(x) 
may be real or complex. Consequently, the method may be applied 
successively to each factor of F(x), thus making a complete separa- 
tion into partial fractions. If, however, /(#) and F(x) have real 
coefficients and we wish to confine ourselves to real polynomials, we 
will apply the method to real linear factors only, and proceed in 
the next article to deal with the quadratic factors. 

56. Proceeding now to the case of a quadratic factor of F(x) 9 of 
the form (x a) 2 +6 2 , which cannot be separated into real linear 

factors, let T _ 7 v r/ V2 , ,,. . v 

F(x) = [(x - a) 2 + & 2 ]" 1 F^x). 

Then /(*) - /M m 

F(x) ~ [(*-)'+ VfF^x) * } 



Now the equation 



B /fa) - M* + B)F,(x) 

^ 



_ _ 

[(x - a) r + V\ m Jf~(x) [(x - a) a + fif [(,/; - a) 2 + 

is identically true, A and 1? being any constants. 
If we can determine A and B so that 



/(* + M) - [^ ( + ?) + K\ F,(a + bi) = 0, 
and /(^/ - &?) - [A (</ - W) + /;] F^a - 6t) =0, ^ 

then /(^') (y/wt? + B)F l (x) is divisible t>y a? /i fti and xa + lri 
(I, 40), and hence is divisible by their product (# a) a + 6 a , and 
we can place 

f(x) - (^^ 



By hypothesis neither f(r) nor ^(a;) is divisible by (x a) 2 + 
hence /(a 6i) ^ and J^(a &i) =^= 0. 



Denoting ~ by P + Qi, and T - by P - ^ we 

shall have 



and A(a 

where P and ^ are' finite quantities, both of v?hich may not be 
zero at the same time. 
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Therefore a A + B = P, 

IA = Q, () 

two equations from which A and B are found to have real finite 
values which cannot both be zero. 

With these values for A and we have 



= Ax+B fi(x) 

F(x) [(x - <+ Iff [(x - )+ Iff-^x) 

and repeating this process as in the case of the linear factor we 
have finally 

Ax + 3 A 1 x + B l f m (x) 

* * ~ l 



It should be added that A and B may not be zero at the same 
time, and that any or all of the other constants may be zero. 
' The same method may evidently be applied to each one of the 
quadratic factors of F(JT). 

To sum up, if 

F(x) = (x - r^ m (x r 2 ) n - - - [(x - of + I 2 ] 1 - , 

and we apply the above methods to the linear factors in succession 
and then to the quadratic factors in succession, we have finally 

/(*) = A | A I ... 4. 
F(x) (J - rj m (x - r^)" 1 - 1 x - T\ 

+ , 7 * vt + 7 ^rri + ---+-^ L - 



VXt*/ |^ X^ . \^'|f</ I -*^1 I 

[(* - ) a + i a ]' [(* - a) a 4- V} l ~ l 

+ '- 



where 7 is either zero or an integral expression in x. 

But if the degree of f(x) is less than that of F(x), and we shall 

fix) 

always reduce the fraction to this case by actual division, i-L and 
J F(x) 
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all the fractions 011 the right-hand side of the equation are zero 
when x = oo ; hence / is zero and the fraction is separated into 
the partial fractions noted. 

57. In the discussion of the last article the quadratic factors of 
the denominator are only those which represent the product of two 
conjugate imaginary factors, all the real linear factoi'3 having been 
previously removed. But some of these real linear factors may be 
surd, in which case the algebraic work of the determination of the 
numerators ( 53, 54) is burdensome. If, however, the surd fac- 
tor is of the form x a Vb, where a and I are rational, this work 
may be avoided in the following manner : 

(1) It may be shown by a method similar to that used in I, 
44, 45, that if F(x) has only rational coefficients, and x ~ a Vi 
is a factor of F(x), then x a + Vfc is also a factor, and hence that 
F(x) contains (x a) 2 b as a factor. 

(2) If [(# -a) 2 5] w is a factor of the denominator JF(x) 9 the 
other factor being l\(x), then 

F(x) = [(x - a) 1 - Vff^x). 

f/ x \ 

Then the rational fraction -- ma y be proved equal to 

F(x) 

Cx + D 



[(x _ a) _ j]. [(J > _ a) _ ft]-' jp l(a? ) 

The proof, being similar to that of the last article, is left to 
the student. 

Accordingly, if all the coefficients of the denominator are rational, 
and the surd factors, if any, are of the type just noted, the fraction 
will be separated into partial fractions, the denominators of which 
shall be of the forms (x - r) n , [(x - a) 2 + 6 2 ] n , and [(x - a) 2 - b] n . 

58. Integration of rational fractions. The integration of a 
rational fraction in general consists of two steps: (1) the sepa- 
ration of the fraction into partial fractions ; (2) the integration of 
each partial fraction, and the subsequent addition of the integrals. 

There will then be four types of integrals to consider : 

+1 

/Adx f Adas r(Ax + B)dx , f (Ax + B)dx 
x -. r ' J (as - r f J (x-of+V' "^ J [(-)+&"]"' 
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The first three, however, have already been discussed. Turning 
then to the fourth, we may put that in the form 






which is equal to the sum of the two integrals 



2" f K* - ) z + &*]' " 2 (K - a) dx 



The first of these integrals is readily seen to be 
A 1 



The second may be evaluated by placing x a = l tan 0. Then 



When n~ 2, this integral is evaluated as in Ex. 3, 13. The 
case n > 2 rarely occurs in practice, but if it does occur, 

/ cos 2 n ~ 2 0^0 may be evaluated by methods of 65, or the inte- 

gral I - T; 757- ma y l> e evaluated by successive applications 

J [( *)+ ft*]" 
of the reduction formula 



__ du, _ _ 1 [ _ u _ /9^_Q\ C du 
(i*-+a')""2(--l)a sl L(w s +i i >"- 1 ^ V (tf+O- 1 

which will be derived in 73. 



Ex. 1. Find the value 



of C 

v' 



+ * X 



Since x 8 -f 2x 2 - x 2 = (x 1) (x -f l)(x 4- 2), we assume 
s* + 8x-f 8 _ ^. Jg C 
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Determining A, 7?, and C by the methods of the previous articles, we have 

x 2 + 8x + 8 __ 2 ^_2__ _ 8 

"~ ~ ~~ 



xM- 2x 2 - x - 2 "~ x - 1 x+l s + 
. C (* + 8s + B)te r/ 2 ^ ___ 8\ 

" ' / x + 2x 2 -x-2 JU-1 x + 1 x + 2/ 



x - 1 J x -f 1 J x + 2 
= 2 log(x - 1) + 2 log (a; + 1) - 31og(x + 2) + C 



T o v i *i i i- r (8x 4 + 2x 2 + o; 
Ex.2. Find the value of I - ---- -- - ---- - 

_ .. . . 8x* + 2x2 + Gx + 18 , 2x2 

By division, - -------- __ x -f - -- 

y ' 8x-f27 8xH-27 V ' 

The real factors of 8x 3 + 27 are 2x-h 3 and 4x 2 Ox + i). Therefore, wo 
assume _ ^ _4 , _to + Cf 

" ' 



8x-f27 
Determining -A, J5, and C by the methods of the previous articles, we have 

'2x*-Mx + W>^_ 2 _ 3x __ 
~8xH-27 ~2x + 5 4x 2 ~6x + J)' 

/*(8og* + 2a^ + 0g + 18)cto =;; rt 2 __ 3x _ \^ 

"J '8~x 8 H-27 " J\ 2z + 8 4x 2 ~Ox-M>/ 

/r 2dc / 8o;rfa .. 

X + J 2"x"+ 5 ~ J 4^~x +"i)' W 

But 



/* 3xrlx __ _ 3 / (8x- 6)djg / _ dx _ 
an< J 4x2- o x"+9 " 8 J 4xa'~Ox-T5 4 J 4x 2 -0"x + 9 

= ? log (4 x2 - () x + 9) + -~ tan~i 4 -^.? - 
8 4V8 3V3 

Substituting the values of the integrals in (4), we have finally 

/(8x* -f 2x 2 + fls + 18) dx 
8x-f 27 

= 1 X 2 + log (2* + 3) - - log(4x - 6x + 0) - JL. tan-ii^4 + C 
2 8 4y3 3v3 

1 , i 2x-f-3 3 . t ~ 

= - x 2 + log - - -- tan- 1 



- - - -- 

2 4x2~6x-r9^ 4V8 8V5 



116 INTEGRATION OF RATIONAL FRACTIONS 

. J4t , , f (3x* + x-6x4-8x 2 -llx + 9)dx 
Kx. 3. Find the value of J * 8 _ 

The fraction being the same as that of Ex. 2, 64, we have the first step of 
the work completed. 

Hence 

f ( 3a;7 + s 6 - fls 4 ~ Ss 2 
J " 2~(x8 - I) 2 

= f 

J 



Now the first, the second, the third, and the fifth integrals are readily eval- 

81 2 
uated by previous methods, their values being respectively -x 2 , -x, --- , 

and = tan- l ~ 

Q \/*-l "v *i 

There remains the fourth integral \ - which maybe reduced to 



Q 

The first integral is , while the second integral may be 

written in the form 40 C ----, and can be evaluated by placing 

J [(2 x -f I) 2 + 8] a 

2 x -f 1 = V tan 6. The result will be 
dx 20 



_ 
sVs sVi 

10 4 ,2x + l , 6 2x-fl 
\- 



3V V X 2 + XH-1 

8 . 10 



TT /(3x-f-4)dx 8 10 . 

Hence I - -- ^ - - = --- -- tan- 

J (rf + * + 1) 2 2(x 2 + x4-l) 8V 



V3 



6 ^Jf+i 
6 " x 2 +"x -f 1 " 



Finally, substituting the values of the integrals in (1) and simplifying, we 
have, as the value of the original integral, 



8,1 2 



6x-2 14 , ,2x4-1 , 
+tan - + 
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PROBLEMS 

Separate the following fractions into partial fractions : 
a a 

JL. 



2x 8 + x 2 + 4x + 

3x a -4x 
x 8 - 2 x + 4 " 



4. 



x- ' 3x*~2x 2 -l 

x 8 -llx-l - 2x 8 -x 2 + 6x-f 2 



x a 4 2x 2 5x 6 x* -f 3x a 4 4 

3x 2 - x - 3 - Q x 5 - x 4 4 x 8 - 2x 2 - ! 

JLo. 



x* 



-^-S - K x* -fx 8 - 4x 2 - 6x + 8 

7. --- . 10. 



x(x + 2) 8 " ' x 6 - 2x* - 4x 8 + 8x a + 4x - 8 



(2xa ' 

Find the values of the following integrals : 
._ 



18 _-. 27 f - a!< 

' + 8z-Oz' ' J x-2x-f)X + 

(8x-10)dx 28 /(8x*-10x-10)(to 

z + 6x-12' 'J * + a-4x-4 ' 

/-(8x + 7)dx 9 / 4x + x + l ^ 

'Jx ! ' + 4x + l 'J 2z + 6a;*-8 

21 

"' 



/a* + xa + * + l. -, /4x + 10x-8x-20 + l 

' J "T~gT=l?~ J ""4z + 8z - 9x - 18 

.9x + 8x- 
J 9x 2 + 12x 






24 '^ 33 

x" 2 -2x-l \ 



25 ~~ 
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15x*-29x-17)(fx 



' J 4"^'+ I2x* + 9x + 2* "' J (3x* + 2)(x2~- 2x 4- 3) ' 

" J iT2x2--4x--8 " * 6 ' J (^"+ 3) "(2 x* + x 4- 6) " 

37. f > x ~ g ~ x ^ 



38 ' / ^ Jsriisr*- 48. jw-w + ^ + M gI1 8 < 



^ - /- 9x 8 + 20x-f 21x- 5 

4. J -- ... ;^ :: . -.T 



-(fX. 



so. r x + < 






/3x-12x + 8 52. r^ii:l la;2 + 19a 

' J """x*-16 X ' J x 6 + 6x 8 + 9i 

44. f- 53- 

J x* + (a~6)x 2 - ab 



dx. 



CHAPTEE VII 
SPECIAL METHODS OF INTEGRATION 

59. Rationalization. By a suitable substitution of a new vari- 
able an irrational function may sometimes be made a rational 
function of the new variable. In this case the integrand is said 
to be rationalized, and the integration is performed by the methods 
of Chap. VI. We shall now discuss in 60-63 some of the 
cases in which this method is possible, together with the appropri- 
ate substitution in each. 

60. Integrand containing fractional powers of a + bx. Expres- 
sions involving fractional powers of a + bx and integral powers of 
x can be rationalized by assuming 



where n is the least common denominator of the fractional expo- 
nents of the binomial. 

For if a + bx = 2", then x = (s* a) and dx = z n ~~ l dz. Also, 



if (a+bx) p is one of the fractional powers of a + bx, (a- 
where pii is an integer. Since x, dx, and the fractional powers of 
a + bx can all be expressed rationally in terms of z, it follows that 
the integrand will be a rational function of z when the substitution 
has been completed. 

Ex. 1. Find the value of 



+ 2x)* 
Here we let 1 -f 2 x = z 9 ; then x = (z 3 1), and dx = J z 2 dz. 



Therefore C X = C ( 7 - 2 2* 4- 2) dz 



- 20) + C. 
Replacing z by its value (1 + 2x)* and simplifying, we have 

o * 

= ?. (i -f 2x)=(9 12 x + 20 x 2 ) -f C. 
320 
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/(x -4- 2^* (x -4- ' 
1 2 '. 
(x + 2)* + 2 



Since the least common denominator of the exponents of the binomial is 4, 
we assume x + 2 = 2* ; then x = 2* 2, and efcc = 4z 8 dz. On substitution, the 
integral becomes 



3* 8 - ** + 224-2 Iog(s2 + 2) - 4= ton- 1 - 
8 V2 V2 



Replacing z by its value (x 4 2)*, we have 



(x + 2)i + 2 

= x 4- 2 - J(x + 2)* - 4(x + 2)* + 8(x + 2)* + 81og(Vx + 2 + 2) 



V2 

61. Integrand containing fractional powers of a + bx". If the 
integrand is the product 



where q and r are integers, there are two cases in which rational- 
ization is possible. 

CASK I. When is an integer or zero. Let us assume 
n 

a + bjf = sf 
and observe the result of the substitution. Then 

1 - r i-i 

= -j(af tt) n , and dx = i(^"" a )" r "" 1 rf. 



Therefore 

" 



nft""""" 

i < 

But if - is an integer or zero, this new integrand is a 
n 

rational function of z, and the assumed substitution is an effect- 
ive one. 
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Ex.1 Find the value of C&(1 + 2x 8 )*dx. 

Since ^-=2, we assume 1 -f 2 x*=3 a , whence x 8 =-(-l), and x*dx=~zdz. 
The new integral is J f(zt - z*)dz, which reduces to ^ z*(8z* ~ 6) + C. 
Replacing 2 by its value, we have 



= ^ (1 + 2x)i(3x - 1) + C. 
CASE II. JFfofl, -- t- is an integer or zero. Here we will 



n r 
assume 

I ^ ' * 
Then x = a " A and dx = <*>*""* dz 

(*"-&)* n^-J)"* 1 

m+l ff 

g r tt r y | + r - 1 
Therefore af(a + bxFYdx = cfe. 

!l + ? fl 

This new expression is a rational function of z. 
Ex. 2. Find the value of 



. 
x a 

Here ^- + = 1, and accordingly we let 2 + x a = x 2 * 2 . After the sub- 

/ yA /7y 

stitution we have, as the new integral, 2 j -- , the value of which is 



Replacing 2; by its value, we have 



62. Integrand containing integral powers of V0T 
If the integrand contains only integral powers of x and of 
x + a?, it may be rationalized by the substitution 



for from this equation 

i? a 
x = - 



, , .! 

and d ^ (2. + y dz ' , 

The result of the substitution is evidently a rational function of z. 
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X 



Ex. Find the value of C 
J 

Letting Vl + x + x 2 = z x, we have as the new integral 2 C ^ z """ ^ 
which, by the method of Chap. VI, is / (2 * + 1) 



. ______ 

Vl-f x + x 2 

""" 



Replacing 2 by its value x + v/1 -f x -f x 2 , we have as the value of the 
original integral 



i [(x + VTTxTx*) 2 - 8 (x + Vl + x + x 2 ) 



_ log ( 2a . + j + 2 Vl + x + x 2 ) + C. 



4(2x-f 1+2V1+ 

If the coefficient of x 2 under the radical sign is any positive 
constant other than unity, we may factor it out, thereby bringing 
the expression under the case just discussed. 

63. Integrand containing integral powers of Vo~+ bx of. In 
this case the substitution of the previous article fails, as x could not 
be expressed rationally in terms of z. We may now, however, write 

. * 2 / * i x 4 a + 6 2 / I V 

a + ox # 2 = a (,nr to) = 7 -- 1 x - 1 9 

an expression which can be factored into two linear factors of 

the form (r^+ x) (r^-- x), which are real except when ^ 0. 

4a + V 2 I 7A 2 
But then it is evident that - -- 1 # ~) is negative for all 

values of x 9 and hence Va + bx a 2 is always imaginary. 
Now place 

V# + lx a? = \/(r l + x) (?* 2 ic) = z(r 2 x). 
Solving this equation for #, we have 

r3 2 r, / - T -- s (r. + r^ z 
x = -^ r^ V a + bx z* = 

2 



After the substitution the new integrand is evidently a rational 
(unction of z. 
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dx 



of/- 

J 



Ex. Find the value . _ 
" xV2 -x-x 2 

Since 2 x x 2 = (2 + x) (1 x), we assume 



- x) = 2(1 - x). 

The result of the substitution is the integral 2 f --, which is equal 

_/5 / 2 a 2 

to J-log'-T-Y. + c. 

^ Z + V2 

Replacing z by its value 




2 + X+V2 - 2x 



64. Integration of trigonometric functions. There are certain 
types of trigonometric functions for which definite rules of pro- 
cedure may be stated. The simplest case is that in which the 
integrand is any power of a trigonometric function multiplied by 

its differential, e.g. I sin^# cos x dx, which may be integrated by one 

of the fundamental formulas. It is evident that this class requires 
no further consideration here. To deal with the more complex cases 
it is usually necessary to make a trigonometric transformation of 
the integrand, the choice of the particular transformation being 
guided by the formulas for the differentials of the trigonometric 
functions. Some of these transformations are given in 6570. 

65. Integrals of the forms /sin n jr dx and lcos n xdx. We may 

distinguish three cases. 

CASE I. n an odd integer. In the integral / sm n xdx we may 
^ 



sin n xdx~ sin n -1 x sin x dx. 

n-l 

Now sin xdx~ d(cos x), and sin 11 "" 1 x = (1 cos 2 a?) 2 , which 

is a rational function of cos x since - is an integer. 

2i 

Then 



/ sm*xdxi= I (1 cos 2 a?) 2 

In like manner we may prove 

/r "- 1 * 

cos n #rf#= I (1 sin 2 a;) 2 d(s 
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Ex. 1. Find the value of f sin fi xdx. 

Csin 6 xdx = - f (1 - cos 2 a;) 2 d (cos a?) 

= COSX + COS*X J C08 6 X -f C. 



Ex. 2. Find the 



value of f 
J 






cos 8 x 

= f _1^_*L_ . To integrate, place sin x = *. Then 
J 1 - ain*x* 



cos s x J (1 - ain*x)* 

_ r dz _ 1 _ __ 1 1 
J 1 - 2 2 ) 2 21- 2 4 b l 



<*(sinx) _ _ _ __ 



1 sin x 1 . 1 sin x 

2 "" g 



CASE II. n a positive even integer. In this case we may evaluate 
the integral by transforming the integrand by the trigonometric 
formulas ^f x == 1 (1 - cos 2 a?), 

cos* a? = % (1 + cos 2 x), 
as shown in the following example. 

Ex. 3. Find the value of Ccostxdx. 
Applying the second formula above, we have 

Cco&xdx = \ Cdx + J Ccos2xdx -f fcos 2 2xd;?;. 
Applying this formula a second time, we have 

Tcos 2 2x<Zx = i f(H- cos4x)cte. 
Completing all the integrations, we have finally 

| x + ^ sin 2 x + ^ 7 sin4x + C. ' 

CASE III. n a negative even integer. In this case we replace 

sin x by - and cos x by - and proceed as in 8 68. 
J esc x sec# 

66. Integrals of the form lsin m xcos n xdx. There are two cases 

in which an integral of this type may be readily evaluated. 

CASE I. Hither morn a positive odd integer. If m, for example, 
is a positive odd integer, we place 

sin m # cos n # dx = sin 1 "" 1 ^ cos ft #(sin x dx) 

m-l 

= (1 cos a #) 2 cos" x d (cos x). 
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Since by the hypothesis - is a positive integer, it is evident 

2t 

that the new integral can readily be evaluated. 

Similarly, if n is an odd integer we express the integrand as a 
function of sin x. 

Ex.1. Find the value of f Vsinxcos 8 xdx. 

/Vsinxcos*xcte = f Vsinx(l - sin 2 x)d(sinx) 
J 

= ft sin*x(7 - 3 sin 2 x) + C. 

Sometimes when one of the exponents is a negative integer the 
same method is applicable, but it is apt to lead to functions the 
integration of which is laborious. 

Ex. 2. Find the value of C^^dx. 
J cosx 

/sin 2 x , /*sin 2 xdUsinx) r z*dz . , ' . v 

--- dx = / --- ^ '- = I -- - (where z = sinx) 

cosx J l-sin 2 x J 1-z* v ' 



CASE II. Both m and n positive even integers. In this case the 
integrand is transformed into functions of 2 x by the two formulas 
of the last article and the additional formula 

sin x cos x = J sin 2 x. 

Ex. 3. Find the value of fsin 2 xcos 4 xdx. 
Placing sin 2 x cos 4 x = (sin x cos x) 2 cos 2 x, 

we have sin 2 x cos 4 x = \ sin 2 2 x (1 + cos 2 x) . 

Therefore f sin 2 x cos 4 x dx = fain 2 2 x dx + % jsin 2 2 x cos 2 x dx. 

Applying the same method again, we have 

fsin 2 2x(fe= jj(l - cos4x)cte. 
Completing all the integrations, we have finally * 

rsin 2 x cos 4 xdx = -^ x + ^ sin 8 2x - ^ sin4x + C. 
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67. Integrals of the forms ltan n xdx and fctn n xdx. Since tail x 

and ctn x are reciprocals of each other, we need consider only the 
case in which n is a positive quantity. Accordingly, if n is a 
positive integer we may proceed as follows. Placing 

tan n ^ = taii*"" a as tan 2 #, 

and substituting for tan 2 a? its value in terms of sec x, we have 
tan n ,# = tan w "" 2 ^(sec 2 aj 1). 

Therefore I tan n .tf<7.= I tan w ~ a # see 2 #d# I tan*~ a .<iu 

] r 

= 7 tan n ~ l x - / tan 1 * ~~ 2 x dx. 

n1 J 

It is evident that the original integral may be completely evalu- 
ated by successive applications of this method. The same method 

is evidently applicable to the integral I uii\ H xdx. 

Ex. 1. Find the value of f tan 6 xdx. 

Placing tan 5 x ~ tan* as tan 2 a; = tan 3 x (sec 2 * 1), 

we have C tan 6 x dx = ftan 3 x sec 2 x dx Ttan 8 x dx 

= \ taii 4 x Ct&i\*xdx. 
Again, placing tan 8 ic = tan x (sec 2 a; 1) ? 
we have Cl&r^xdx = jtan x s&tfxdx - ftan x dx 

= ^ tan 2 x -f log cosx + C. 
Hence, by substitution, 

|tan 6 xdx = ^ tan 4 a; ^ tan 2 x ~ log cosx + C. 

Ex.2. Find the value of Cctn*"2xdx. 
Placing ctn* 2 x = ctn 2 2 x (esc 2 2 x - 1) , 

we have jctn* 2 x dx = jctn 2 2 x esc 2 2 x dx Tctn 2 2 x dx 

= - otn 8 2 x - fctn 2 2 x dx. 
Again, placing ctn 2 2 x = esc 2 2 x 1, 
we have fctn 2 2 x dx = ^(csc 2 2 x - 1) dx 

= ~^ctn2x-x -f- C. 
Hence J*ctn*2xdx = - ctn2x + ctn2# -f x -f C. 
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68. Integrals of the forms fsec n xdx and lcsc n xdx. We shall 
consider these integrals only for the case in which n is an integer. 
CASE I. If n is a positive even integer^ we place 

I sec w a?rf,/?= I sec n ~ 2 , 

/ 
(1 + tan 

| n 

where the integrand is a rational function of tan x, since - is 
a positive integer. 

In the same manner, we may show that 



n 2 

2 



2 



I csc w #dc = / (l + c 

Ex. 1. Find the value of fsec 4 3xdx. 

fsec* 3 x dx = j r f (1 -f tan 2 3 x) d (tan 3 x) 
/ / 



tan 2 3x) + C. 

CASE II. -//^ n is any integer oilier than a positive even integer, it 
is evident that the integral falls under the case of 65 when sec x 

is replaced by - or when esc x is replaced by , as the case 

, cosu; sin# 

may be. 



Ex. 2. Find the value of fsecxefcc. 

r (Jx 

COSX~~J COS 2 X 



/, r dx /"cosxcte 
secxdx= I = I - 
J cosx t/ 



_ 1. 1-sinx c 
" r 2 fe l 



2 \ cosx 
= log(secx -|- tanx) -f C. , 

In like manner it may be shown that Ccscxdx = log (esc x ctnx) + C. 
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69. Integrals of the forms /tan m jrsec n jrdjcand I ctn m xcsc n xdx. 

CASE I. If n is a positive even integer y we may write 

//* n ~ 2 

tan m # sec n # djc = I tan m #(l + tan a #) 2 c?(tan #), 

//* ~2 

ctn m # csc n # dx = I ctn m #(l + ctn 2 #) 2 d(ctn a?), 

, 2 . ... . , 

where - is a positive integer. 
2t 

Kx. 1. Find the value of C t&u* 2 x we* 2 x dx. 
Placing Hoc 4 2 x = sec 2 2 x sec 2 2 x, we have 

ftan 8 2 x sec* 2 x <fo = ftani 2 x (1 + tan 2 2 x) d (tan 2 x) 
= tan*2x + J tan*2x + C. 

CASE II. -Z/ 1 m is a positive odd integer, we place 
/ tan m 5?sec w a?rfj?= I ( 

/ 
s 

I ctn m o? csc n a? dx = I (ctn m ~ 1 csc*"" 1 ^) (ctn a? esc # rfa?) 

/m- 
esc 11 " 1 a; (esc 2 a? 1) 2 



ml 

2 



and 



, m 1 . ... . , 

where - is a positive integer, 
2 

Ex. 2. Find the value of f tan 3 x sec* 3 x dx. 

rtan 8 8xsec*3xete= r(tan 2 3xsec" 8 3x)(tan3xsec3xdx) 
= J J*sec- * 3 x (sec 2 3 x - 1) d (sec 3x) 
= \ sec^Sx sec*3x -f C. 

CASE IIL If m is an even integer and n is an odd integer, 
the integral may be thrown under the cases of 66 by placing 

1 , A sin x 

sec x = and tan x = 

cos# cos# 
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70. The substitution tani = 2r. The substitution tan- = 2, or 

A 2 

# = 2 tan"" 1 a, is of considerable value in the integration of trigo- 
nometric functions, since if the integrand involves only integral 
powers of the trigonometric functions, the result of this substitu- 
tion is a rational function of z. For, if 

, x 
tm- = z, 

,, . . x x 

then sin x = 2 sm - cos - = 



2 2 1 + * 



2z 

;> 



A J 

and ax 



Wlien these values for sin x 9 cos x, tan x, and dx are substituted, 
it is evident, as stated above, that the result is a rational function. 



Ex. Find the value of C 
J 1 + 



dx 



2 cosx 



Placing tan ? = 2, or x = 2 tan- 1 *, we have cos x = , and dx = - v 

2 1 -} -2 1 + ** 



Therefore C ^ = - 2 f-*L 

t/ 1 + 2C08X J Z*- 



3 



2 . - , 

= -- p log - - + 
2V8 



= __log 



tan*-V 
2 



This method is applicable to an integral of any one of the three 

r dx r dx _ r 'dx 

types I r - > I r : and I 
J a* + o cos a? Ja + fesinre Ja 
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71. Algebraic reduction formulas. It was shown in 61 that 

an integral of the form I x m (a + ba?) p dx, where p is a rational 

, , ,. ..,..01 + 1 7/& + 1 , 

number, can be rationalized if or (- p is zero or an 

n n 

integer. In general, however, an integral of this type is evaluated 
by use of the so-called reduction formulas, by means of which the 
original integral is made to depend upon another integral in which 
the power either of x or of the binomial a + bx n is increased or 
decreased. 

The four reduction formulas are : 



x m (a + ba?) p dx 

- , (1) 

\ / 



C&* (a 



npa 
*- 



np 



C m/ , , _ x _ , 7 /m 

- I # m (a + btf 1 ) p l dx, (2) 

lj v ' v ' 



(m + l)a (m + l)a 



(8) 



n(p 



^ 
)a J 



These formulas may be verified by differentiation ; their deriva- 
tion will be given in the next article. 

Formulas (1) and (2) fail if up + m + 1 = ; but in that case 
we proved in 61 that the integrand can be rationalized. 

Formula (3) fails if m + 1 = ; and in that case also the inte- 
grand can be rationalized. 

Formula (4) fails if p + 1 = 0; and in that case it is evident that 
the integration may be performed by the method of 60. 
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72. Proof of reduction formulas. To derive formula (1), 71, 
we note that d(a + bx n ) = ribaf~ l dx, and accordingly place 

^wt-n+l 

x m (a + bx n ydx = - - (a + b^nbstf^dx 
no 

and integrate by parts, letting 

,jg* n \ 1 

--- = u. and (a + fa |W ) p nbx* ~ l dx = dv. 
7ib x 



rm 7 - m , , 

Tlien rZ'it = - - - x m ~ M dx, and i? = * 

nb p+l 

As a result, 



lu/*(a 

l m n+l C M _ n/ 

I tf* n (a 
nb(p+l)J v 



To bring this result into the required form, we place 
af*~*(a + bjt?y l = x m ~ n (a + bx") (a + bx n ) p 

whence 

C-'-i +i 
_.V--'-.+Mi'*+tf--(.+i-r* 

J J 

Substituting this value in (1), we have 

'/*"* /// I 7) '>*'*\ v /J / 

w I \-v ^^ (/<// I tvt/U 

__ f jf n ~ n+l (a + bx n ) p + l m 71+ 1 j ' r m -n/ i 7,y 

+ b ix 1 " (a + ba?ydx \ (2) 

J J 

Solving (2) for J of "(a + bx?) p dx, we have formula (1), 71. 
If we solve the equation defining formula (1), j 71, for 



and then replace m n by m, the result is formula (3), 71. 
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To derive (2), 71, we integrate by parts, letting (a + baf) p = u, 
and tf*dx = dv. Then 



du = pnba^" l (a + bx?) p ~ l dx, and v = - - 
m + 1 

Then 



Ctf(a 

= ^>M!^J^L f *+< + ^-'& (3) 

w + 1 m + 1 J ^ ' v ' 

To bring this result into the required form we place 



m /a + bx? a\ . 
= ^ n ( - ) ^ 



_ , 



whence 



r 

1 C & C 

= - I a; m (a + b^) p dx I tf*(a- 

b J J 

Substituting this value in (3), we have 

c * 



np 



m+l 
a jaf 11 (a + bo?) p ~ l dx i (4) 

Solving (4) for I tf*(a + bx?) p dx, we have formula (2), 71. 
If we solve the equation defining (2), 71, for C 



and replace p 1 by p, the result is formula (4), 71. 

73. We will now apply these reduction formulas to the 
evaluation of a few integrals. Many of these can also be 
evaluated by substitution, without the use of the reduction 
formulas. 
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Ex. 1. Find the value of fx 8 Via 2 + x 2 dx. 

Applying formula (1), 71, we make the given integral depend upon 
fxVo^Tx 2 dx, an integral which can be evaluated by the elementary for- 



mulas. The work is : 




Ex. 2. Find the value of f - , 

* x 2 Va 2 - x 2 

Applying (3), 71, we have 

/dx __ g" 1 (a 2 x 2 )* _ / dx _ _ Va 2 - x 2 ^ 
X 2Va 2 -x 2 - a2 ^ Va 2 - x 2 "" a2 * 

JT X !L 



Ex. 3. Find the value of 

J x 2 

Applying (3), 71, we have 

/(a 2 - x 2 )* , x-i (a 2 - x 2 )' 4 r, 
/ ^ - '-dx = - 5 - --- .. / (a 2 - 
J x 2 ~a 2 a 2 ^ v 

Applying (2), 71, to the integral in the right-hand member of (1), we have 
/(a 2 - x 2 )* dx = i x (a 2 - x 2 )* + | a 2 /(a 2 - x 2 )* dx. (2) 

Applying (2), 71, again, we have 

(3) 




and 

a 2 - x 2 a 

Substituting back, we have finally 



x 2 a 2 x a 2 2 



a ! 

v 7 



. 
2 a 

Ex. 4. Find the value of f - ^ where n is a positive integer. 

Applying (4), 71, we have 
dx 



~2n-f-8 r dx 
2(-n+l)a 2 J (x^ + a 2 ) 1 *- 1 



2(-n+l)a 2 
1 F x / dx 

~ 8 V 



2(n-l)a 2 

This formula is the one which is sometimes used in integrating rational 
fractions. 
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Ex. 6. Find the value of \ 

J V2 ax - x 2 

If we divide both numerator and denominator of the integrand by x*, it 

becomes - X - , a form to which we can apply a reduction formula. Apply- 

V2a-x 
ing (1), 71, we have 

/ xdx r i ij 

^ V2ox-x 2 ^ 

= - x^ (2 a - x)* -f a fx"" * (2 a - x)~~*dx. 

,. . / . . r dx 

But 



Therefore 



/; 



xdx 



/2 ax - x 2 
Ex. 6. Find the value of f 



Va 2 "- (x - a) 2 
. = V2 ax x 2 + a sin- 1 -- 



-+C. 



dx 



(2ox-x 2 )* 

Writing 2 ox x 2 as a 2 (x a) 2 , and noting that dx = d(x a), we can 
apply (4), 71, to advantage. The result is 



/ 



x a 



74. Trigonometric reduction formulas. It was proved in 67 
that 

/tan*#rf# = - -tan"" 1 ^ / tan tt ~ a #d#. (1) 
1 J 



imilarly, | ctn 
J 



ctn w " 



l x | c 
J 



ctn n " a x dx. (2) 



Formulas (1) and (2) are evidently reduction formulas for the 
integration of this particular type of integrand. There are four 
others which we shall derive, i.e. 
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rsin m # cos* xdx 
. m +i ( -!,, i /* 

^ + _W L __ lsiu m xcos n -*xdx, (3) 
ui + nj v 



w + n 



I sin m a? cos w #< 

, m + n+2 r . m B . f , /4 . 

1 7 I sm m oj cos n+2 o;^, (4) 

91 + 1 J v 



sin m+1 aj cos w+1 # 



n + l 

/ 
Bill *C50S^OJ ^ 

= - H / sin m ~ 2 # cos n # rf#, (5) 

/- 
sin *^ 

^sm^ .^cos x^m + n ^ I B i li ^ XCM n x ^ Xm /g\ 

9?i. + 1 m+l J v 7 

These formulas are useful when m and n are integers, either posi- 
tive or negative, or zero. 

Formulas (3) and (5) fail if m + n = ; but in that case the 
integral can be placed under (1) or (2), by expressing the integrand 
in terms of tan x or ctn x. Formula (4) fails when n + 1 = and 
formula (6) fails when m + 1 = ; but in these cases the integra- 
tion can be performed by the methods of 66. 

To derive (3) we place sin m # ms n xdx = cos n ~ 1 #(sin m # cos x dx) 
and let cos w ~~ l x u and sin" 1 a? cos xdx = dv for integration by parts. 

As a result 

sm m x cos" x dx 

sin m + 1 #cos w ~~ 1 # w 1 



m+l m + 

To bring this into the required form we place 



= sin m a?(l 
Then 



rsiii m + a #cos tt - a #d#. (1) 

lj 



+ *xcos n ~*xdx 

/c 
sin^cos* 2 o;^-J ain-acoB" 
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Substituting this value in (1), we have 
I am m xc 



m 
~~ 



n ~~ ^ I aw m xcos> n xdx. (2) 

m+lj v 

Solving (2) for j sin m # cos n xdx, we obtain formula (3). 

If we solve formula (3) for / sin m # cos w ~ a ,r rftf and then replace 

n by n + 2, the result is formula (4). 

The derivations of formulas (5) and (6) are left to the student. 

Ex. 1. Find the value of f sin 8 x cos 2 xdx. 

By formula (5), 

// 
sin 8 x cos 2 xdx = 4 sin 2 x cos 8 x + i I sinx cos 2 xdx, 
J 

and /sin x cos a x dx = - \ cos 8 x, 

by the elementary integrals. 

Therefore f sin 8 x cos 2 x dx = - T ^ cos 8 x (8 sin 2 x + 2) -f C. 

Ex. 2. Find the value of Cco&xdx. 

Applying formula (8), and noting that m = 0, we have 

/cos 4 x dx = J sin x cos 8 -f J f cos 2 xdx. 
Applying formula (3) again, we have 

fcos 2 xcfo = Jsinxcosx-f ^ Cdx ^sinxcosx-h ^x. 

Therefore, by substitution, 

ico^xdx = | sin x cos 8 x + | sin x coax + |x -f 0. 

75. Use of tables of integrals. In Chap. II we have evaluated 
many simple integrals by bringing them under the fundamental 
formulas collected in 17, and in Chaps. VI and VII methods of 
dealing with more complex integrals have been discussed. But 
in the solution of problems involving integration it is found that 
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some integrals occur frequently. If these integrals are tabulated 
with the fundamental integrals, it is evident that the work of inte- 
gration may be considerably lightened by reference to such a table. 
Accordingly the reader is advised to acquire facility in the use of 
a table of integrals. 

No table of integrals will be inserted here, but the reader is 
referred to Professor B. 0. Peirce's " Short Table of Integrals." 
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Find the values of the following integrals : 

14. 



1. f_ 

J 



2 rv5< 

' 



dx 



t(8x" + 2)* 
17. 



4. />- 2 )*-(x-.?)*dx. , f to 

/ (x-2)*-(x-2)i "'./xV^Ts^I 




20. f fe _. 

J XV3 + 2x-x 2 

21. / * -. 

J (x + x + 1) 

22. f i c ^ -. 

J Vx 2 -f 2x + 8 




x 2 (3-hx)*' 

"' ^^o 1 ' 27 ' / Cosl8xsin83xdx - 
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28. fsin'xdx. 
J 

29. /cosoxdx. 

30. /sin.(2x + 1)*. 



48. fsec?dx. 
J 2 

49. /csc|dx. 



33. C mi* ax cos* ax dx. 

34. fsin*xcos 2 xdx. 

35. fsin 4 xda;. 

36. fees 6 2 x (to. 

37. fs 

/ 



52. 

53. I ctn 8 esc 4 dx, 
J 3 3 

M/*ctn^ccx , 
. f dx. 

J CSC5OX 

55 . I tan - sec 6 - dx. 
J 2 2 



68. f --- dx 

J x s Va 2 - x 2 

eg. 



71. JV Va* - x 2 dx. 

72. /^~^. 

MA /* dx 

73. / 



i. f- 

t/ /-I _j_ ,, 



75.J"- *!._. 



Qfl I /7/r 


57. j tan$xsec 6 xdx. 
. J sec 
59 f dX 


MM /* ^^ 

77 I 


J Vcos2x 

/sin*? 
2 dx 


J x V2 ax - x 2 
78. J . r ax """ x dx. 


COS- 

o 

M* /*cos 2 4x . 

Q 1 , ^p 


" J 5 + 4cosx 

eo r dx 


*/ x 


79. / x "\/2 cue x 2 da 
80 / 


~~* J 3cosx -|- 6 


/ fiin 8 4x 

41 r *? . 


J V2 ax ~ x 2 
81. J sin 2 xcos 4 xdx. 

82 f ** 


' J 3 4- sin x 
62 f ** 


42 r dx . 


J 3 sin x 2 cos x 
63 1 


""" J cos B 3x 
43. 1 tan 8 3xdx. 

44. f ctn 6 3 z eta. 
45. Jtan*|dx. 

46. fctn?dx. 
/ 3 

47. f (ctn x -f tan x) 8 dx. 


"" ^ sin 2 x cos 8 x 

^ r dx 
83 / 


' J 3-4sin2x 
64. I (x 2 -f a 2 )^dx. 

65. 1 (ci 2 x 2 )*dx. 

66 r xSdx 


/ sin 8 x 

Q^ / ^^ t 

* J cos 4 3x 


^ Vx 2 4- a 2 
67 f dx -. 


' J cos^x 


J x 8 Vx 2 4- a 2 


' J sin 8 2x 
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87. Find the area bounded by the hyperbola ~ |- = 1 and the chord x = h. 

a 2 o 2 

88. Find the area of the loop of the curve cy 2 = (x a) (x 6) 2 , (a < 6). 

89. Find the total area of the curve a 2 y 2 = x*(2a x). 

90. Find the area of the loop of the curve 16 a 4 y 2 = ftto 2 (a 2 2 ax). 

91. Find the area of a loop of the curve y 2 (a 2 + 2 ) = a 2 (a 2 - a 2 ). 

92. Find the area of the loop of the curve (x + y) 2 = y*(y + 1). 

93. Find the area inclosed by the f our-cusped hypocycloid x* -f y* = a*. 

94. Find the area inclosed by the curve (?) + { \ ) = 1 . 

W W 8 

95. Find the area included between the cissoid y 2 = t - ^ and its 
asymptote. a x 

96. Find the area of the loop of the strophoid y 2 = x2 ( a 

- 



97. Find the area bounded by the strophoid y 2 = v _ ; and its asymptote, 
excluding the area of the loop. ~~ 

98. Find the area of a loop of the curve r = a cos nO + b sin nS. 

99. Find the entire area bounded by the curve ( - ) + (?) = 1. 

W W 

100. Find the area of the loop of the Folium of Descartes, x 8 + y 8 3 oxy = 0, 
by the use of polar coordinates. 

101. Find the length of the spiral of Archimedes, r = a0, from the pole to the 
end of the first revolution. 

102. Find the length of the curve 8 a 8 y = x* + 6 a 2 x 2 from the origin to the 
point x = 2 a. 

103. Find the volume of the solid formed by revolving about OX the figure 
bounded by OX and an arch of the cycloid x = a(0 sin#), y = a(l cos#). 

104. Find the volume of the solid bounded by the surface formed by revolv- 
ing the witch y = - about its asymptote. 

x 2 -f 4 a 2 

105. Find the volume of the solid generated by revolving about the asymptote 

of the cissoid y 2 = the plane area bounded by the curve and the asymptote. 

2 ci x 

106. A right circular cylinder of radius a is intersected by two planes, the 
first of which is perpendicular to the axis of the cylinder, and the second of 
which makes an angle with the first. Find the volume of the portion of the 
cylinder included between these two planes, if their line of intersection is tan- 
gent to the circle cut from the cylinder by the first plane. 

107. An ellipse and a parabola lie in two parallel horizontal planes, the 
distance between which is h, and are situated so that a vertex of the ellipse is 
vertically over the vertex of the parabola, the major axis of the ellipse being 
parallel to and in the same direction as the axis of the parabola. A trapezoid, 
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having for its upper base a double ordinato of the ellipse and for its lower base 
a double ordinate of the parabola, generates a solid, whose upper base is the 
ellipse, by moving with its plane always perpendicular to the two parallel 
planes. Find the volume of the solid, the semiaxes of the ellipse being a and 6, 

and the distance from the vertex to the focus of the parabola being - 

108. Find the center of gravity of the arc of the cycloid x = a(<f> sin0), 
y = a(l cos0), between the first two cusps. 

109. Find the center of gravity of the plane surface bounded by the first 
arch of the cycloid and the axis of x. 

110. Find the center of gravity of the plane surface bounded by the two 
circles, x 2 -f- y 2 = a 2 and x 2 + y 2 - 2 ox = 0, and the axis of x. 

111. Find the center of gravity of that part of the plane surface bounded 
by the four-craped hypocycloid x* + y* = a*, which is in the first quadrant. 

112. Find the center of gravity of the surface generated by the revolution 
about the initial line of one of the loops of the lemniscate r 2 = 2 a 2 cos 20. 
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INTEGRATION OF SIMPLE DIFFERENTIAL EQUATIONS 

76. Definitions. A differential equation is an equation which con- 
tains derivatives. Such an equation can be changed into one which 
contains differentials, and hence its name, but this change is usually 
not desirable unless the equation contains the first derivative only. 

A differential equation containing x, y, and derivatives of y 
with respect to x, is said to be solved or integrated when a relation 
between x and y, but not containing the derivatives, has been 
found, which, if substituted in the differential equation, reduces 
it to an identity. 

The manner in which differential equations can occur in prac- 
tice and methods for their integration are illustrated in the two 
following examples : 

Ex. 1. Required a curve such that the length of the tangent from any point 
to its intersection with OY is constant. 

Let P(x, y) (fig. 41) be any point on the required 
curve. Then the equation of the tangent at P is 



where (-3T, Y) are the variable coordinates of a moving 
point of the tangent, (&, y) the constant coordinates 
of a fixed point on the tangent (the point of tangency), * Q 

and is derived from the, as yet unknown, equa- 
dx 




FIG. 41 
tion of the curve. The coordinates of R, where the tangent intersects OF, 



are then X = 0, Y- y - ^x, and the length of PR is -%/* + * 2 (-~) 
Representing by a the constant length of the tangent, we have 

*- 



or 




(1) 
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which is the differential equation of the required curve. Its solution is clearly 



(2) 



The arbitrary constant C shows that there are an infinite number of curves 
which satisfy the conditions of the problem. Assuming a fixed value for C, we 
Y see from (1) and (2) that the curve 

is symmetrical with respect to OF, 
that x 2 cannot be greater than a 2 , 

dy 
that ~ = and y = C when x = a, 

and that - - becomes infinite as x 
dx 

approaches zero. 

From these facts and the defining 
property the curve is easily sketched, 
as shown in fig. 42. The curve is 
called the tracMx (I, p. 299). 

Ex. 2. A uniform cable is sus- 
pended from two fixed points. Re- 
quired the curve in which it hangs. 
Let A (fig. 43) be the lowest 
point, and P any point on the re- 
quired curve, and let PT be the 
tangent at P. Since the cable is in 
equilibrium, we may consider the 
portion AP as a rigid body acted 
on by three forces, the tension 
t at P acting along PT, the ten- 
FIG. 42 si n h &t A acting horizontally, 

and the weight of AP acting ver- 
tically. Since the cable is uniform, the weight of AP is ps, where s is the 
length of AP and p the weight of the cable per unit of length. Equating the 
horizontal components of these forces, we have 




and equating the vertical components, we have 

t sin <f> = pa. 
From these two equations we have 



or 



2-* 




where - = a, a constant. 
P 
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This equation contains three variables, x, y, and a, but by differentiating 
with respect to x we have (I, 106, (4)) 





the differential equation of the required path. 

To solve (1), place -- = p. Then (1) becomes 
ax 



' dp = 



whence log (p + Vl + p*) = - 4- C. (2) 

Since A is the lowest point of the curve, we know that when x = 0, p = 0. 
Hence, in (2), G = 0, and we have 



or 



, y = ?\e + e~") + C x . 



whence, since p = , 
dx 

The value of C' depends upon the position of OJT, since y = a -f 0' when 
3 = 0. We can, if we wish, so take OX that (X4 = a. Then 6 Y/ = 0, and we 
have, filially, 



the equation of the catenary (I, p. 281). 

The orrfer of a differential equation is equal to that of the 
derivative of the highest order in it. Hence (1), Ex. 1, is of the 
first order, and (1), Ex. 2, is of the second order. 

The simplest differential equation is that of the first order and 
of the first degree in the derivative, the general form of which is 



or Mdx + Ndy = Q, (1) 

where If and JV^are functions of x and y,or constants. 
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We shall consider three cases in which this equation is readily 
solved. They are : 

1. When the variables can be easily separated. 

2. When M and JV'are homogeneous functions of x and y of the 
same degree. 

3. When the equation is linear. 

77. The equation Mdx + Ndy = when the variables can be 
separated. If the equation (1), 76, is in the form 



it is said that the variables are separated. The solution is then 
evidently 



J fi( 



where c is an arbitrary constant. 

The variables can bo separated if M and N can each be factored 
into two factors, one of which is a function of x alone, and the 
other a function of y alone. The equation may then be divided 
by the factor of M which contains y multiplied by the factor of N 
which contains x. 

Ex. 1. dy=f(x)dx. 

From this follows y = C f(x)dx + c. 

Any indefinite integral may be regarded as the solution of a differential 
equation with separated variables. 

Ex. 2. Vl - y*dx -f Vl - x*dy = 0. 
This equation may be written 

dx , dy _ A 



Vl - a* Vl-y 2 
whence, by integration, sin- 1 * -f sin- 1 ^ = c. (1) 

This solution can be put into another form, thus : Let sin- * x = and 
sin- 1 ^ = ^. Equation (1) is then + ^ = c, whence sin (0 + \l/) = sine ; that 
is, sin cos \f/ + cos sin ^ = k, where fc is a constant. But sin = , sin ^ = ?/, 
cos = Vl x 2 , cos \l/ = Vl y 2 ; hence we have 



(2) 

In (1) and (2) wo have not two solutions, but two forms of the same solution, 
of the differential equation. It is, in fact, an important theorem that the differ- 
ential equation Mdx + Ndy = has only one solution involving an arbitrary 
constant. The student must be prepared, however, to meet different forms of 
the same solution. 
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Ex. S. (l-x2)^ + xy = ax. 

This is readily written as 

(1 - x*)dy + x(y - a)dx = 0, 

-*L+ * Of 

y - a 1 - x 2 
whence, by integration, 

log(y - a) - i log(l - a;*) = c, 
which is the same as 

and this may be written 

78. The homogeneous equation Mdx + Ndy = 0. A polynomial 
in x and y is said to be homogeneous when the sum of the expo- 
nents of those letters in each term is the same. Thus ax?+ lxy+cy* 
is homogeneous of the second degree, ax* + I'^y + cxy* + ey* is 
homogeneous of the third degree. If, in such a polynomial, we 
place y = vx, it becomes #*/(#) where n is the degree of the poly- 
nomial. Thus a tf + lxy + C y* = ^ (a + lv + c?;2)) 

ax* + Itfy + cxif + ey* = x 9 (a + bv + cv* + ev*). 

This property enables us to extend the idea of homogeneity to 
functions which are not polynomials. Representing by /(#, y) 
a function of x and y, we shall say that/(#, y) is a homogeneous 
function of x and y of the nth degree, if, when we place y = vx, 
f(x y y) = a?F(v). Thus V# 2 + y 2 is homogeneous of the first degree, 

since V# a + y*=x^\. + v 2 , and log- is homogeneous of degree 

y x 

0, since log - = log v = X Q log v. 
x 

When M and N are homogeneous functions of the same degree, 
the equation Mdx + Ndy = 

is said to be homogeneous and can be solved as follows : 

Place y vx. Then dy = vdx + scdv and the differential equa- 
tion becomes ^ ^ dje + ^ (v) (vdx + ^ = 0> 

or LA (v) + vft (?')] dx + xf s (v) dv = Q. (1) 

i( v ) + v f( v ) ** 0, this can be written 
<to. 
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where the variables are now separated and the equation may be 
solved as in 77. 

K fi ( v ) + v f* ( v ) = 0> W becomes dv = 0> whence v = c and y = cx. 



Ex. (x 2 -y a )dx 4-2xyd# = 0. 
Place y - vx. There results 

(1 - tf*)dx + 2v(xdv + vdx) = 0, 
dx 2vdv A 

x + iT* = - 

Integrating, we have logo: 4- log(l -f v) =? c', 
whence &(l-f-0 2 ) = f, 

or x 2 4- y' 2 = ex. 

79- The equation 

fax + biy + ci) dx 4- fax + b z y + c 2 ) dy = (1) 

is not homogeneous, but it can usually be made so, as follows : 

Place x = x' + h, y = y' + k. (2) 

Equation (1) becomes 

(a } x' + biy' -f aih + &ifc + Ci)eto' 

+ (a*x' 4- ^y x + a 2 /i + M + c 2 )(^'= 0. (3) 

If, now, we can determine h and k so that 



(8) becomes (aix' + 6iyO dx 7 4- (2 / 4- &22/') d/ = 0, 

which is homogeneous and can be solved as in 78. . 

Now (4) cannot be solved if a\b% 02^1 = 0. In this case, ~ -~ = k, where 
k is some constant. Equation (1) is then of the form ttl 1 

(aix -f biy + ci)dx + [k fax 4- biy) 4- c 2 ] dy = 0, (5) 

so that, if we place a& -f 6iy = a;', (6) becomes 



t 
1 

which is dx 4- - - iTTTT - ^ = 

(61 - aifc)ic' 4- &ici - aic 2 

and the variables are separated. 
Hence (1) can always be solved. 

80. The linear equation of the first order. The equation 



where/j (x) and/ 2 (#) may reduce to constants but cannot contain 
y, is called a linear equation of the first order. It is a special case 
of Mdx + Ndy = 0, where M^f^y -f 2 (x), N= 1. 
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To solve the equation we will try the experiment of placing 

y = uv, 

where u and v are unknown functions of x to be determined later 
in any way which may be advantageous. Then (1) becomes 

dv , du 



or 



Let us now determine u so that the coefficient of v in (2) shall 
be zero. We have 7 , 



or 



of which the general solution is 

log M + I fi(x 



Since, however, all we, need is a particular function which will 
make the coefficient of v in (2) equal to zero, we may take c = 0. 



Then log u == j f l (x) dx, 



-f/i(:r)dx 

or u = e J (3) 

With this value of u, (2) becomes 






dv f 

= 6 



and v = ^dx + c. (4) 

Whence, finally, since y = w, 

- f/,(*)rf* /* f/,<x)rfx -//,(*)<& , 

y = e J e j /,()<?* -f ce J (5) 
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Ex. (1 - x 2 ) ^ + xy = ax. 
dx 

Rewriting this equation as 

dy x ax 



dx 1-x 2 " 1-j 
we recognize a linear equation in which 



1 x 2 1 x 2 

Then f/i(x)dx = - logVlT^, and e A <ar) ' /r = e -*>* vTT3_ "7===' 
/ V 1 - x 2 

/ /* ffiE / 

Hence y = Vl - x 2 / ;-j<k + c ^ 1 - x2 

= a -h c Vl - x 2 . 

This example is the same as Ex. 3, 77, showing that the methods of solving 
an equation are not always mutually exclusive. 

81. Bernouilli's equation. 

dy ^ 

The equation ~ -f f\ (x) y = / 2 (x) y n , 

ox 

while not linear, can be made so, as follows : 
Dividing by 2/ w , we have 



and placing y l ~ n = z^ and multiplying by 1 n, we have 

dx, 
a linear equation. 



Ex. - y - - ?- = x*y*. 
dx x 

'Chat is, y- 4 y 8 = x 2 , 

dz . 3z , ft 

or - H = 8 x 2 , where z = t/- 8 . 

dx x 

We have now 



whence 
Hence 

and 
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82. Certain equations of the second order. There are certain 
equations of the second order, occurring frequently in practice, 
which are readily integrated. These are of the four types : 



Wo proceed to discuss these four types in order: 



By direct integration 



y = J J f(#) dx 2 + c v x + c y 

This method is equally applicable to the equation ^ =/() 

dj? 1 

Ex. 1. Differential equations of this typo appear in the theory of the bend- 
ing of beams. Each of the forces which act on the beam, such as the loads and 
the reactions at the supports, has a moment about any cross section of the beam 
equal to the product of the force and the distance of its point of application from 
the section. The sum of these moments for all forces on one side of a given section 
is called the bending moment at the section. On the other hand, it is shown in 

El 

the theory of beams that the bending moment is equal to , where 1?, the 

R 

modulus of elasticity of the material of the beam, and I, the moment of inertia 
of the cross section about a horizontal line through its center, are constants, 
and R is the radius of curvature of the curve into which the beam is bent. Now 

by i, 101, ^ 

1 dx* 



where the axis of x is horizontal. But in most cases arising in practice -~ is 

I fa 

very small, and if we expand by the binomial theorem, thus : 
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we may neglect all terms except the first without sensible error. Hence the 

bending moment is taken to be El This expression equated to the bending 

cfcc 2 

moment as defined above gives the differential equation of the shape of the beam. 
We will apply this to find the shape of a beam uniformly loaded and sup. 
ported at its ends. 

Let I be the distance between the supports, and w the load per foot-run. 
Take the origin of coordinates at the lowest point of the beam, which, by sym- 
metry, is at its middle point. Take a plane section C (fig. 44) at a distance x 
v from and consider the forces at the 

right of C. These are the load on CB 
Q B and the reaction of the support at B. 





FIG. 44 



The load on CB is w(- - x\, acting at 



the center of gravity of (7JJ, which is at the distance of from C. Hence 

\a * 



the moment of the load is -- - - , which is taken negative, since the load 

wl 
acts downward. The support B supports half the load equal to . The moment 

of this reaction about C is therefore ( - - x\ Hence we have 

2 \2 / 



- 

dx* 2\2 / 2\2 / 2\4 
The general solution of this equation is 



But in the case of the beam, since, when x = 0, both y and are 0, we have 

= 0, C 2 = 0. <** 

Hence the required equation is 



The essential tiling here is that the equation contains and 

u dx 

but does not contain y except implicitly in these derivatives. Hence 



* i y y dp 

if we place = j p, we have ~ = -j-~> and the equation becomes 

dp 

fa =f(> P)> which is of the first order in p and x. If we can find 

p from this equation, we can then find y from -/-p* Thid 
method has been exemplified in Ex. 2, 76. 
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2 

The essential thing here is that the equation contains -?- and -rj[ 



dy 
but does* not contain x. As before, we place ^-p, but now write 

tfy dp dpdy dp f" dp 

= = = ' 80 thatthe euatlon te<*>* Ty 



which is of the first order in p and y. If we can find p from this 

tly 

equation, we can find y from -,-; P* 

Ex. 2. Find the curve for which the radius of curvature at any point is equal 
to the length of the portion of the normal between the point and the axis of x. 

I" 1 +(1)7 

The length of the radius of curvature is != - \ (*, 

equation of the normal is (I, 101) -JL 



This intersects OX at the point ( x + y -,()). The length of the normal is 

1 --- y (fo; I 

therefore y -%/l -f /~J . 

The conditions of the problem are satisfied by either of the differential 
equations 



dx* 

+ 






or -- 2 J -y^i + frgj . (2) 

dx* 

Placing ^ = p and ^ = p ^ in (1), we have 
dx dx* dy 



. dy pdp 

whence -~ 



The solution of the last equation is 



- - - c ? 
whence p = 
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Replacing p by -~ , we have *L. y = dx. 
ax vy* c? 

This is most neatly solved by the use of hyperbolic functions. We have ( 15) 

At 

eicosh-i~ =x c a , 

Cl 

, x c a 
or y = GI cosh - 

f ae ~ c t ac eft 

= ^\e c -he *i / 
2 

This is the equation of a catenary with its vertex at the point (c a , Ci). 

If we place ~ = p, and ~- p~m (2), we have 
dx ax* dy 

l + p* = -pyf, 
dy 

dy pdp 

whence - - = ---- 

y 1 + P 2 

The solution of this equation is 
whence 



Replacing p by , we have r_ =u = dx. 
ox V c^ y 2 

Integrating, we have Vc^ y 2 = x c 2 , 

or (x - c 2 ) 2 -f y 2 = cf. 

This is the equation of a circle with its center on OX. 



If we multiply both sides of this equation by 2 - d#, we have 






Integrating, we have (jjtf=C'2f(y)dy + e v 
whence, by separating the variables, we have 

j_* .... 
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Ex. tS. Consider the motion of a simple pendulum consisting of a particle P 
(fig. 45) of mass m suspended from a point C by a weightless string of length I. 
Let the angle ACP=0, where AC is the vertical, 

and let AP = *. By I, 108, the force acting in the 

direction AP is equal to m -; but the only force 

acting in this direction is the component of gravity. 
The weight of the pendulum being nig, its compo- 
nent in the direction AP is equal to mgainO. 
Hence the differential equation of the motion is 



m = mg sin $. 

FIG. 46 

We shall treat this equation first on the hypothe- 
sis that the angle through which the pendulum swings is so small that we may 

place sin = 0, without sensible error. Then since = - , the equation becomes 

eW2 = ~7 8 ' 

Multiplying by 2 d, and integrating, we have 
dt 




where a 2 is a new arbitrary constant. Separating the variables, we have 



whence sin-* - = -J? (t - t ), 

a \ I 

where is an arbitrary constant. From this, finally, 

a = a sin \l^ (t to). 



The physical meaning of the arbitrary constants can be given. For a is the 
maximum value of s ; it is therefore the amplitude of the swing. When t = t , 
= 0; hence to is the time at which the pendulum passes through the vertical. 

We will next integrate the equation 

m -^ = - mg sin 
(ft 2 

without assuming that the arc of swing is small. Placing 8 = W, multiplying 

by 2 dt, and integrating, we have 
dt 

\2 
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If, now, the pendulum does not make a complete revolution around the point of 

support 0, = for some value of $ which we will call a. Hence C = 2 g cos nr, 

dt 
and our equation becomes /dff\ 2 

l{ ) = 20(C080-COS(*), 

\dtj 

whence C - = -J g -(t- t Q ), 

J o V 2 (cos 0- cos a) * l 

where tg is the value of t for which = 0. To bring the integral into a famil- 

iar form, place cos $ = 1 2 sin 2 - cos a = 1 - 2 sin 2 ~ , and let k = sin ~- . We 
have, then, 2 



/* 

f-r 
J, V 



Place, now, sin = A; sin 0. There results 
2 



If we measure time from the instant in which = 0, we have 

* d0 



The integral can be evaluated by expanding (1- & 2 sin 2 0)~* by the binomial 
theorem, the expansion being valid since & 2 sin 2 0< 1, and a table for the value 
of this series is found in B. O. Peirce's Tables, p. 118. 

The pendulum makes one fourth of a complete swing when B varies from to 

a, and from to - If 4 T is the time of a complete swing, then 



as may be verified by the use of Ex. 2, 27. 

PROBLEMS 

Solve the following equations: 

1 sdte y&y = Q 4. sec 2 xdx + tanactanydy = 0. 

' 1 + y l + ~ " 5. (aj2y2-y 2 )^H-(x 2 -fy 2 x 2 )dy= 

2. 2xsinydx-f cos y dy = 0. 6. (x + y) dx - x dy = 0. 

3. x Vl + y 2 dx + y Vl 4- 2 dy = 0. 7. (y + Vx 2 + y a )efcc - ady = 0. 

8. ( Vx 2 - y 2 - y sin-i Hdte + a; sin-i y -dy = 0. 
\ *>1 x 

9. 
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10. (xsin- - ycos-jdx-f xcos-dy = 0. 
\ x x/ x 

/ V _*\ / 2 _\ 

11. Ve'-f e x /(xdy ydx) -f ve* e a /xdx = 0. 

12. (2y 2 - 3xy)dx 4- (3x 2 - xy + y 2 )dy = 0. 

13. (x + 2y ~ 3)dx + (2x - y - l)dy = 0. 

14. (y + 3)dx-f (x + 2yH-4)dy = 0. 

15. (x + y) dx + (x + y + 1) dy = 0. 
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16. !^ + y = 

dx 
1 w \ dy 

18. (x -f* 1) y = 

19. (x-ycos^dx 

20. x + y = xc. 

dx 

22. x dy y dx -f Vx 2 -f y 2 dx = 0. 



-dy = 0. 




24, 

25. 



gy + y 

^ vT+x 2 



dy 



a + x 2 

-f y tan x = sin 2 x. 
(x 2 -2 



27. ^ 



do; x - 1 
dy _ _x 8 
dx W ~ 2 



29. 

30. 
31. 



xy (1 -f x 2 ) dy - (1 - y 2 ) dx = 0. 
-y 8 )dx+xy 2 dy = 0. 



35. _2y = 

dx 



34. 



8 J^ -. y secx = y*tanx. 
dx 



36. - ay = 
dx 

*=". 



dx 



dx 

= 
dx 



s * 
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52. Solve = - y 2 , under the hypothesis that when x = 1, y = 1 and -~ = - . 

dx' 2 3 ax 8 

53. Solve = - sin 2 y, under the hypothesis that when x = 1, y = - 

dy ^ 2 

and S = i. 
dx 

54. Solve ^ = sin 2 y, under the hypothesis that when y = 0, -^ = 0. 

dx' 2 dx 

55. Solve 2 = , under the hypothesis that ~ = when y = ex?. 

dx 2 y' 2 ax 

56. Solve = y + 1, under the hypothesis that when x = 2, y = and -~ = 1 

dx' 2 dx 

57. Find the curve in which the slope of the tangent at any point is n times 
the slope of the straight line joining the point to the origin. 

58. Find the curve in which the chain of a suspension bridge hangs, assuming 
that the load on the chain is proportional to its projection on a horizontal line. 

59. Find the curve in which the angle between the radius vector and the 
tangent is n times the vectorial angle. 

60. Find the curve such that the area included between the curve, the axis 
of , a fixed ordinate, and a variable ordinate is proportional to the difference 
between the fixed ordinate and the variable ordinate. 

61. Show that, if the normal to a curve always passes through a fixed point, 
the curve is a circle. 

62. Find the curve in which the length of the portion of the normal between 
the curve and the axis of x is proportional to the square of the ordinate. 

63. Find the curve in which the perpendicular from the origin upon the 
tangent is equal to the abscissa of the point of contact. 

64. Find the curve in which the perpendicular upon the tangent from the 
foot of the ordinate of the point of contact is constant. 

65. Find the curve in which the length of the arc from a fixed point to any 
point P is proportional to the square root of the abscissa of P. 

66. Find the curve in which the area bounded by the curve, the axis of x, 
a fixed ordinate, and a variable ordinate is proportional to the length of the 
arc which is part of the boundary. 

67. Find the deflection of a beam fixed at one end and weighted at the 
other. 

68. Find the deflection of a beam fixed at one end and uniformly loaded. 

69. Find the deflection of a beam loaded at its center and supported at its 
ends. 

70. Find the curve whose radius of curvature is constant. 

71. Find the curve in which the radius of curvature at any point varies as 
the cube of the length of the normal between that point and the axis of x. 
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72. A particle moves in a straight line under the influence of an attracting 
force directed toward a fixed point on that line and varying as the distance from 
the point. Determine the motion. 

73. A particle moves in a straight line under the influence of an attracting 
force directed toward a point on the line and varying inversely as the square of 
the distance from that point. Determine the motion. 

74. Find the velocity acquired by a body sliding down a curve without 
friction, under the influence of gravity. 

75. Assuming that gravity varies inversely as the square of the distance from 
the center of the earth, find the velocity acquired by a body falling from infinity 
to the surface of the earth. 



CHAPTER IX 
FUNCTIONS OF SEVERAL VARIABLES 

83. Functions of more than one variable. A quantity z is said 
to be a function of two variables, x and y, if the values of z are 
determined when the values of x and y are given. This relation is 
expressed by the symbols ts =/(#> y)> z = F(#> y)> etc. 

Similarly, u is a function of three variables, x 9 y, and z, if the 
values of u are determined when the values of x y y, and z are 
given. This relation is expressed by the symbols u =/(#, y, z), 
u = f(asj y } z), etc. 



Ex. 1. If r is the radius of the base of a circular cone, h its altitude, and t? 
its volume, v = ^ Trr 2 A, and is a function of the two variables, r and h. 

Ex. 2. If /denotes the centrifugal force of a mass m revolving with a velocity 

v in a circle of radius r, / = - , and / is a function of the three variables, ?n, 
w, and r. 

Ex. 3. Let v denote a volume of a perfect gas, t its absolute temperature, 

and p its pressure. Then = fc, where k is a constant. This equation may be 

t t t \ 

written in the three equivalent forms :p = A;-,v=:fc-,J = -pv, by which each 

V p K 

of the quantities, p, v, and t, is explicitly expressed as a function of the other two. 

A function of a single variable is defined explicitly by the equa- 
tion y =/(#), and implicitly by the equation F(v, y) = 0. In either 
case the relation between x and y is represented graphically by 
a plane curve. Similarly, a function of two variables may l>e 
defined explicitly by the equation z =/(#, y), or implicitly by the 
equation F(x, y, z) = 0. In either case the graphical representa- 
tion of the function of two variables is the same, and may be 
made by introducing the conception of space coordinatea 

84. Rectangular coordinates in space. To locate a point in 
space of three dimensions, we may assume three number scales, 
XX', YY', ZZ* (fig. 46), mutually perpendicular, and having their 
zero points coincident at 0. They will determine three planes, 

168 
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XOY, YOZ, ZOX, each of wliich is perpendicular to the other 
two. The planes are called the coordinate planes, and the three 
lines, XX', YY 1 , and ZZ f , are called the axes of x, y, and z 
respectively, or the coordinate axes, and the point is called the 
origin of coordinates. 

Let P be any point in space, and through P pass planes perpen- 
dicular respectively to XX 9 , YY' 9 and ZZ ! , intersecting them at 
the points L, M, and N respectively. Then 
if we place x = OL, y = OM, and z = ON, 
as in I, 16, it is evident that to any 
point there corresponds one, and only one, 
set of values of x, y, and z\ and that to 
any set of values of x, y, and z there cor- 
responds one, and only one, point. These 
values of x, y, and z are called the coordi- 
nates of the point, which is expressed as 
P(x, y, z). 

From the definition of x it follows that x is equal, in magnitude 
and direction, to the distance of the point from the coordinate 
plane YOZ. Similar meanings are evident for y and z. It follows 
that a point may be plotted in several different ways by construct- 
ing in succession any three nonparallel edges of the parallelopiped 
(fig. 46) beginning at the origin and ending at the point. 

In ease the axes are not mutually perpendicular, we have a system of oblique 
coordinates. In this case the planes are passed through the point parallel to the 
coordinate planes. Then x gives the distance and the direction from the plane 
YOZ to the point, measured parallel to OJT, and similar nieanings are assigned 
to y and 2. It follows that rectangular coordinates are a special case of oblique 
coordinates. 

85. Graphical representation of a function of two variables. 

Let f(x, y) be any function of two variables, and place 



Then the locus of all points the coordinates of which satisfy (1) is 
the graphical representation of the function f(x, y). To construct 
this locus we may assign values to x and y, as x = x l and y *= y lf 
and compute from (1) the corresponding values of z. There will 
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be, in general, distinct values of z, and if (1) defines an algebraic 
function, their number will be finite. The corresponding points all 
lie on a line parallel to OZ and intersecting XOY at the point 
**i( x i> ^i)> au( * these points alone of this line are points of the locus, 
and the portions of the line between them do not belong to the 
locus. As different values are assigned to # and y, new lines 
parallel to OZ are drawn on which there are, in general, isolated 
points of the locus. It follows that the locus has extension in 
only two dimensions, i.e. has no thickness, and is, accordingly, a 
surface. Therefore the graphical representation of a function of 
two variables is a surface.* 

If /(.#, y) is indeterminate for particular values of x and y, the 
corresponding line parallel to OZ lies entirely on the locus. 

Since the equations z =/(#, y) and F(x, y, z) = are equivalent, 
and their graphical representations are the same, it follows that 
the locus of any single equation in x, y, and z is a surface. 

There are apparent exceptions to the above theorem, if we demand that tho 
surface shall have real existence. Thus, for example, 



is satisfied by no real values of the coordinates. It is convenient in such cases, 
however, to speak of " imaginary surfaces." 

Moreover, it may happen that the real coordinates which satisfy the equa-' 
tion may give points which lie upon a certain line, or are even isolated points. 
For example, the equation x 2 + z/ 2 = 

is satisfied in real coordinates only by the points (0, 0, z) which lie upon the 
axis of z ; while the equation x 2 -f- y 2 + 2 2 = 

is satisfied, as far as real points go, only by (0, 0, 0). In such cases it is still con- 
venient to speak of a surface as represented by the equation, and to consider 
the part which may be actually constructed as the real part of that surface. The 
imaginary part is considered as made up of the points corresponding to sets of 
complex values of x, y, and z which satisfy the equation. 

86, The appearance of any surface can be thus determined from 
its equation by assigning values to any two of the coordinates and 
computing the corresponding values of the third. This method, 
however, has practical difficulties. In place of it we may study 

* It is to be noted that this method of graphically representing a function cannot 
be extended to functions of more than two variables, since we have but three dimen- 
sions in space. 
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any surface by means of the sections of the surface made by planes 
parallel to the coordinate planes. If, for example, we place z = in 
the equation of any surface, the resulting equation in x and y is 
evidently the equation of the plane curve cut from the surface by 
the plane XOY. Again, if we place z = z lt where z l is some fixed 
finite value, the resulting equation in x and y is the equation of 
the plane curve cut from the surface by a plane parallel to the 
plane XOY and z l units distant from it, and referred to new 
axes 0'X f and O f Y f , which are the intersections of the plane z = z l 
with the planes XOZ and YOZ respectively ; for by placing z = z l 
instead of z = 0, we have virtually transferred the plane XOY, 
parallel to itself, through the distance z r 

In applying this method it is advisable to find first the three 
plane sections made by the coordinate planes x = 0, y = 0, z = 0. 
Those alone will sometimes give a general idea of the appearance 
of the surface, but it is usually desirable to study other plane sec- 
tions on account of the additional information that may be derived. 

The following surfaces have been chosen for illustration localise 
it is important that the student should be familiar with them. 



Ex. 1. Ax + By + Cz -f D = 0. 
Placing z = 0, we have (fig. 47) 

Ax + By -f 7) = 0. 



(1) 



Hence the plane XOY cuts this surface in a straight line. Placing y = 
and then x = 0, we find the sections of this surface made by the planes ZOX 
and YOZ to be respectively the straight lines 

Ax + Cz + D = 0, (2) 

and By + Cz + D = 0. (3) 

Placing z = *i, we have 

Ax + By + Czi + D = 0, (4) 

which is the equation of a straight line in the 
plane z = z\. The line (4) is parallel to the Y \ 

line (1), since they make the angle tan-M - J 

with the parallel lines &X' and OX and lie in 
parallel planes. To find the point where (4) intersects the plane XOZ, we place 
y =t 0, and the result Ax + Cz\ -f D = shows that this point is a point of the 
line (2). This result is true for all values of *i. Hence this surface is the locus 
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of a straight line which moves along a fixed straight line always remaining 
parallel to a given initial position ; hence it is a plane. 

Since the equation Ax -f l>y + Cz -f D = is the most general linear equation in 
three coordinates, we have proved that the locus of every linear equation is a plane. 

Ex. 2. z = ax 2 -f 6y 2 , where a > 0, 6 > 0. 

Placing z = 0, we have ox 2 + by* = 0, (1) 

and hence the XOY plane cuts the surface in a point (fig. 48). Placing y = 0, 

we have z __ ax <z /^\ 

which is the equation of a pa- 
rabola with its vertex at O 
and its axis along OZ. Plac- 
ing x = 0, we have 

z - 6y 2 , (3) 

which is also the equation of a 
parabola with its vertex at O 
and its axis along OZ. 

Placing z = z\, where Zi > 0, 
we may write the resulting equa- 
tion in the form 







(4 ) 



Fie. 48 



which is the equation of an el lipse 

with semiaxes \l and -%/ 

\a \ b 

As the plane recedes from the 
origin, i.e. as z\ increases, it is 
evident that the ell ipse increases 
in magnitude. 



If we place 2 = * lf the result may be written in the form x 2 H 

z\ z l 



y 2 = 1, 

and hence there is no part of this surface on the negative side of the plane XOY. 

The surface is called an elliptic, paraboloid, and evidently may be generated by 
moving an ellipse of variable magnitude always parallel to the plane XOY, the 
ends of its axes always lying respectively on the parabolas z = ax 2 and z = by 2 . 

While the appearance of the surface is now completely determined, we shall, 
nevertheless, find it of interest to make two more sections. In the first place, we 
note that both the coordinate planes through OZ cut the surface in parabolas 
with their vertices at O and their axes along OZ, and hence arises the question, 
Do all planes through OZ cut the surface in parabolas ? 

To answer this question we shall make a transformation of coordinates by 
revolving the plane X OZ through an angle about OZ as an axis. The formulas 



of transformation will be 



x = X , C080 _ 



y = 
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for z will not be changed at all, and x and y will be changed in the same man- 
ner as in I, 115. The transformed equation is 

z = & (x' cos y' sin 0) 2 -f- b (x' sin -[- y^ cos 0) 2 . 
Placing y' = 0, we have z = (a cos 2 -f 6 sin 2 0) x /2 , (5) 

which is a parabola with its vertex at and its axis along OZ. But by chang- 
ing we can make the plane X'OZ any plane through OZ, and hence every 
plane through OZ cuts this surface in a parabola with its vertex at O and its 
axis along OZ. 

Finally, we will place 
y = y\ and write the result- 
ing equation in the form 
2 _ 1 

which is the equation of a 
parabola with its axis par- 
allel to OZ and its vertex 
at a distance by* from the 
plane XOY. 

X 2 V 2 2 2 

Ex. 3. + =1. 

a 2 ^ 52 C 2 

Placing z = 0, we have 

-5 + ^ = 1 > 0) FlG - 49 

which is the equation of an ellipse with semiaxes a and b (fig. 40). Placing 
y = 0, we have X 2 z z 

tt 2 ""^ 2 "" ' ( ' 

which is the equation of an hyperbola with its transverse axis along OX and 
its conjugate axis along OZ. Placing x = 0, we have 




b* 



(8) 



which is the equation of an hyperbola with its transverse axis along OF and 
its conjugate axis along OZ. 

If we place z = z\ , and write the resulting equation in the form 

18 - - :1, (4) 



we see that the section is an ellipse with semiaxes a 

which accordingly increases in magnitude as the cutting plane recedes from 
the origin, and that the surface is symmetrical with respect to the plane JT0F, 
the result being independent of the sign of z\. 
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Accordingly this surface, called the unparted hyperboloid or the hyperboloid 
of one sheet, may be generated by an ellipse of variable magnitude moving 
always parallel to the plane XOY and with the ends of its axes always lying 

x 2 2 2 ifl z 2 

on the hyperbolas - = 1 and ~ - = 1. 

a* c 2 6 2 c 2 

If now we revolve the plane XOZ about OZ as an axis by making the trans- 

formation 



the transformed equation is 



(x'cosfl -y'sin^) 2 (x'sin0 -f y'cos^) 2 __ s 2 __ 
a 2 62 c 2 " ' 



Placing y' = 0, we have (22j* + **)* - 1 = 1, (6) 

and have thus proved that the section made by any plane through OZ is an 
hyperbola with its conjugate axis along OZ. 

Finally, we place y = y^ and write the resulting equation in the form 



a* c 2 6 2 

whence we see that the surface is symmetrical with respect to the plane XOZ. 
To discuss the equation further we shall have to make three cases according to 
the value of y\. 

If yi < 6, we put the equation in the form 



4-) *(-) 



* 



which is the equation of an hyperbola with its transverse axis equal to 

I y? 

2 a "VI and parallel to OX Hence the vertices will approach coincidence 

as the cutting plane recedes from the origin. 
If y l = 6, the equation may be put in the form 



which is the equation of two straight lines which intersect on OF. 
If Vi> 6, we write the equation in the form 



=1, 



which is the equation of an hyperbola with its transverse axis equal to 

Iv? 
2 c V-~ - 1 and parallel to OZ. Hence the vertices separate as the cutting 

plane recedes from the origin. 
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S+S-5-* 



This surface (tig. 60) is a 
cone, with OZ as its axis and 
its vertex at 0. 



Ex.5. + + ^i. 
a 2 6 2 c 2 

This surface (fig. 61) is the 
ellipsoid. 



K,.e 




FIG. 50 



This surface (fig. 62) is the 
biparted hyperboloid or the //y- 
perboloid of two ahcets. 

The discussions of the last 

three surfaces am very similar to that of the. imparted hyperboloid, and for 
that reason they have been left to the student. 

Ex. 7. z = ax 2 - &y 2 , where a > 0, b > 0. 
Placing z = 0, we obtain the equation 

0x2 _ 5^2 = o, (1) 

i.e. two straight lines intersecting at the origin (fig. 63). Placing y = 0, we have 

z = ax 2 , (2) 

the equation of a parabola with its vertex at and its axis along the positive 

direction of OZ. 

Placing x = 0, we 
have 

s=-V, () 
the equation of a pa- 
rabola with its ver- 
tex at and its axis 
along the negative 
direction of OZ. 

Placing x = i, 
we have 

z = ax? - 6y 2 , 
or 




a parabola with its axis parallel to OZ and its vertex at a distance ax? from 
the plane XOY. It is evident, moreover, that the surface is symmetrical with 
respect to the plane FOZ, and that the vertices of these parabolas, as different 
values are assigned to Xi, all lie on the parabola z = ax 3 . 
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Hence this surface may be generated by the parabola z = by* moving 
always parallel to the plane FOZ, its vertex lying on the parabola z = ox 2 . 
The surface is called the 
hyperbolic paraboloid. 

Finally, placing *=i, 
where z\ > 0, we have 

zi = ax 2 - 6y 2 , 



or 



' = ], (5) 



an hyperbola with its 
transverse axis parallel 
to OX and increasing in 
length as the cutting 
plane recedes from the 
origin. 

If z = i, we may 
write the equation in the 
form 




an hyperbola with its transverse axis parallel to OF and incro.isiiig in length 
as the cutting plane recedes from the origin. 




GRAPHICAL REPRESENTATION 



167 



Ex. 8. z kxy. 

As the algebraic sign of the constant k merely shows which side of the plane 
XOY we take as the positive side, we will assume fc>0, and discuss the surface 
(fig. 64) on that hypothesis. 

Placing z = 0, we have xy = 0, which is the equation of the axes OX and OF. 
Placing y = 0, or x = 0, we have z = 0, and gain no new information about 
the surface. 

Placing z = Zi, where z\ > 0, we have 

*1 /-is 



an hyperbola referred to its asymptotes as axes (I, 117, Ex.). Placing z = z v 
we have the hyperbola __ z\ 

~~ k 



(2) 




Hence all sections made by planes parallel to XOY are hyperbolas with OX 
and OF as their asymptotes, and lying in the first and the third quadrants or in 
the second and the fourth quadrants according as the cutting plane is on the 
positive or the negative side of the XOY plane. 

Placing x = i, where x\ > 0, we have 

z = few, (3) 

which is the equation of a straight line intersecting OX and parallel to the 
plane FOZ. If x = - i, we have the straight line 

(4) 



Similarly, placing y = 3/1, where y\ > 0, we have 

z = 
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which is the equation of a straight line intersecting OF and parallel to the plane 
ZOX. If y = yi, we have the straight line 

z = kyix. (6) 

As the cutting plane recedes from the origin it is evident that these straight 
lines revolve about OA" and OY respectively as they move along them, but 
always remain parallel to the planes TOZ and ZOX respectively. 

Finally, we will revolve the plane XOZ 
about OZ as an axis, the transformed equa- 
tion being 

z = 

Placing y' = 0, we have 

z = ATX' 2 cos sin 0, (7) 

the equation of a parabola 
with its vertex at and its 
axis along OZ. Hence all 
planes through OZ cut this 
surface in parabolas with 
their axes along OZ. 

The surface is a special 
case of the hyperbolic pa- 
raboloid of Ex. 7 ; for if 
we keep OZ in its original position and 
swing OX and OF into new positions by 
the formulas of I, 117, and choose the 
angle <f> as in the illustrative example of 
that article, the equation z = ax 2 by' 1 
xy. Here the coordinates are oblique unless 6 = a ; 




FIG. 55 



assumes the form z = 



4a6 



but if b = a, the coordinates are rectangular and we have the case just con- 
sidered, where k = 2 a. 

The portion of this surface on which the coordinates are all positive shows 
graphically the relations between the pressure, the volume, and the tempera- 
ture of a perfect gas ( 83, Ex. 8). This part of the surface is shown in fig. 55. 

87. Surfaces of revolution. If the sections of a surface made 
by planes parallel to one of the coordinate planes are circles with 
their centers on the axis of coordinates which is perpendicular to the 
cutting planes, the surface is a surface of revolution ( 37) with that 
coordinate axis as the axis of revolution. This will always occur 
when the equation of the surface is in the form F(^/a?+y* f z) = 0, 
which means that the two coordinates x and y enter only in the 
combination W+y* ; for if we place z = z l in this equation to 
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find the corresponding section, and solve the resulting equation for 
#* + 1?> we have, as a result, the equation of one or more circles, 
according to the number of roots of the equation in #*+ y 2 . 

Again, if we place x = Q, we have the equation F(y, )=0, 
which is the equation of the generating curve in the plane YOZ. 
Similarly, if we place y = 0, we have F(x 9 z) = 0, which is the 
equation of the generating curve in the plane XOZ. It should be 
noted that the coordinate which appears uniquely in the equation 
shows which axis of coordinates is the axis of revolution. 

Conversely, if we have any plane curve F (x y z) = in the plane 
XOZ, the equation of the surface formed by revolving it about OZ as 
an axis is F(^a?+ y 2 , z) = 0, which is formed by simply replacing 
x in the equation of the curve by Vof 2 + y 2 . 

Ex. 1. Show that the imparted hyperboloid ~ ^ + ~ = 1 is a surface of 
revolution. a a 

Writing this equation in the form 



we see that it is a surface of revolution with OF as the axis. 

z 2 i/ 2 
Placing z = 0, we have -- ^ = 1, an hyperbola, as the generating curve. 

The hyperbola was revolved about its conjugate axis. 

Ex. 2. Find tho paraboloid of revolution generated by revolving the parabola 
y 2 = 4px about its axis. 

Replacing y by Vy 2 + z*, we have as the equation of the required surface 



88. Cylinders. If a given equation is of the form F(x, y) = 0, 
involving only two of the coordinates, it might appear to represent 
a curve lying in the plane of those coordinates. But if we are 
dealing with space of three dimensions, such an interpretation would 
be incorrect, in that it amounts to restricting z to the value z = 0, 
whereas, in fact, the value of z corresponding to any simultane- 
ous values of x and y satisfying the equation F(x, y) = may be 
anything whatever. Hence, corresponding to every point of the 
curve F(x, y) = in the plane XO Y, there is an entire straight line, 
parallel to OZ, on the surface F(x, y) = 0. Such a surface is a 
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cylinder, its directrix being the plane curve F(x 9 y) = in the 
plane z = 0, and its elements being parallel to OZ t the axis of the 
coordinate not present. 

For example, sf + y* = a* is the equation of a circular cylinder, 
its elements being parallel to OZ, and its directrix being the circle 
v?+ f = a 2 in the plane XOY. 

In like manner, z 2 = ky is a parabolic cylinder with its elements 
parallel to* OX. 

If only one coordinate is present in the equation, the locus is a 
number of planes. For example, the equation sf (a + b) x + al == 
may be written in the form (x a)(% l)= 0, which represents 
the two planes x a = and x b = 0. Similarly, any equation 
involving only one coordinate determines values of that coordinate 
only and the locus is a number of planes. 

Regarding a plane as a cylinder of which the directrix is a 
straight line, we may say that any equation not containing all the 
coordinates represents a cylinder. 

If the axes are oblique, the elements of the cylinders are not 
perpendicular to the plane of the directrix. 

89. Space curves. The two surfaces represented respectively by 
the equations f^x, y, z) = and / 2 (x 9 y, z) = intersect, in general, 
in a curve, the coordinates of every point of which satisfy each of 
the equations. Conversely, any point the coordinates of which 
satisfy these equations simultaneously is in their curve of inter- 
section. Hence, in general, the locus of two simultaneous equations 
in x, y, and z is a curve. 

In particular, the locus of the two simultaneous linear equations^ 

+ Cf + />!= 0, 



is a straight Iine 9 since it is the line of intersection of the two 
planes respectively represented by the two equations. 

If, in the equations f^x, y, z) = 0, f 2 (x, y, z) = 0, we assign a 
value to one of the coordinates, as x for example, there are two 
equations from which to determine the corresponding values of 
y and z, in general a determinate problem. But if values are 
assigned to two of the coordinates, as x and y> there are two 
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equations from which to determine a single unknown 2, a prob- 
lem generally impossible. Hence there is only one independent 
variable in the equations of a curve. 

In general, we may make x the independent variable and place 
the equations of the curve in the form y = <^ 1 (^), = =<^ 2 ( C )> ^7 
solving the original equations of the curve for y and z in terms 
of x. The new surfaces, y = ^ (x), z = <f> 2 (x), determining the curve, 
are cylinders ( 88), with elements parallel to OZ and OY respec- 
tively. The equation y Q^x) interpreted in the plane XOYis 
the equation of the projection ( 92) of the curve on that plane. 
Similarly, the equation z = ^ 8 (a?), interpreted in the plane ZOX> is 
the equation of the projection of the curve on that plane. 

In particular, if we solve the equations 



for y and z in terms of x, we have two equations of the form 



as the equations of the same straight line that was represented by 
the original equations. 

90. If t is any variable parameter, and we make x a function 
of t, as x=f l (t) ) and substitute this value of a? in the equations 
y = <k (x), z = < a (x) ( 89), we have 



as the parametric equations of the curve. 
More generally, the three equations 



represent a curve, the equations of which may be generally put in 
the form y = ^(x) 9 zss < 2 (#), by eliminating t from the first and 
the second equations, and from the first and the third equations. 

Ex. The space curve, called the helix, is the path of a point which moves 
around the surface of a right circular cylinder with a constant angular velocity 
and at the same time moves parallel to the axis of the cylinder with a constant 
linear velocity. 



172 



FUNCTIONS OF SEVERAL VARIABLES 



Let the radius of the cylinder (fig. 56) be a, and let its axis coincide with 
OZ. Let the constant angular velocity be and the constant linear velocity 

be v. Then if denotes the angle through 
which the plane Z OP has swung from its 
initial position ZOJT, the coflrdinates of 
siny point P (x, y, z) of the helix are given 
by the equations 

x = a cos 0, y = a sin 0, z = vt. 
But = w, and accordingly we may have 
as the parametric equations of the helix 

x = a cos , y = a sin w, z = vt, 
t being the variable parameter. 

Or, since t = -- , we may regard as 

the variable parameter, and the equa- 
tions are 

x = a cos 0, y = a sin 0, 3 = A;0, 
where k is the constant - 



91. Ruled surfaces. A surface 
which may be generated by a mov- 
ing straight line is called a ruled 
surface. The plane, the cone, and 
the cylinder are simple examples 
of ruled surfaces, and in 86, Ex. 8, it was shown that the hyper- 
bolic paraboloid is a ruled surface. 

Ex. 1. Prove that the ruled surface generated by a straight line which 
moves so as to intersect two fixed straight lines not in the same plane and at 
the same time remain parallel to a fixed plane is an hyperbolic paraboloid. 

Let the fixed straight lines have the equations y = 0, z = 0, and y = c, z = kx, 
and let YOZ be the fixed plane, the axes of coordinates being oblique. Then the 
straight line x = a, y = mz is a straight line which is parallel to the plane YOZ 
and intersects the line y = 0, z = 0, for all values of a and m. If this line 

intersects the line y = c, z = foe, evidently m = -' Therefore the equations of 

c ka 

the required line are x = a, y =- z. Any values of x, y, z which satisfy these 

KCL - IL 

equations satisfy their product xy -~z, or * = -xy. Hence the line always 

k k c 

lies on the surface z = -xy, an hyperbolic paraboloid ( 86, Ex. 8). 

C x 2 y 2 s 2 

Ex. 2. Prove that the unparted hyperboloid -- + - - - = 1 is a ruled sur- 
face having two sets of rectilinear generators, i.e. that through every point of it 
two straight lines may be drawn, each of which shall lie entirely on the surface. 




FIG. 56 
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If we write the equation of the hyperboloid in the form 

it is evident that (1) is the product of the two equations 



a c 
x . z 



for any value of k\. But (2) are the equations of a straight line ( 89). More- 
over, this straight line lies entirely on the surface, since the coordinates of every 
point of it satisfy (2) and hence (1). As different values are assigned to Jfci, we 
obtain a series of straight lines lying entirely on the surface. 
Conversely, if PI (xi, yi, Zi) is any point of (1), 




Therefore PI determines the same value of k\ from both equations (2). Hence 
every point of (1) lies in one and only one line (2). 

We may also regard (1) as the product of the two equations 






whence it is evident that there is a second set of straight lines lying entirely on 
the surface, one and only one of which may be drawn through any point of 
the surface. 

Equations (2) and (3) are the equations of the rectilinear generators, and 
every point of the surface may be regarded as the point of intersection of one 
line from each set. 

Ex. 8. The conoid (Ex. 62, p. 83) is evidently a ruled surface, since it is gen- 
erated by a straight line moving always parallel to a given plane and at the 
same time intersecting a given curve and a given straight line. 

Ex. 4. Another example of a ruled surface is the cylindroid^ i.e. the surface 
generated by a straight line moving parallel to a given plane and touching two 
given curves. 

Ex. 5. Show that the prismoidal formula ( 39) applies to the volume 
bounded by a ruled surface and two parallel planes. 

The equations x = pz -f g, y = rz + a represent a straight line. If p, 9, r, and 
8 are functions of a single independent parameter 6, the line generates a ruled 
surface. 
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If wo place z = 0, we have x g, y = a, the parametric equations of the sec- 
tion of the ruled surf ace .by the plane XOY. Similarly, if we place z = zi, we 
have x = pz\ -\- q, y = rzi + *, the parametric equations of a section parallel to 
XQY. Suppose now when t varies trom fo to <i, the straight-line generator of 
the surface traverses the perimeter of the section z z\. Then the area of this 
section is 



r -< 



This is a quadratic polynomial in zi. Hence the prismoidal formula holds for 
a portion of a ruled surface bounded by parallel planes. 
The prisinoid itself is a special case of such a surface. 

PROBLEMS 

1. Show that the surface Ifi (jc, ?/, z) + kf z (x, y, z) = 0, where I and k are 
constants, is a surface passing through all the points common to the two sur- 
faces fi (or, y, z) = and / 2 (ac, y 2) = 0, and meeting them at no other points. 

2. Discuss the surface xyz = a 3 by means of plane sections. 

3. Show that the surface z = a - Vx" 2 -f y' 2 is a cone of revolution, and find 
its vertex and axis. 

4. Prove that the surface ax + by = cz 2 is a cylinder, and discuss its 
plane sections. 

5. Discuss the surface x* + y* -f z* = a by means of plane sections. 

6. Prove that the surface (ax + by)* = cz is a cylinder, and discuss its 
plane sections. 

7. Discuss the surface z* -f y% + z* = cfl by means of plane sections. 

8. Find the equation of a right circular cylinder which is tangent to the 
plane XOZ and has its axis in the plane YOZ. 

9. Find the equation of a right circular cylinder which is tangent to the 
planes XOZ and XOY. 

10. Describe the locus of the equation z + (y -f I) 2 = 0. 

11. Describe the locus of the equation 2 y* - 6 y 3 = 0. 

12. Describe the locus of the equation (ax + by)* c 2 z 2 = 0. 

13. Find the equation of the oblate spheroid, i.e. the surface generated by 
an ellipse revolving about its minor axis. 

14. Find the equation of a biparted hyperboloid of revolution with OY 
as its axis. 

15. Find the equation of the prolate spfwoid, i.e. the surface generated by 
revolving an ellipse about its major axis. 
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16. Find the equation of the surface generated by revolving the parabola 
y* = 4tpx about OY as an axis. 

17. Find the equation of the ring surface generated by revolving about OX 
the circle & + (y - ft) 2 = a 2 , where a < 6. 

18. Write the equation of the surface generated by revolving the hyperbola 
xy = c about either of its asymptotes as an axis. 

19. Find the equation of the surface formed by revolving the four-cusped 
hypocycloid x* + y% eft about OY as an axis. 

20. What surface is represented by the equation x* -f (y 2 -f 2 2 )* = a* ? 

21. What surface is represented by the equation x 2 + z* y 6 = ? 

22. What is the line represented by the equations y 2 + 2 2 6x = 0, 
x - 3 = ? 

23. Show that the line of intersection of the surfaces x 2 + y 2 = a 2 and y = z 
is an ellipse. (Rotate the axes about OX through 46.) 

24. Show that the projections of the skew cubic x = , y = tf 2 , z = t 8 on the 
coordinate planes are a parabola, a serni cubical parabola, and a cubical 
parabola. 

25. Prove that the projections of the helix x = a cos0, y = asinl, z = kO 
on the planes XOZ and YOZ are sine curves, the width of each arch of 
which is far. 

26. Prove that the projection of the curve x = e', y = e~ , 2 = $V2, on 
the plane XOY is an equilateral hyperbola. 

27. Turn the plane XOZ about OZ as an axis through an angle of 46, and 
show that the projection of the curve x = e i , y = e~', 2 = $V2 on the new 
XOZ plane is a catenary. 

28. Show that the curve x = t 2 , y = 2, 2 = isa plane section of a para- 
bolic cylinder. 

29. Prove that the skew quartic x = J, y = 8 , z = ( 4 is the intersection of 
an hyperbolic paraboloid and a cylinder the directrix of which is a cubical 
parabola. 

30. The vertical angle of a cone of revolution is 90, its vertex is at O, and 
its axis coincides with OZ. A point, starting from the vertex, moves in a spiral 
path along the surface of the cone so that the measure of the distance it has 
traveled parallel to the axis of the cone is equal to the circular measure of the 
angle through which it has revolved about the axis of the cone. Prove that the 
equations of its path, called the conical helix, are x = Scosfl, y = tsint, z = t. 
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PLANE AND STRAIGHT LINE 

92. Projection. The projection of a point on a straight line 
is defined as the point of intersection of the line and a plane 
through the point perpendicular to the line. Hence in fig. 46 
L, M, and N are the projections of the point P on the axes of x y y, 
and z respectively. 

The projection of one straight line of finite length upon a 
second straight line is the part of the second line included 
between the projections of the ends of the first line, its direction 

being from the projection of the 
initial point of the first line to the 
projection of the terminal point of 
the first line. In fig. 57, for ex- 
ample, the projections of A and B 
_ N on MN being A f and B* respec- 
tively, the projection of AB on 
MN is A f B f , and the projection of 
BA on MN is B'A r . If MN and 
AB denote the positive directions 
respectively of these lines, it fol- 
lows that A'ff is positive when it has the same direction as MN 
and is negative when it has the opposite direction to MN. 

In particular, the projection on OX of the straight line PJ^ drawn 
from JJ(^, y v zj to P^fa, y 2 , z 2 ) is L^L V where OL l ^x l and 
OL 2 ~x y But l^CiSso;, t by I, 13. Hence the projection 
of JJ/J on OX is # 2 ajjj and similarly, its projections on OY 
and OZ are respectively y 2 y^ and 3 2 * r 

If we define the angle between any two lines in space as the 
angle between lines parallel to them and drawn from a common 
point, then the projection of one straight line on a second is the 

176 
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product of the length of the first line and the cosine of the angle 
between the positive directions of the two lines. Then if <j> is the 
angle between AB and MN (fig. 57), 



To prove this proposition, drawee parallel to AB and meet- 
ing the plane ST at C. Then A'C=AB, and A f B'=A'C cos<, 
by I, 14, whence the truth of the proposition is evident. 

Defining the projection of a broken line upon a 
straight line as the sum of the projections 
of its segments, we may prove, as in I, 
15, that the projections on any straight 
line of a broken line and 
straight line joining its ends 
are the same. 

We will now 
show that the 
projection 
of any 



FIG. 68 

plane area upon another plane is the product of that area and 
the cosine of the angle between the planes. 

Let X'OY (fig. 58) be any plane through OY making an angle 
<f> with the plane XOY. Let A' f be any area in X'OY such that 
any straight line parallel to OX 1 intersects its boundary in not 
more than two points, and let AB be its projection on XOY. 

Then ( 35) area A' f = C(4~ x[) dy, (1) 

the limits of integration being taken so as to include the whole area. 

In like manner, area AB = J (# 2 x^ dy, (2) 

J * 

the limits of integration being taken so as to cover the whole area. 
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But the values of y are the same in both planes, since they 
are measured parallel to the line of intersection of the two planes; 
and hence the limits in (1) and (2) are the same. Since the x 
coordinate is measured perpendicular to the line of intersection, 
# 2 = # cos <, x l = x[ cos <, and (2) becomes 



area AB = I (^ js{) cos <f> dy 
= cos< I (x! 2 x[)dy 
= (cos (f>) (area AW). 



93. Distance between two points. Let JfJ^, y v J and P 2 (x 2 , 
y v 2 2 ) (fig. 59) be any two points. Pass planes through JJ and JF 
parallel to the coordinate planes, thereby forming a rectangular 

parallelopiped having the edges parallel 
to OX, OF, and OZ, and having P^ as 
a diagonal. Then the edges are equal 
respectively to ay a^, y*Hv an( l *"~*i 
( 92), being equal to the projections of 

on ox > > and oz - 
Hence 




FIO.W 



If the two points have two coordinates the same, as, for example, 
= y v z 2 = *, the formula reduces to -?J^ = ic 2 a? r 



Ex. 1. Find a point Vli units distant from each of the three points 
(1,0,3), (2, -1,1), (3, 1,2). 
Let P(, y, z) be the required point. 
Then (x - 1)2 + (y - 0)2 + (z - 3)2 = 14, 

(x-2)2 + (y + 1)2 + ( Z -1)2 = 14, 



Solving these three equations, we determine the two points (0, 2, 0) and (4, 2, 4). 
* Ex. 2. Find the equation of a sphere of radius r with its center at 



If P(x, y, z) is any point of the sphere, 

(x - *i)2 + (y - yi )2 + (z - fl )f = r2. (1) 

Conversely, if P(a>, y, z) is any point the coordinates of which satisfy (1), 
P is at the distance r from P lf and hence is a point of the sphere. Therefore 
(1) is the required equation of the sphere. 
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94. Length of a space curve in rectangular coordinates. The 

method of finding the length of a space curve is similar to that of 
finding the length of a plane curve, so that the proof of 40 may 
be repeated. 

If AB (fig. 60) is the given curve, we assume n 1 points 
jfj, P 2 , 7g, - , ^_j between A and 7?, and connect each pair of 
consecutive points by a straight line. The length AB is then 
defined as the limit of the sum . 
of the lengths of the n chords AJ[, < ^~*^&-&Jl 
P& ' > -?-i^> as n is increased 
without limit and the length of 
eacli chord approaches zero as a 
limit (I, 104). 

Let the coordinates of P t be (jr., y i9 z t ) and those of J? +1 be 

(#,. + A;r, y. + Ay, *, + Az). Then P t P^^ ^K^+ Ay *+ A? ( 93). 
Now if x y y, z are functions of a variable parameter t (90), and 

have the derivatives ^> -~> ^> then vA,c 2 + A/ + A* 2 is an 
dt dt dt 

infinitesimal which differs from the infinitesimal Vrf^y* + dt/ 2 + dz* 
by an infinitesimal of higher order. For we have 




. 

+ dt 



dt 
Since i is the independent variable, A = <i< ( 4) ; also 



Hence Lim 



Therefore ( 3), in finding the length of the curve, we may 
replace v A?+ A^ 2 + Aa; 2 by ^/d,v*+ dy*+ dz*. Hence, if 5 denotes 
the length of .41?, we have 



s = 
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where (A) and (B) denote the values of the independent variable 
for the points A and B respectively. From this formula for s it 

follows ( 9) that ' , 

07 ds = v cfor + dy* + dz\ 

Ex. Find the length of an arc of the helix x = acosfl, y - asinfl, z = fc0, 
corresponding to an increase of 2 TT in 6. 

Hero cLc = a sin d0, dy a cos0 eJ0, and dz ~ k d$. 

/ 0j + 2 IT 

Therefore 



95. Direction of a straight line. The direction of any straight 
line in space is determined by means of the angles which it makes 
with the positive directions of the coordinate axes OX, OF, OZ. 

We denote these angles by a, fi, and 
y respectively (fig. 61). Then their 
cosines, i.e. cos a, cos & cos 7, are 
called the direction cosines of the 
line. 

It is to be noted that the same 
straight line makes the angles a l9 l9 
7 X or TT a v TT ft v TT 7j with the 
coordinate axes, according to the di- 
rection in which the line is drawn. 
Hence its direction cosines are either coao^, cosjSj, cos7,_ or 
cosa^, cos/Sj, cos7 r A straight line in which the direc- 
tion is fixed has only one set of direction cosines. 

The three direction cosines are not independent, for they satisfy 
the equation 




that is, the sum of the squares of the direction cosines of any 
straight line is always equal to unity. 

To prove this theorem, let the line Jj'TJ (fig. 59) be any straight 
line and let it make the angles a, /9, and 7 with 0JT, OF, and 
OZ respectively. Then 

PO JPJR JPSf 

-> 
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Squaring and adding these equations, we have 

2 , 20 , 2 

cos 2 a: + cos 2 /8 + cos 2 7 = 
But 



Therefore cos 2 # + cos 2 $ + cos 2 7 = 1. 

96. If P l (x v y v z^ is any fixed point (fig. .59), the coordinates of 
any second point P^ may be denoted hy (2^ + A#, y 4 + Ay, ^+ A), 
where A#, Ay, and A are arbitrary. 

If cos or, cos/8, cos 7 are the direction cosines of the straight 
line 1]!^ we have, by the work of the last article, 

Ay 
-- 



cos a = - > cos ft 

~">AyVAV 2 

cos 7 = 



____ __ 

+ Ay 2 + A/ 



for 
and 

Hence, if AJ?, Ay, and As? are given, the direction of a straight 
line is determined, but the particular straight line having that di- 
rection is not determined, for the values of A#, Ay, and A-s in no 
way determine x v y v and z v the coordinates of the initial point of 
the line. Moreover, the ratios of Aus, Ay, and A are alone essen- 
tial in determining the direction of the line. Accordingly we may 
speak of the direction &x :.Ay ' Az, meaning thereby the direction 
of a straight line, the direction cosines of which are respectively 

A# Ay Az 





gi 

Furthermore, if A, B, and C are any three given numbers, we 
may speak of the direction A : B : C. For we may place A# = A, 
Ay = B, As = C f , and thus determine a direction, the direction 
cosines of which are 

A B C 
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97. Direction of a space curve. If we regard the position of a , 
point P(*c, y, z) of a curve as determined by s, its distance along 
the curve from some fixed point of the curve, as in I, 105, x, 
y, and z are functions of s, i.e. 



Then if s is increased by an increment As, a second point 
Q(x+&x, y+&y, z + z) of the curve is located, and the direc- 
tion cosines of the chord PQ are 

A# Ay As 



/ . 



.q - - / J /. .<. . 



(96) 



The limits of these ratios, as As = 0, are the direction cosines of 
the tangent to the curve at P. 

A. As 



Now 



whence Liin T=--- 



Ac 

for Lim-7 ~ -~-^.-.- =]. (T, 104) 

/ -- , --- a - - \ * o / 



Proceeding in the same way with the other two ratios, we have 

dx dy dz ,. ,. ,. . ., 

-~; -~> as the direction cosines of the curve at any point, 

ds ds ds ' 

since the directions of the tangent and the curve at any point are 
the same. 

t Instead of giving the direction cosines, we may speak of the 
direction of the curve as the direction dx : dy : dz y since 



ds =Vdx?+ dy*+ dx*. ( 94) 

% 
Ex. Find the direction of the helix 

x = a cos0, y = a sin0, z = kO, 
at the point for which 0=0. 

Here dx = -aainOde, dy = acos0de, dz = kdO. Therefore, at the point 
for which 0=0, the direction is the direction Q:adO:kd6, and the direction 

cosines are 0,- 
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98. Angle between two straight lines. Let the directions of any 
two straight lines be respectively A^ : A^ : A X 2 and A 2 # : A 2 y : A^, 
where the subscripts are used merely to distinguish the two direc- 
tions. If two straight lines having these direc- 
tions are drawn from any point P(x, y, z) they 
will pass through the two points JJ^ + A^, 
y + A lt y, z + Aj) and j(0 + A 2 #, y + A 2 y, z + A 2 *) 
(fig.62) respectively. yi - 2 

Then if 9 is the angle between these two lines, we have, by 
trigonometry, 




-- _ 

cos = _ . /I) 

2PJI-PP, v ' 



But */?'=*,."* ' ~* 



2 , --" 2 



-A 1 ) 2 , ( 93) 
whence, by sxibstitution in (1) and simplification, 



an* - " _ (2) 

Vi^+Ay+A/ VA 2 x' 2 H- A 2 ^ 2 + A/ 

or if cos a v cos ^8 P cos 7 t are the direction cosines of any straight 
line with the first direction, and cos # 2 , cos 2 , cos 7 2 are the direc- 
tion cosines of any straight line with the second direction, the 
above formula becomes 

cos 6 = cos #! cos er 2 + cos ft l cos /8 2 + cos 7 X cos 7 2 . (3) 

If the two directions are given as A l : 7^ : C v and A 2 : B^ : (7 2 , 
(2) evidently becomes 






If the lines are perpendicular to eacri other, 

^ 1 ^+B 1 B,+ C 1 C r ,-0, (5) 

since cos ^ = ; and if they are parallel to each other, 

^1 = ^1 = ^, (6) 

A, B, C t - V; 

since cos a t = cos a,, cos /8 t = cos /8 2 , cos7 1 =cos7 a . 
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If represents the angle between any two curves, we have, 



99. Direction of the normal to a plane. Let P 1 (^ v y v zj and 

be any two points of the plane 

Q. (1) 
Substituting their coordinates in (1), we have 

= 0, (2) 

^z) + D^O. (3) 

Subtracting (2) from (3), we have 

A - A# + B Ay + C A* = 0, (4) 

whence, by (5), 98, the direction A :B : C is normal to the direc- 
tion A# : Ay : Az. But the latter direction is the direction of 
any straight line of the plane. Hence the direction A : B : C is the 
direction of the normal to the plane Ax + By + Cz + D=Q. 

We may now show that the equation of any plane is a linear 
equation of the form (1). For let the given plane pass through 
a fixed point P^(x v y v z^ and be perpendicular to a straight line 
having the direction A:B:C. 

Now the equation Ax +By + Cz + D=0 

represents a plane perpendicular to the direction A:S:C. This 
plane will pass through % if 



whence D = (Ax l + By l + 

Therefore A(x-x l ) + %(y-y 1 )+ C(*-zJ= (5) 

represents a plane perpendicular to the direction A:B:C and 
passing through the fixed point JfJ (x v y v zj. But only one plane 
can satisfy these conditions ; hence the given plane has the equa- 
tion just determined. Any plane may be determined in this way, 
however, and hence every plane may be represented by a linear 
equation. 
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Ex. Find the equation of a plane passing through the point (1, 2, 1) and 
normal to the straight line having the direction 2 : 3 : 1. 
The equation is 9 . . 



or 



100. Normal equation of a plane. Let a plane be passed through 
the point J^(x v y v z^ perpendicular to the straight line 0% (fig. 63). 
By 96, the direction z 

of OJFJ is the direction 
x^y^z v and hence the 
equation of the required 
plane is, by (5), 99, 



+ *i(*-*i)=0> (1) 
which may be put in the 
form 




*i')=0. (2) 

If the direction cosines of Y I0 ' 

OJJ are denoted respectively by /, w, and n, i.e. I = cos or, m = cos j 

n = cos 7, and the length of OJfJ is denoted by p, then 

/ = ^i . ^ U\ 



+ *i a 



n 



and 



Accordingly, if we divide equation (2) by Vasf + yi+?,it becomes 
to + wy + 712; p = 0, (3) 

which is known as the normal equation of the plane. 

Equation (3) may also be deriv^Jr geometrically as follows : 
Let P(x, y, z) (fig. 63) be any point of the plane, and let OL = x, 
LM~y, MP*=z. Draw OP. Then the projection of OP on 07J 
is OJJ, and the' projection of the broken line OLMP on 02% is 
/ OL + m- LM+n-MP ( 92). Hence 



or 



Ix + my + nz 
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The general equation of the plane 



may evidently be made to assume the normal form by dividing the 
equation by ^A 2 + B* + C' 2 , since the direction of the normal to 
the plane is the direction A:B:C. The sign of the radical must 
be taken opposite to the sign of D in order that the constant term 
may be the negative of the distance of the plane from the origin, 
as in (3). 

Ex . Find the direction cosines of the normal to the plane 2x 
also its distance from the origin. 



Dividing by - V2 2 + 3* + 6 2 , i.e. - 7, 
we have - % x + %y - $z -2 = Q. 

Hence the direction cosines of the normal to this plane are ^ , ^ , ~ f , and 
the plane is 2 units distant from the origin. 

101. Angle between two planes. Let the two planes be 

O, (1) 

Q. (2) 



The angle between these planes is the same as the angle between 
their respective normals, the directions of which are respectively 
the directions A l : B^ : C l and A 2 : J9 2 : C^. Hence if is the angle 
between the two planes, 

cos = A l At + B l B,+ C l C L _ B } 4 9g) 

Vj+^+ C? VjJ+^ 2 2 + C* VJV '* 

The conditions for perpendicularity and parallelism of the planes 
are respectively Al A, + B,B,+ C&= 

, 4fc-t <?t 

and A^^rc- 

102. Determination of the direction cosines of any straight line. 
Let the equations of the straight line be in the form 

,0,* (1) 

Q ) (2) 
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and let its direction cosines be I, m, and n. Since the line lies in 
both planes (1) and (2), it is perpendicular to the normal to each. 
Therefore (by (5), 98), 

AJ + Bjn + C^n = 0, 



also 



P+w* 1 +*=!. 



(95) 



Here are three equations from which the values of l> m, and n may 
be found. 

From the first two equations we have (I, 8) 

J -f*l >- / 1 ^-'-i ** -t - ^*"f 

I : m : 71 = 

Ex. Find the direction cosines of the straight line 2&-f3y-fz 4 = 0, 

The three equations for 2, m, and n are 

2 Z + 3 ?/i + n = 0, 
4Z + w _ n= :0, 

J 2 -f w* 
the solutions of which are 

" V38 1 



m = ^r, n = 

V88 



or 



J = -- 2 -, 
\/38 



wi = 



V88 



n __ _ . . . 




/ 
V88 



Since co,s (180 $) = - cos 0, it is evident that if the angles corresponding 
to the first solution are iri, 0i, 71, the angles corresponding to the second solu- 
tion are 180 nri, 180 ft, 180 71. Since these two directions are each the 
negative of the other, it is sufficient to take either solution and ignore the other. 

103. Equations of a straight line determined by two points. 

Let P(x, y, z) be a point on the straight line determined by 
^ ( x v Vv *i) aud % ( x *> y * 2 )> so situatlifehat P^P = k (I}%). Then, 
as in I, 18, there are three cases to consider according to the 
position of the point P. If P is between JJ and J, I^P and JJJf 
have the same direction, and JJP < !{ ; accordingly k is a posi- 
tive number less than unity. If P is beyond P% from j?J, JJP 
and I>% still have the same direction, but JJP> J*ZJ; there- 
fore k is a positive number greater than unity. Finally, if P 
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is beyond P l from P %P and P& have opposite directions, and 
k is a negative number, its numerical value ranging all the way 
from to oo. 

In fig. 64, which represents the first case, pass planes through 
JFJ, P, and Jf perpendicular to QX\ and let them intersect OX at 
the points M v M, and M 2 respectively. Then OM 
and since P^P = *(J?JJ), by geometry MJ[= k(M l M 2 ). 



(1) 



whence, by substitution, 



By passing the planes through the points perpendicular to OF 
and perpendicular to OZ, it may l>e proved in the same way that 

-yi). ( 2 ) 

i)- (3) 




FIG. 64 



The construction and the 
proof for the other two cases 
are the same, and the re- 
sults are the same in all the 
cases. 



By assigning different values to k we can make equations (1), 
(2), and (3) represent any point on the straight line determined 
by the points 1J and JJ. Conversely, if x, y y and z satisfy these 
three equations, the point must be a point of the straight line 
JJJjJ. Hence (1), (2), and (3) are the parametric equations of the 
straight line determined by two points, k being the variable 
parameter. 

104. By eliminating k from the three equations (1), (2), and (3) 
of the last article, we havd* ^ 



Here are but two independent equations in x, y, and z. This 
result proves the converse of 89, that two linear equations 
always represent a straight line; for we have any straight line 
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represented- by two linear equations. The direction of the line 
is the direction # 2 x l : y 2 y l : z z z^ ( 96). 

It is to be noted that, if in the formation of these fractions any 
denominator is zero, the corresponding direction cosine is zero, and 
the line is perpendicular to the corresponding axis. 

Ex. Find the equations of the straight line determined by the points 
(1, 5, - 1) and (2, - 3, - 1). 

x-1 _ _y - 6 _ s-fl 
2-1 ~~ -T^7> " -1 + 1 

Hence the two equations of the line are z + 1 = 0, since the line is parallel to 
the XOY plane and passes through a point for which z = 1, and 8 x -f y 13 = 0, 
formed by equating the first two fractions. 

105. Equations of a tangent line to a space curve. If P (x v y v 2 t ) 

is any given point of a space curve, and J (x l + A#, y l + Ay, z l + As) 
is any second point of the curve, the equations of the secant JJ are 



= = , (104) 

Au; Ay As 
x .TJ y y l z z l 



A/E Ay As 

As As As 



where As is the length of the arc IJJFJ. 

Defining the tangent at /J as in I, 59, we have as its equa- 
tions 

i y .Vi * *i 



*2\ (W\ (*\ 
dsl (ds), \fbJi 



z~z, 
or = -t-i, 

ay dz 
where dx 9 dy, dz are to be computed at the point 1J. 

Ex. Find the equations of the tangent to the helix 

x = a cos 0, y = a sin 0, z = fc 
at the point = 0. 

Since dx a sin dO, dy a cos 9 dQ, dz k dO, the required equati9ps are 
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106. Equations of a straight line in terms of its direction 
cosines and a known point upon it. Let %(* v y v z { ) (fig. 65) be 
a known point of the line, and let I, m y and n be its direction 
cosines. Let P(x 9 y, z) be any point of the line. On I[P as a 
diagonal construct a parallelopiped as in 93. Then if we 
denote J\P by r y we have 

T{Q = //, P^R = mr, T>Fi = nr. 

But 11Q = .r - ^ PJi = y - y v /iff = s ~ * v 
whence s = ^ 4- fo, y = y l + mr, z = ^ + wr. (1) 

These are the parametric equations of the line, the variable param- 
eter being r, 7* being positive if the 
point is in one direction from 7^, and 
negative if it is in the other direction 
from JJ. 

By eliminating r we have 




I 



(2) 



FIG. 05 



which are but two independent linear 

equations. 

107. Problems on the plane and the straight line. In this 
article we shall solve some problems illustrating the use of the 
equations of the plane and the straight line. 

1. Plane determined by three known points. Let the three given 
points be I*(x v y v ^), JJfo, y v z 9 ), and JJ(,/' 3 , y a , zj, and let the 
equation of the plane determined by them be 

Ax + Ey+Cz + J) = Q. (1) 

Since J^, 7J, and 1% are points of the plane, their coordinates 
satisfy (1). Therefore 

Q, (2) 

0, (3) 

= 0. (4) 

We may now solve (2), (3), and (4) for the ratios of the unknown 
constants A, B, C, and D 9 and substitute in (I), or we may eliminate 
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A, B, C, and I> from the four equations (1), (2), (3), and (4). By 
either method the equation of the required plane is found to be 



Jf 



= 0. 



Ex. 1. Find the equation of the plane determined by the three points 
(1,1, !),(-!, 1,2), and (2, -3, - 1). 
The required equation is 



X 

1 

2 



y 

i 
i 

-3 



or 



4x-3y + 82-9 = 0. 



If the three given points are on. the same straight line, no plane 
is determined, and the above equation reduces to = 0. 

2. Distance of a point from a plane. Let the given point be 
/?(#!, y v ^), and at first let the equation of the plane be in the 
normal form 



my + nz- 



(1) 



Then the equation of a plane through 7J parallel to (1) is, by (5), 99, 
/(-,)+ ^(y-yJ + n^-^^O, (2) 

which may be put in the form 

Ix + my + nz (Itr^ + my l + nz^ = 0. (3) 

Since equation (3) is in normal form, it is evident that the dis- 
tance of this plane from the origin is lx+ my l + nz v Hence the 
distance between the two parallel planes is in magnitude 



z { - p, (4) 

this result being positive if the plane through ^ is beyond plane 
(1) from the origin, and negative if the plane through JJ is on 
the same side of plane (1) as the origin. But the distance 
between the two planes is the same as the distance of ^ from 
the given plane. Hence / 1 +my 1 +7i2; 1 p is the required 'dis- 
tance in magnitude. 
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If the equation of the plane is in the form 



finding the values of /, m, n, and p, and substituting in (4), we have 



as the magnitude of the required distance, being positive for all 
points on one side of the plane and negative for all points on the 
other side. If we choose, we may take the sign of the radical 
always positive, in which case we can determine for which side of 
the plane the above result is positive by testing for some one point, 
preferably the origin. 

Ex. 2. Find the distance of the point (1,2, 1) from the plane 2x 3y 
+ 6 z + 14 = 0. The required distance is 

2(1) -3(2) + 0(1) + 14 _ 

7 f " 

Furthermore the point is on the same side of the plane as the origin, for if (0, 0, 0) 
had been substituted, the result would have been 2, i.e. of same sign as 2$. 

3. Plane through a given line and subject to one other condi- 
tion. Let the given line be 



Ap + B# + Cf + DI = 0, (1) 

Ajs + Bjf + Cf + D 9 ** 0. (2) 

Multiplying the left-hand members of (1) and (2) by ^ and & 2 
respectively, where ^ and k 2 are any two quantities independent 
of x y y, and 2, and placing the sum of these products equal to zero, 
we have the equation 

Q. (3) 



Equation (3) is the equation of a plane, since it is a linear equa- 
tion, and furthermore it passes through the given straight line, 
since the coordinates of every point of that line satisfy (3) by 
virtue of (1) and (2). Hence (3) is the required plane, and it may 
be made to satisfy another condition by determining the values of 
\ and & a appropriately. 
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Ex. 3. Find the equation of the plane determined by the point (0, 1, 0) and 
the line 4x + By + 2z - 4 = 0, 2* - 11 y - 4 - 12 = 0. 

The equation of the required plane may be written 

M 4 + 3y+23-4) + fc 2 (2-lly-4*-12) = 0. (1) 

Since (0, 1, 0) is a point of this plane, its coordinates satisfy (1), and hence 
&i + 28 fc 2 = 0, or ki = - 23 fc 2 . 

Substituting this value of k\ in (1) and reducing, we have as the required 
equation 



Ex. 4. Find the equation of the plane passing through the line 
4 = 0, 2 lly 4 12 = 0, and perpendicular to the plane 2 x + y 2 2 
4-1 = 0. 

The equation of the required plane may bo written 

ki(4x + 3y + 22 - 4) + fc 2 (2x - 11 y - 4 - 12) = 0, (1) 

or (4fcx + 2fc 2 )x + (3 A* - 11 fc 2 )y + (2^ - 4fc 2 )s + (- 4^ - 12A; 2 ) = 0. 

Since this plane is to be perpendicular to the plane 2x + y 2z + l = 0, 
2*2) + 1(3*! - 11 k 2 ) - 2(2*! - 4fc 2 ) = 0, 



whence & 2 = 7 k\. 

Substituting this value of 2 in (1) and reducing, we have as the required 

equation ^ 

x -8y- 82-8 = 0. 

108. Change of coordinates. 1. Change of origin without change 
of direction of axes. Let O'(# , y , 2 ) be taken as a new origin of 
coordinates, the new axes being parallel respectively to the original 
axes, i.e. OX 1 parallel to OX, Of r parallel to OY, and O r Z r parallel 
to OZ. Let x, y, and z be the coordinates of any point P with 
respect to the original axes, and let #', y f , and zf be the coordinates 
of the same point with respect to the new axes. Then 



, (l) 

the proof being similar to that of I, 112. 

2. Change of direction of axes without change of origin. Let 
OX y OY, OZ, and OX 1 , OY', OZ 1 be two sets of rectangular exes 
meeting at and making angles with each other, whose cosines 
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are given in the following table, where ^ is the cosine of the angle 
between OX and OX', / 2 is the cosine of the angle between OX 
and OF', etc. Let x, y, and z be the coordinates of any point P 
with respect to the axes OX, OY, OZ, and let x', y' 9 and 2' be the 





X' 


y 


z r 


X 


ll 


la 


l s 


V 


Tin i 


m a 


171s 


*/ 


n 1 


n a 


n 3 



coordinates of the same point with respect to the axes OX', Y', 
OZ'. Then if OP is drawn, the projection of OP on OX is x 9 and 
the projection on OX of the broken line joining O and P y formed 
by constructing the coordinates x', y' y z', is /X+ lj?+ &' ( 92). 
But these two projections are equal. Hence 



(2) 



in like manner, y = m ^ + m 2 i/ + m 3 z', 



In like manner we may derive the formulas 
x' = l^x + m^y + np, 
y 1 '= l$r< + m 2 y + n z z, 
z' = Ijc 



(3) 



Formulas (2) and (3) may be expressed concisely by the above table. 
Since both systems of coordinates are rectangular, we have, by 
(5), 98, w = 



and 



l l m l + ljn z + / 8 w 8 = 0, 
1^+ m 2 /i 2 + m 8 n 3 0, 
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Also, by 95, / + m? + n* = 1, 



and 



All these formulas are easily remembered by aid of the above table. 
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1. Find a point of the plane 2x + 3y + 2z = equally distant from the 
three points (0, 0, - 1), (3, 1, 1), (-2, - 1, 0). 

2. Mud a point on the line 3z y z 5 = 0, x y -\- z 5 equally 
distant from the origin and the point (2, 1, 2). 

3. Find the equation of the sphere passing through the points ( 1, 4, 4), 
(-6, 1,3), (4,0, 7), (-1,1, -ft). 

4. A point moves so that its distances from two fixed points are in the 
constant ratio k. Prove that its locus is a sphere or a plane according as 
k jt i or k = 1. 

5. Prove that the locus of points from which tangents of equal length can 
b drawn to two given spheres is a plane perpendicular to their line of centers. 

6. Find the length of the curve x = 2 , y ~ 2 /,, z t from the origin to the 
point for which t = 1. 

7. Find the length of the curve x = e', y = e-', z = t\ 2 between the points 
for which t = and t = 1. 

8. Find the length of the conical helix x = cos, y = sin, z = t between 
the points for which t = and t = 2 XT. 

9. Prove that a straight line can make the angles 00, 4f>, 00 respectively 
with the coordinate axes. 

10. Show that the helix makes a constant angle with the elements of the 
cylinder on which it is drawn. 

11. Find the angle between the conical helix x = t cos , y = t sin t, z = t and 
the axis of the cone. 



12. Show that the angle between the conical helix x= tcost, y = 

z=zt and the element of the cone is tan- 1 -^ 

V2 

13. Find the equation of a plane three units distant from the origin and per- 
pendicular to the straight line through the origin and (2, - 3, 6). 
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14. The equations of three planes are x + 2 y - 8 s = 1, 2x - 8y + 6* = 3, 
and Y x - y - z = 2. Find the equation of the plane through their point of 
intersection and equally inclined to the coordinate axes. 

15. If the normal distance from the origin to the plane which makes inter- 
cepts a, 6, and c respectively on the axes of x, y, and z is p, prove that 

1 = 1 + 1 + 1. 
p2 a* 6* c* 

16. Find the equation of the plane normal to the helix x = a cos 0, y = a sin 0, 
z = at the point 6 = 0. 

17. Find the equation of the plane normal to the conical helix x = t cos$, 

y = t sin , 2 = t at the point for which $ = - . 

2 

18. Find the equation of the normal plane to the curve x = c', y = e~', 



19. Find the equation of the normal plane to the skew cubic x t^y t*, 
z = tP at the point for which t = 1. 

20. Find the direction cosines of the line 2x + 3y~2 = 6, x + 3 2 7 = 0. 

21. Prove that the three planes 8x - 2y - 1 = 0, 4y - 3z + 2 = 0, z - 2x 
+ 4 = are the lateral faces of a triangular prism. 

22. Prove that the two linen 

E -f y 7 + 11 = 0^1 

!x + 4y + z-3 = OJ \4x -2y- 15s + 25 = 0, 

are coincident. 

23. Prove that the lines 

^2x + 3y + 22- 1 = OJ ant \7x-4y-z- 10 = OJ 
intersect at right angles. 

24. If li, mi, HI and l z , m 2 , n% are the direction cosines of two given straight 
lines, and Z, w, n are the direction cosines of a normal to each of them, prove 

that = ^ : 



25. Find the equation of the plane passing through (1, 4, 1) perpendicular to 
the line x + 3y + 6z + 6 = 0, y + 2x - 1 = 0. 

26. Find the angle between the line x~ 2 y 8 = 0, 3^ + 2 + 8 = and the 
plane 3x + y-2+7 = 0. 

27. Find the coordinates of a point on the straight line determined by 
(0, 1, 0) and (2, 3, 2) and 1 unit distant from (1, 1, 1). 

28. Find the equation of a plane perpendicular to the straight line joining 
(1, 3, 5) and (4, 3, 2) at a point one third of the distance from the first to the 
second point. 

29. Find the equations of a straight line passing through (1, 2, - 1) parallel 
to the line x + 2y - 3z + 1 = 0, 2 + y + 6* - 1 = 0. 
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30. Find the foot of the perpendicular drawn from (1, 2, 1) to the plane 
x-8y + 2-7 = 0. 

31. Find the equations of the tangent to the skew quartic x = , y = t 8 , 
2 = t* at the point for which t = 1. 

32. Find the equations of the tangent to the curve x = fl 2 , y = 2 , 2 = t at 
the point for which $ = 1. 

33. Find the equations of the tangent to the curve x = e', y = e~ f , 2 = $ V2. 

34. Find the direction of the conical helix x = t cos, y = tsiu $, 2 = t at the 
origin, and the equations of the tangent. 

35. Find the equation of the plane determined by the three points (1, 2, 4), 
(3, -1,2), (2,1, -2). 

36. Find the angles made with the coordinate planes by the plane deter- 
mined by the three points (1, 2, 0), (4, 1, - 2), (- 2, 2, 2). 

37. Find the point of intersection of the lines 

r 2x-y-3 = (n , /3x -2V-5 = <n 
\3y-22 + 6 = OJ \ 2x-2-l = OJ 

38. Find whether or not a plane can be determined by the lines 

39. Find the equation of the plane determined by the two lines 

fx+2y+ 1 = 0*1 / 7x + 3-24 = 0*1 
\2y + z + 1 = O; aM 1 7y + 3 z + 6 = O/' 

40. Find the equation of the plane determined by the point (2, 4, 2) and the 
straight line passing through the point (1, 2, 3) equally inclined to the coordi- 
nate axes. 

41. Find the equation of a plane passing through the line x y + z = 0, 
2x + y + 3z = and perpendicular to the plane x 2/-4-22 + l = 0. 

42. Find the equations of the projection of the line x-j-y + z 2 = 0, 
&-f2y-f2-2 = upon the plane 3x + y + 3 1 = 0. 

43. Find the equation of the plane passing through (2, 1, 2) and (- 1, 2, 
- 1) perpendicular to the plane 2x-3y-f-2s = 0. 

44. Find the equation of a plane passing through the line x 2y-f 8 = 0, 
2x + 3y-2-l = and parallel to the line 8x + y + 23-4 = 0, 2x-8y 
-2 + 6 = 0. 

45. Prove that the plane 4x-f3?/-j-62: = 47is tangent to the sphere 

(x - 2)2 + (y - 8)2 + (z + 4)2 = 60. 

46. Find a point on the line x 3-t-3 = 0, 4x y 6 = equally distant 
from the planes 3x + 82-6 = and x 4- 4y + z = 7. 

47. Find the center of a sphere of radius 7, passing through the fpoints 
(2, 4, 4) and (3, 1, 4) and tangent to the plane 8x 6y + 2 + 61 = 0. 



CHAPTER XI 
PARTIAL DIFFERENTIATION 

109. Partial derivatives. Consider f(x, y), where x and y are 
independent variables. We may, if we choose, allow x alone to 
vary, holding y temporarily constant. We thus reduce f(x t y) to 
a function of x alone, which may have a derivative, defined and 
computed as for any function of one variable. This derivative is 
called the partial derivative of f(x, y) with respect to x, and is 



x v 
denoted by the symbol \ Thus, by definition, 

ex 



Similarly, if x is held constant, f(x, y) becomes temporarily a 
function of y, whose derivative is called the partial derivative of 

8f(x y\ 
f(x, y) with respect to y, denoted by the symbol V ' Then 

y) = Lim /te 



Ay 

Graphically, if zf(x, y) is represented hy a surface, the rela- 
tion between z and x when y is held constant is represented by the 

curve of intersection of the surface and the plane y = const., and 

* 

is the slope of this curve. Also, the relation between z and y 

ox 

when x is constant is represented by the curve of intersection of 

fiz 

the surface and a plane x = const., and is the slope of this curve. 

dy 

Thus, in fig. 66, if PQSR represents a portion of the surface 
z =/(#, y), PQia the curve y = const., and PR is the curve x = const. 
Let P be the point (x, y, z), and L K = PK f = Aa, L M = PJf ' = Ay. 
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Then LP=f(x, y), KQ=f(x + &x, y), MR=f(x, y 

y)-f(x, y), M'M=f(x, y+&y)-f(x, y), and 



M'R 




FIG. 66 

Ex. 1. Consider a perfect gas obeying the law D = . We may change the 

P 
temperature while keeping the pressure unchanged. The relation between the 

volume and the temperature is then represented by a straight line on fig. 55. 
If A and Av are corresponding increments of t and v, then 



and 



_ c(t + M) ct __ cAt 

P P~ P 

cto _c 
dt~~p' 



Or, we may change the pressure while keeping the temperature unchanged. 
The relation between the volume and the pressure is then represented by an 
hyperbola on the surface of fig. 55. If Ap and Av are corresponding increments 

of p and ., then At , = _* * = ctAp 

p + Ap p p 2 -f pAp 
and J? = ?_. 



So, in general, if we have a function of any number of variables 
f( x 9 U> ' > 2)9 we ma y have a partial derivative with respect to 
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each of the variables. These derivatives are expressed by the sym- 

bols H ' & ' " " it' or sometimes b y /-to y> * > *)>/v(^> y >*)> 

> /*(#> y> -i *) To compute these derivatives, we have to 
apply the formulas for the derivative of a function of one variable, 
regarding as constant all the variables except the one with respect 
to which we diff erentiate. 

Ex. 2. /= x* - 3x*y + y, Ex. 3. /= sin(x 2 + y 2 ), 

f = 3x2 - 6xy, ^ = 2xcos(x 2 -f y*), 

ex fix 






Ex. 4. / = log Vx 2 + y 2 



X 2 



110. Increment and total differential of a function of several 
variables. Consider /(#, y), and let and y be given any incre- 
ments AOJ and Ay. Then / takes an increment A/, where 

+ Ay) -/(a; y). 



In fig. 66, NS=f(x + kx, y + Ay) and N'S = &f. If # and y 
are independent variables, AJ? and Ay are also independent. Thus 
the position of 8 in fig. 66 depends upon the choice of LK and 
L M 9 which can be taken at pleasure. 

The function f(x, y) is called a continuous function of x and y 
if A/ approaches zero as a limit when A# and Ay approach zero 
as a limit in any manner whatever. 

Thus in fig. 66, if z is a continuous function of x and y, the point 
8 will approach the point P as LK and LM approach zero, no 
matter what curve the point N traces on the plane XOY or the 
point S on the surface. 
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The expression for A/ may be modified as follows : 

A/ =/(* + A, y + Ay) -/(, y) 

=f(x + A#, y + Ay) -/(a?, y + Ay) +/(, y + Ay) -/(*, y). 

/fo + Aa. y + Ay)-/(a; > y + Ay) = 



But Lim 



Therefore 



or 



? /)~/fo, y + Ay) = 



Ax* 




where Lim e' = 0. Also, since is a continuous function, 

OiC 



= 8/(r, y) 



f(x + *x,y + Ay) -/(*, y + Ay) = 
where c^e'+e". 

Similarly, f(x, y + Ay) -/(*, y) = 
where Lim e 2 = 0. Hence we have finally 



+ 




+ 2 Ay, 



(1) 



In like manner, if / is a function of any number of variables 
y, ->*, then 



cy 



dz 



(2) 



In a manner analogous to the procedure in the case of a func- 
tion of one variable ( 4), we separate from the increment the 
terms e^&x + e 2 Ay +_ + W A3, call the remaining terms the dif- 
ferential of the function, and denote them by df. The differen- 
tials of the independent variables are taken equal to the increments, 
as in 4. Thus, we have by definition, when / is a function of 
two independent variables x and y, 
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and if / is a function of the independent variables x, y, -,%, 

df = %- dx + &- dy + + & dz. (4) 

J fa 9y 9 dz v ' 

In (3) and (4) dx, dy, etc., may be given any values whatever. 
If, in particular, we place all but one equal to zero, we have the 
partial differentials, indicated by d x f, d y f, etc. Thus, 



. 

A partial differential expresses approximately the change in the 
function caused by a change in one of the independent variables ; 
the total differential expresses approximately the change in the 
function caused by changes in all the independent variables. It 
appears from (4) that the total differential is the sum of the 
partial differentials. 

Ex. The period of a simple pendulum with small oscillations is (Ex. 3, 82) 



Small errors dl and dg, in determining I and g, will make an error in T of 



^ ^.-- 

& <9 -\/lg 
The ratio of error is dT I dl I da 



111. Derivative of f(x, y) when x and y are functions of t. 

We have been considering /(#, y) as a function of two independent 
variables. We shall now suppose that x and y are functions of a 
single independent variable t y so that the variations of x and y are 
caused by the variations of t. Graphically, if z =/(#, y) represents 
a surface and x and y are independent, the point P(x, y, z) may 
move over the entire surface. If, however, x = $$), y = < 2 ()> the 
point P is restricted to a curve on the surface, whose projection on 
the plane XOY has the parametric equations x = ^(0* y = ^ 2 (0- 
The equations of the curve on the surface are, therefore, x = ^ x (0> 

O, *,(<)] 
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In this way, f(x, y) is now a function of t and may have a 
derivative with respect to t, which may be found as follows : 

Give t an increment Atf. Then x and y take increments A# and 
Ay, and / in turn receives an increment A/, where 

A/ = | Ax + Ay + 6 

=fb 

By allowing A to approach zero as a limit, and taking the 
limits, we have _dx y^ 

dt dx dt dy dt ^ ' 

If we multiply each term of (1) by the differential dt, we have 



dt dx dt dy dt 
But since /, x, and y are functions of a single variable t, we have, 



Hence we have df^dx + - dy, (2) 

' dx 8y * ^ 

showing that formula (3) of 110, made on the hypothesis that 
x and y were independent, holds also when x and y are functions 
of fc 

In a similar manner, if we have f(x, y, ,), where #, y, , z 
are all functions of , then 



.... + , (3) 

rf* g dt Szdt ^ ' 



w 



Ex. Let F(x, y, ) be the electrical potential at a point in an electrified 

field, that is, let = - JT, = - F, = - Z, where JT, F, Z are the com- 

dx dy dz l 

ponents of force in the directions of the coordinate axes. Required the rate of 
change of T in a direction which makes the angles a, 0, y with the axes. 
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A straight line making the given angles with the axes has the equations, 

by (1), 106, 

v 7 ' * 



z = zi -f r cos y. 

If these values are substituted for x, y, and z in F, it becomes a function of 

dV 
r, and its rate of change with respect to r is - By (3), 

dV L - ?Z + *!L JL dV - * 
dr ftc dr dy dr ?z dr 

= JTcosa Fcos/3 Z cosy. 

By the principle of the composition of forces this is minus the component of 
force in the given direction. 

112. Tangent plane to a surface. Let x = ^(f), y = fa(t), 
z =/(#, y) be a curve on the surface z =/(#, y), and let J? (x v y v zj 
be a point on the curve. Then the tangent line to the curve at 
the point P has the equations ( 105) 



dx dy dz 

or ^-^i_y-yi 

- 



The line (1) is perpendicular to the straight line 




" -1 

by (5), 98, and therefore lies in the plane 



Equations (2) and (3) are independent of the functions which 
define the curve, and therefore the tangents to all curves through 
JFJ lie in the plane (3). This plane is called the tangent plane to 
the surface, and the line (2), which is normal to it, is called the 
normal line to the surface at the point 1%. The tangent plane 
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may simply touch the surface, as in the case of the sphere or the 
ellipsoid, or it may intersect the surface at the point of tangency, 
as in the case of the hyperboloid of one sheet. 

In order that the function /(./*, y) shall have a maximum or a 
minimum value for x x v y = y v it is necessary, but not suffi- 
cient, that the tangent plane to the surface z =/(#, y) at the point 
(x v y v Zj) should be parallel to the plane XO Y. This occurs when 

. ) = 0, [ ^- ) = 0. These are therefore necessary conditions for 

a/i W/i 
a maximum or a minimum, and in case the existence of a maxi- 

mum or a minimum is known from the nature of the problem, it 
may be located by solving these equations. 

Ex. 1. Find the tangent plane and the normal lino to the paraboloid 

Z = OX 2 + by*. 

Here - Z = 2 ax and = 2 by. Hence the tangent plane is 
dx dy 

(x -xi)2axi -f (y - 2/i)26yi - (z - Zi) = 0, 
or 2 axix + 2 by\y 2 axf 2 by* z -f z\ = 0. 

But since 2 axf + 2 6y * = 2 zi, this may be written 

2 axix -f 2 6yiy 2 z\ = 0. 

The normal is 



Ex. 2. It is required to construct out of a given amount of material a cistern 
in the form of a rectangular parallelepiped open at the top. Required the 
dimensions in order that the capacity may be a maximum, if no allowance is 
made for thickness of the material or waste in construction. 

Let x, y, z be the length, the breadth, and the height respectively. Then the 
superficial area is xy + 2 xz + 2 yz, which may be placed equal to the given 
amount of material, a. If v is the capacity of the cistern, 

v = xyz = 



Then = (a-2xy-x2)y2 dv = (a - 2xy - 

dx 2(x + y)2 ' dy 



For the maximum these must be zero, and since it is not admissible to have 
x = 0, y = 0, we have to solve the equations 
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which have for tho only positive solutions x=y = -^-, whence z = -\<-* 

\ O & If O 

Consequently, if there is a maximum capacity, it must be for these dimensions. 
It is very evident that a maximum does exist; hence the problem is solved. 

The graphical interpretation of the differential can now be given 
in a manner analogous to that in the case of one variable ( 5). 
In fig. 67 let PQ'S'R' be the tangent plane at P(x r y v z l ). Then, 




N 



FIG. 67 



if LK = dx and LM=* dy, the coordinates of S are (x l + dx, y l + dy, 
z^+ Az), and the value of z corresponding to /S" is found by 
replacing x by x^+ dx and y by y t + dy in (3). There results 



* = *i+ 



l + dz. Therefore 



( ) dy = z l 

V^y/i 

N'S' = dz, whereas N'S = A& 



113. Derivatives of /(*, y) when x and y are functions of s 
and t. If x and y are functions of two independent variables s 
and t 9 then f(x, y) is also a function of s and tf and may have the 

derivatives -f and -^ To find -^ we will give s an increment As. 
3s dt ds 5 

Then a? and y take increments Aa; and Ay, and / takes an incre- 
ment A/. As in 111, we find 



2 As 



As 



As 



As 
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Now let As approach zero and take the limit, remembering that 

r . A/ df T . A# dx , ~, r . 
Lim -?- = 9 Lira - = > etc. We have 

As 8s As ds 



(1) 

a- -1 i ^ 

Similarly, ._ + /jE. 

So, generally, the partial derivatives of f(x, y, -,), where as, 
, z are functions of s, t, , u, are 



0s 0.0 0s 0s 0s 



A special case worth noting is that in which / is a function of 
x y where x is a function of s, ,--, u. Then 



If we multiply the equations (2) Ly the differentials ds, dt> - - , 
, add the results, and apply the definition of 110, we have 



This shows that ^//e expression for the differential df is the same 
whether x,y,--->z are independent variables or not. 

r\&. r\V. 

Ex. 1. If z =f(x -y,y- x), prove + = 0. 

dx cy 

Place x-y = u, y-x = 0. Then =/(u, D), and 

^ = ^^ + ^^ = f_<, 
dx dti c)x dv dx du dv 

2*_y?tt,y?__y,v 

8y 81* Sy 5t> dy du dv * 

By addition the required result is obtained. 
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Ex. 2. Let it be required to change from rectangular coordinates (x, y) to 
polar coordinates (r, 0), where x - r cos 0, y = r sin 6. 



Then 



= cos0, 
dr 



dr 



(i) 



5* = -rsin0, -| 
and consequently, if / is a function of x and \ 



dx 



dy 



(2) 



Also, since r = v x 2 
dr x 



dx Vx 2 + 
?0 

ax 



y 

\- y' 2 and = tan- l - 

x 

dr 

= = cos 0, 



sin 0, 



X 2 + 2/2 




(3) 



whence 



ax dr 



dy dr 



df sin 
~r~' 
y cos0 

a0 ~7~' 



^f r\f 

Equations (4) may also be obtained from (2) by solving for and - 

ax dy 

It is to be emphasized that in (1) is not the reciprocal of - in (3). In (1) 

dx ^ r ^ 

-- means the limit of the ratio of the increment of x to an increment of r when 








R 



FIG. 08 




is constant. Graphically (fig. C8), OP = r is increased by PQ = Ar, and 

PR = Ax is thus determined. Then = Lim = cos 0. 

dr ^ ^ 

Also in (3) means the limit of the ratio of the increment of r to that of x 

dx 
when y is constant. Graphically (fig. 60), ON =x is increased by JfJV=PQ= Ax, 
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*. f)f\ 

and KQ = Ar is thus determined. Then = Lim - = cos 0. It happens here 

dx <jT ?x dO ^ Q 

that = But in (1) and in (3) are neither equal nor reciprocal. 
dr x 39 dx 

In cases where ambiguity is likely to arise as to which variable is constant 
in a partial derivative, the symbol for the derivative is sometimes inclosed in a 

(Tx\ 
)' 
8r/e 

Ex. 3. Consider /(x, y, z) when z = (x, y). We may find from the first 

$ 

of formulas (2) in that we place a = x and t = y. Then = 1 , -- = 1. Direct 

f 88 dt 

substitution in (2) would yield the symbol in two different senses. On the 

( jC 

left of the equation it means the partial derivative of / with respect to x when 
y is constant, and attention is given to the fact that z is a function of x. On the 
right of the equation it means the partial derivative of / with respect to x on 
the assumption that both y and z are constant. Ambiguity is avoided by the 
use of subscripts as suggested at the close of Ex. 2. Thus we have 



IV\ = 1V\ + tf to. 

\bxJv \ex/yz dz dx' 



114. Property of the total differential. An important property 
of the total differential is expressed in the following theorem : 

If f(jc, y, , 2) = c for all values of the independent variables, 
then df = 0. 

1. Let us suppose first that x, y, , z are the independent 
variables. Then f(x, y, , z) = c for all values of x, y y , z. 

Hence y, . . ., *)-/(*, y y .. ., *) = 0, 



and f(x + As, y, 



Sf 
for all values of x. Taking the limit as A# == 0, we have ~- = 0, 

rs/ 2/ ##? 

Similarly, -~ = 0, ', 4~ = 0> anc l hence 
3 dz 



2. Suppose, secondly, that a?, y, , 2 are functions of the inde- 
pendent variables 5, , , u. Then if a?, y, , 2 are replaced in 
ffay* > 2) by their values in terms of *, f, , it, we have the 

first case again, and hence as before = 0, ~- = 0, ; ~- = 0, 

8s dt du 
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Hence df = %- dx + %- dy + + % dz 

J dA dy 82 

= V ds + V. dt + ...+QdH=Q. 

cs ct ctt> 

It is to be emphasized that the coefficients of dw, dy, , dz are 
not equal to zero. 

115. Implicit functions. CASE T. /(r, y) = 0. The equation 
f(x, y) = defines y as an implicit function of x, or x as an 
implicit function of y, since if one of the variables is given, the 
values of the other are determined. Then, by 114, 



, 
whence S^g' () 

By 

Ex. 1. Find the tangent and the normal to the curve f(x, y) = 0. 
By I, 100, 101, the equations of the tangent and the normal are respectively 



and y - y l - - ( ' "? ) (x - 

\d///i 
By use of (1) these equations become 



and (x ~ 



CASE II. /(a;, y, z) = 0. The equation f(x, y,z) = Q defines any 
one of the variables x> y, z as a function of the other two. We 
will take x and y as the independent variables. Then, by 114, 

df=y-dx+y-dy+y~d*=Q. 

dx dy dz 



But d 

ex dy 

Therefore + & ^U + ( + V JL 

Sz 8xJ \8y T 
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This is true for all values of the independent differentials dx 
and Ay. Therefore 

^ + ^ = and + *-0, 

dx 8z 8x 8y to 8y 



whence 



8z 



8x 



(2) 



dz 



8z 



Ex. 2. Find the equations of the tangent plane and the normal line to the 
surface F(, y, z) = 0. 

By 112 the required equations are 



and 



x-xi_y-yi_z-zi 
\3y/i 



Using (2) and reducing, we have 



and 



/SF\ 
\cx) l 



V - Vi z - 



CASE III. fi(x, y> 2)=0, / 2 (o?, y, ^) = 0. The two equations 
f^x, y, z) = 0, / 2 (A y, z) = taken simultaneously define any two 
uf the variables as functions of the other one. 



By 114, 



dx 



[ dy + ( 



Therefore dx:dy:dz = 



dx dy 
dx dy 



(3) 
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Ex. 8. Find the equations of the tangent line to the space curve /i(x, y, z) =0, 
/2(x, y, z) = 0. 

By 105 the required equations are 



where the values of dx, dy, dz given in (3) may be substituted. 

116. Higher partial derivatives. The partial derivatives of 
f(x, y) are themselves functions of jc and y which may have 
partial derivatives called the second partial derivatives of f(r, y). 

The7 in (f\. *m i K\. , iut m y ta B h U wu 

J tix\dxj Sy\d^/ c,i\di)] 0,y\dy/ J 

that the order of differentiation with respect to x and y is imma- 
terial ( 117), so that the second partial derivatives are three in 
number, expressed by the symbols 



"__ I VJ \ v J f 



Similarly, the third ^H/W derivatives of /(#, y) are four in 
number, namely: 



g/ay\_g/ay\ a*/y\_ ay 

- '- -' 8y\dzdy) df - 

,-ffi. 



So, in general, ^ signifies the result of differentiating /(#, y) 

jt? times with respect to x and q times with respect to y, the order 
of differentiating being immaterial. 

The extension to any number of variables is obvious. 
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fl2/ g2/ 

117. To prove the relation ^~- = ^-4- for any particular values x a, y = 6, 
consider the expression 

7 = /(a 4- A, 



ft) -/(a, * + ft) -/(a + *, 



fcft 



where for convenience h and k are taken as positive. We shall prove I equal to 

(-- -M on the one hand, and to ( ) on the other hand, where (fi, VH) 
VtectyAr..*! Wftc/..^ 



and ( 2 , -^2) are two undetermined points within the rectangle of fig. 70. 
Jn the first place, let/(x + h, y) -/(a, V) = ^(^i ) Then 



whence, by 30, (2), 6>l * 
3 
h " a 

= ' """~"k -'--' 

2; 

where J^(a, ij^ - l^-\ . Apply- 


















U.4J 




,) 






te,6) 


1 
1 

i 





ing 30, (2), a second time, we have 



O 



a 



FIG. 70 
In the second place, if we lot/(x, y -f ft) /(x, y) *(x, y), we have 



Therefore/j. v (fi, 171) -/^(fa, 172)1 since each is equal to I. 
Now let h and ft approach zero as a limit. The points (&, 17!) and ( 2 , i/ 2 > 
both approach the point (a, b) as a limit ; and since the functions are continuous 



Lim /*, 



or 



This result being proved, it is easily extended to any number of variables or 
differentiations. Thus, for example, 



, 

_ ( i. )=---( ) , whence 
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118. Higher derivatives of f(x, y) when x and y are functions 
of t, or of s and t. By 111, if a: and y are functions of t, 



(\\ 
dt dj} dt 8y dt ^ ' 

To differentiate again with respect to t, we must notice that 
each term on the right-hand side of (1) is a product and must 
be handled by the law of products (I, 96, (4)). We have, 
then, in the first place 

^f = ^d^d^d_/df\8fi^ldyd/df\ 
df fa df dt dt \dx} dy dt 3 dt dt \dy) 

Now ( -- ) and ( ) may be found from (1) by replacing / by 
dt \oxj dt \oy/ 

and respectively. Hence 

dx dy 1 J 



#f df fa dx/dy dx ay dy\ df d*y 
~d? dx df dt \2x* dt 3x3 y dt) dy df 



,_ + 

dt \3xdy dt 8y* dt 



dt faVy dt dt frf \dt dx df Sy 
In a similar manner, if x and y are functions of s and t, 



= I 2 i i i 

ds 8s dy* \fo) fad? dy fa* ' 



\dt dxdy dt dt dy*\dt/ dx df dy d? 



+ + 

* 



gy = d*fdxdx d*f fdxdy dxdy\ tffdydy 
dsdt da? ds dt d.zdy\ds dt dt ds) djf ds dt 



dx dsdt dy dsdt 

The extension of these formulas to any number of variables is 
obvious. 
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a 2 F 
Ex. 1. Required to express ----- 1 -- r , where V is a function of x and y, in 

polar coordinates. dx ^ 



Since r = Vx 2 4- y 2 and = tan-M-1, 



-*m-l(? 

\x 



y* 30 _ -y &B _ 2xy 



ax Vx 2 4- y 2 d** (x 2 4- y 2 )* dx x 2 4- y 2 

ar y av x 2 a0 x 

ay Vx 2 4- y 2 "dy 2 (x 2 
Hence, from (8), 



: 



a 2 F _ a 2 F x 2 _ 2 a 2 F xy + : _ 1 _ ___^ + ^_ 



ax 2 f r 2 x 2 4- y 2 ara0 (x 2 4- y 2 )^ afl 2 (x 2 4- y 2 ) 2 ar 

"^ . 

ar 2 x 2 4- y 2 ara^ (x 2 4- y 2 )^ afl 2 (x 2 4- y 2 ) 2 ar 



Hence d * V + = \ l 

ax 2 2y 2 rr 2 x 2 



-f 



= 

~ ar 2 r 2 a^ 2 r ar ' 



Ex. 2. If z =/i(x + o<) -f/a(x aQ, where /! and / 2 are any two functions, 

i *u ^' 2 ** 
show that = a 2 

?< 2 ax 2 
Let x + at = w, x a = w ; then = 1, = a, = 1, ~ = a, and 

ax at ax dt 
az^dEAau dfa&^_tifi ^ 

ax du dx dv ex du dv 

dz_3fi&u .^^^ ^A_ ^ 
ae " du dt dv et "" a dw a du ' 

Differentiating these equations a second time, we have 



=: , = , 

dw 2 \ax/ d 2 \ax/ du* dv* ' 



By inspection the required result is obtained. 
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119. Differentiation of a definite integral. Consider 

u- I f(x,a)dx, 

Ja 

where or is a parameter independent of x. In the integration 
a is considered as constant, but the value of the integral is a 
function of a. Let a be given an increment A#. Then u takes 
an increment &u, where 

= | f(x, a + Aa) dx I f(x, a) dx 

U a c/o 

[/(*> * + A ) -/(*. )] <** 
Now by 31, (1), 



(*[ 



/*TA f (,) , (A*)" 8V(, f)1 

= | Aa'-^^-^-^ - + -- ' , 
J a I fa 2 da 2 J 



TT A A , , , , 

Hence Aw= | Aa'-^^-^-^ - + -- ' , dx 



Dividing by Aa, and taking the limit as A approaches zero as a 
limit, we have 

(l) 

^ ' 



The proof assumes that a and 6 are finite. It is not always 
possible to differentiate in this way an integral with an infinite 
limit. The discussion of this lies outside the scope of this book. 

The integral u is also a function of the upper limit &, and we 
have, by 25, 

5 -/<*.* w 

Similarly, since | f(x, a)dx f f(x y a)dx, 

Ja Jb 

S =-/(,). (3) 
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Suppose now that a, b, at are all functions of a single variable t. 
Then, by 111, (3), 



du __ du db du da 8u da 
~dt^lfo~dt fa~di fa'di 



da 



Ex. If u = flog (1 - 2 a cos x + a 2 ) dx, 
/o 



2cosx + 2 a 



2 a cos x -f a 2 



, 

CMC 



du / 

I 

da Jo 1 

= 1 rn __ i-_.^ .. 

a Jo L l-2acosx + a 




.d. 



TT 2 T /1 4- a , aXH^ 

= ---- tan~i( --- - tan- i 
a a[ \l-a 2/Jo 



= 0. 

/IT 

Therefore u = const. But when a = 0, u = I (log 1) dx = 0. Therefore w = 0. 

/o 
In this way the value of a definite integral can sometimes be found when 

direct integration is inconvenient or impossible. 



PROBLEMS 

1. Given z = log(x 2 + y 2 ), prove y - -- x = 0. 

dx dy 

2. Given z = x 4 + x 2 y 2 -f y 4 , prove + y = 4z. 

dx dy 

3. Given x 2 4- y 2 - 2xy + 2z 2 = c, prove -~ + = 0. 

c'x 3y 

4. Given y = e* sin 6x, prove = a~ + 6-| 

dx da do 

5. Given z = (x 2 -f y 2 ) tan- 1 - , prove x --- h y = 2 . 

x fix dy 

6. Given 2 = xy + tan-*-, prove zx -- \- zy = xy. 

x dx dy 

7. Given z = e^sin- 1 (x y) f prove -- 1 -- = z. 

dx dy 
i f)* /)* 

8. Given z = y 2 + 2ye*, prove x 2 -- h y = 

dx dy 
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9. If z = xy, illustrate the difference between Az and dz by constructing a 
rectangle with sides x and y. 

10. A triangle has two of its sides 6 and 8 in. respectively, and the included 
angle is 30. Find the change in the area caused by increasing the length of 
each of the given sides by .01 in. and the included angle by 1, and compare 
with the differential of area corresponding to the same increments. 

11. A triangle has two of its sides 8 and 12 in. respectively, and the included 
angle is 00. Find the change in the opposite side caused by making the given 
sides 7.9 and 12.1 in., the angle being unchanged, and compare with the differ- 
ential corresponding to the same increments. 

12. A right circular cylinder has an altitude 12 ft. and the radius of its base 
is 3 ft. Find the change in its volume caused by increasing the altitude by .1 ft. 
and the radius by .01 ft., and compare with the differential of volume corre- 
sponding to the same increments. 

13. The distance of an inaccessible object A from a point B is found by 
measuring a base line EC = h and the angles CBA = a and TSCA = . Find 
the expression for the error in the length of A H caused by errors of d/i, da t dp 
in measuring A, a, 0, assuming that higher powers of the errors of measurement 
may be neglected. 

Verify the formula - = ---- 1 ---- - , in each of the following cases : 
dt 2x dt dy dt 

14. z = x 2 + y 2 , x = , y = P. 

15. z = sinajy, x = e 2 ', y = eH 

/j. 

16. z = - x = sin L y = cos t. 

y 



17. z = e* 8 -*-^, x = sin, y = cost 

18. Find the tangent plane to the cone z = a Vx 3 + y a . 

19. Show that the tetrahedron formed by the coordinate planes and any 
tangent plane to the surface xyz = a 8 is of constant volume. 

20. Show that any tangent plane to the surface z = kxy cuts the surface in 
two straight lines. 

21. Find the point in the plane ax + by+cz+d=Q which is nearest the origin. 

22. Find the points on the surface xyz a 8 which are nearest the origin. 

23. Find a point in a triangle such that the sum of the squares of its distances 
from the three vertices is a minimum. 

24. Of all rectangular parallelepipeds inscribed in an ellipsoid find that 
which has the greatest volume. 

25. Find the point inside a plane triangle from which the sum of the squares 
of the perpendiculars to the three sides is a minimum. (Express the answer in 
terms of IT, the area of the triangle, a, 6, c, the lengths of the three sides, and 
x, y, z, the three perpendiculars on the sides.) 
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26. If z =/(-) prove x + y = 0. 

27. If f(lx + my -f- nz, x 2 + y 2 -|- z 2 ) = 0, prove 

(ly - mx) + (ny - mz) ~ + (Iz - nx) = 0. 
flx dy 

28. If 2 = y 2 + 2/(~ 4- log A prove == 2y - - ~. 

\x / dy y dx 

29. If /(x, y) is a homogeneous function of degree n, prove x -f y = nf. 

dx By 

30. Given x = r , y = r , prove 



- 

8r/ 



/?\ _ r P\ 

\M/ r W/x 
31. Given u = logVz a + y 2 , t) = tan- 1 -, prove 






X 2 V s Z 2 

32. Tind the tangent plane to the ellipsoid + + - = 1 at the point 

fri, *,,). a ** ca 

33. Show that the sum of the squares of the intercepts on the coordinate 
axes of any tangent plane to x 3 + y* -h z* = a 5 is constant. 

34. Show that the sum of the intercepts on the coordinate axes of any tan- 
gent plane to x* -f y* + z^ = a* is constant. 

35. Prove that the plane Ix -f my -f nz = p is tangent to the ellipsoid 



a 2 o 2 c 2 

36. Prove that the plane to -f my -f nz = p is tangent to the paraboloid 

A i o .- W 2 + aw 2 

ax 2 + 6y 2 = z if p = -- -- -- 

4aon 

37. Find the cosine of the angle between the normal to the ellipsoid and the 
straight line drawn from the center to the point of contact, and prove that it 

is equal to ~ * where p is the distance of the tangent plane from the center and 
r the distance of the point of contact from the center. 

38. Find the angle between the line drawn from the origin to the point 
(o, a, a) of the surface xyz = a 8 and the normal to the surface at that point. 

39. Find the angle of intersection of the spheres x 2 + y 9 + ** ='<** and 
(x - &)* + y 2 + 2 = c 2 . 
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40. Prove that the families of surfaces x 2 2/ 2 4- z 2 x 2 = ci and x 2 - y 2 - z* = c 2 
intersect everywhere at right angles. 

41. Derive the condition that two surfaces /(x, y, z) = and 0(x, y, z) = 
intersect at right angles. 

...- -' . 

43. If /(x, y) = and 0(x, 2) = 0, and z is taken for the independent variable, 

v A t- x 00 / dy ?/ s0 

show that ~- 
dx cty cte dx dz 

44. Find the equations of the tangent line to the curve of intersection of the 

x 2 v 2 z~ 

ellipsoid h -- H = 1 and the plane Ix + my + nz = 0. 
a 2 6 2 c 2 

45. Find the equations of the tangent line to the curve of intersection of the 
cylinders x 2 + y 2 = a 2 , y 2 + 2 = & 2 . 

X 2 ?/ 2 2 

46. Find the highest point of the curve of intersection of h -5 + ~ = 1 
and Zx + my -f nz = 0. fl2 b t>2 

47. Find the highest point of the curve of intersection of the hyperholoid 
2 + y 2 2 2 = 1 and the plane x -f y -f 2 z = 0. 

48. Find the angle at which the helix x 2 + y 2 = a 2 , 2 = k tan- 1 - intersects 
the sphere x 2 + y 2 -f z 2 = r 2 (r > a). X 

49. Find the angle at which the curve y* z 2 = a, x = 6 (y + z) intersects 
the surface x 2 + 2 zy = c. 



z rz 
Verify - = - in each of the following cases : 



53. 2 = sin-i. 
_ x 

51. = logVx 2 -f y 2 . - 

54. z = 




52. = log(x -f Vx 2 -f 

55. If z = log(x + y 2 ) 4- tan-i^, prove ^ + ? = 0. 

c c/x z cy* 

gjy 7)2y 

56. If z = (e - c-*) cosy, prove -| + - = 0. 

5x 2 dy* 

r$9 ?& 

57. If z = sec(x - at) + tan(x -f ai), prove - = a 2 - 

C6 2 OX 3 

eo T* y - 5 d* d*Z & z &* z 

58. If = vx y 2 . prove -- = -- 

dx fady dy 5x 2 

r&y rft* 7\9. 

59. If z = siny -f e-* cos (as - y), prove H --- 1 -- = 0. 

60. If z = + logx - e^ 2 , prove - = xy. 

4 dxdy 

<PV 

61. Given x = e tt cosw, y = e*sinv, find -- in terms of the derivatives of 

V with respect to x and y. 
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62. Given x = c cos 0, y = e sin t>, prove + = e- 2tt ( + - \ 

' ax 2 ay 2 \au 2 at? 2 / 

63. Given x = u + , y = !LlL? f prove a 2 - = a 2 . 

' a ax 2 ay 2 



c , ~. - 

64. Given x = r - , y = r -- , prove 



__ 
ax 2 ay 2 " "" ar 2 ^ a0 2 r ar ' 

65. If x =/(w, u) and y = 0(w, i?) are two functions which satisfy the equa- 
tions ~ = -? , = --- , and V is any function of x and y, prove 



a* 2 

66. If 3 = a 

67. If z = 0(x 4- iy) 4- ^(x - iy), where i = V 1, prove ^ | = 0. 

68. If u =/(x, y) and y = F(x), find . 



a 2 / /a/\ 2 a y tf ay / 



69. If /(x, y) = 0, prove = - Si _ ***** 






70. Differentiate u = / log(l -f a cosx)dx with respect to a, and thence find 

Jo 
the value of the integral. 



71. Differentiate f """ dx with respect to a, and thence find the value 
of the integral, Jo lo S* 



CHAPTER XII 
MULTIPLE INTEGRALS 

120. Double integral with constant limits. Let f(x, y) be any 
function of x and y which is single valued and continuous and posi- 
tive for all pairs of values of x and y for which a^x^b and c^y=d. 
Divide the interval 6 a into n equal parts, denoting each part by 

*., thus forming the series of values of x, x v x 2t x 3> , x n __ l9 where 



Similarly, divide the interval d c into m equal parts, denoting 
each part by Ay, thus forming the series of values of y, y v y 2 , 
> -,- where 



2/3 



The above values of x determine a series of straight lines par- 
allel to F, and the values of y determine a series of straight lines 

parallel to 0.Y(fig.71). 

Every line of either set intersects 
every line of the other set, and any 
one of these points of intersection 
may be represented by lyfa, y,), 
where i has all integral values from 
to ?i 1 and j has all integral 
X values from to m 1, X Q being a 
and y being c. 

Taking the value of f(x, y) at 



a 



FIG. 71 



each point of intersection, we form the series 
/(a, c) AajAy +/(a, y x ) A#Ay H 
+f(x v c)bxky +f(x v 
2 , c 



.. lf 



. (1) 
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This series can be expressed more concisely by the notation 

!T ^"r 

where two ^Vs are used, since there are two elements i and j 
which vary. 

The limit of (2) as m and n are both increased indefinitely is 
called the douUe integral of f(x, y) over the area bounded by the 
lines x = , x = J, y = c, and y = d. 

The summation of the terms in (2) may evidently be made in 
many ways, but there are two which we shall consider in par- 
ticular: (1) when the sum of the terms of each row is found, and 
these sums added together ; (2) when the sum of the terms in each 
column is found, and these sums added together. It will appear 
from the graphical representation ( 121) that these two methods 
lead to the same result ; and it may be shown that the result is 
always independent of the order of summation. 

If the first method is followed, it id to be noted that the value 
of x is the same in all the terms of any one row, and hence each 
row is exactly the series used in defining a definite integral ( 21) 
with y as the independent variable. Accordingly, when we let m 
increase indefinitely, (2) becomes 

a d ' \ / r tl \ 

f(> y) dy I Aa 1 + ( I /(.?',, y) Ay ) A# 
/ We / 

ad \ / s*d \ 

f( x z> y)dy )A ++( I /(#_!, y)dy )A#. (3) 
/ We / 

But (3) is the series used in defining a definite integral with x 

C d 

as the independent variable and I f(x, y)dy as the function of x. 

Jc 

Letting n increase indefinitely, we have 




which represents the double integral- on the hypothesis that first m 
and then n is made to increase indefinitely. 
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Another way of writing (4) is 

d 

f(x,y)dxdy> 



no 



(5) 



where the summation is made in the order of the differentials from 
right to left, i.e. first with respect to y and then with respect to x, 
and the limits are in the same order as the differentials, i.e. the 
limits of y are c and d, and the limits of x are a and &.* 
If the second method of summation is followed, we have 







b 



(7) 



Ex. The moment of inertia of a particle about an axis is the product of its 
mass by the square of its distance from the axis. From this definition let us 
determine the moment of inertia of a lamina of uniform thickness k about an 

axis perpendicular to its plane. Let the 
density of the lamina be uniform and de- 
noted by p, and let the plane XOY coin- 
cide with the plane of the lamina, the axis 
being perpendicular to the plane at 0. Let 
the lamina bo in the form of a rectangle 
(fig. 72) bounded by the lines x = a, x = 6, 
y = c, y = d. Divide the lamina into rec- 
. jr tangles by the lines 



Q 



FIG. 72 



x = 



x = X 2 , x = 



Then the mass of any element, as PQ, is /jfcAxAy. If this mass is regarded as 
concentrated at P(x, %) its moment of inertia would be (x, 2 4- y 2 )pfcAxAy. If 
the mass is regarded as concentrated at Q(x,--f Ax, %+Ay), its moment of 

* Still another form of writing (4) is C dx C f(x t y)dy t in which the order of 

t/o VC 

summation is first with respect to y and then with respect to x. 

Some writers also prefer to write (5) in the form f / /(, y) dydx, which is 

/a /r 

merely (4) with the parenthesis removed. In this form it is to be noted that the limits 
and the differentials are in inverse orders, and that the order of summation is the 
order of the differentials from left to right, i.e. first with respect to y and then with 
respect to x. In this text this last form of writing the double integral will not be used. 
In other books the context will indicate the form of notation which the writer has 
chosen. 
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inertia would be [(z f + Ax) 2 -f (yj -f Ay) 2 ]p&Aa;Ay. Letting M represent the 
moment of inertia of the rectangle, we have 



t=0 >=0 i=0 

The limits of these sums as n=oo, m=oo, and Ax= 0, Ay =0 are the same ( 3), for 



(x? + 
Hence we define M by the equation 

3f= C* C 

J(l J C 

If p and A: are each placed equal to unity, the result is often referred to as the 
moment of inertia of the plane area bounded by the lines je=a, x=6, y=c, y=d. 

121. Graphical representation. Placing z =/(<, y), we have 
the equation of a surface which is the graphical representation 
f /(' 7 ' V) (fig- 73). Through the lines x== a, x = I, y = c, y = r? 
pass planes ])arallel to 0-2T. Then the volume bounded by the 




FIG. 73 



plane XOY, the planes x = a, x = J, y = c, y = d, and the surface 
=/(#, y) is a graphical representation of the double integral of 
120. For if the planes x = x v x = x z ,x = x a ,-- -, y = y v y y^ 
y~y 8 , are constructed, they divide the above volume, -yvhich 
we will denote by F, into columns such as MNQP, each of which 
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stands on a rectangular base A#Ay in the plane XOT. If the 
coordinates of M are (#,., yj), the corresponding term of (2), 120* 
is/(J5 <f %.)A#Ay, and since /(,*: %) = J/P, the term/(a\, %.)A#A# 
is the volume of a prism standing on the same base as the column 
MNQP, and the volume of this prism is approximately the volume 
of the column. Hence (2), 120, is the sum of the volumes of 
sucli prisms, and is approximately equal to V\ and as m and n 
both increase indefinitely, the limit of the sum of the volumes 
of these prisms is evidently V. 

The significance of the two ways of summation is now clear. 
For if the integral is written as (5), 120, the prisms are first 
added together, keeping x constant, the result being a series of 
slices, eacli of thickness A#, which are finally added together to 
include the total volume ; and if the integral is written in the form 
(7), 120, the prisms are first added together, keeping y constant, 
the result beijig a series of slices, each of thickness Ay, which are 
finally added together to include the total volume. It follows that 
(5) and (7) are equivalent, as was noted before. 

122. Double integral with variable limits. We may now extend 
the idea of a double integral as follows: Instead of taking the 

integral over a rectangle, 
as in 120, we may take 
it over an area bounded by 
any closed curve (fig. 74) 
such that a straight line 
parallel to either OX or OY 
intersects it in not more 
than two points. Drawing 
straight lines parallel to Y 
and straight lines parallel 
to OX y we form rectangles 
of area A#Ay, some of 
which are entirely within 
the area bounded by the 
curve and others of which are only partly within that area. Then 




(1) 
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where the summation includes all the rectangles which are wholly 
or partly within the curve, represents approximately the volume 
bounded by the plane XOY, the surface z =/(', y), and the cylinder 
standing on the curve as a base, since it is the sum of the volumes 
of prisms, as in 121. Now, letting the number of these prisms 
increase indefinitely, while Aa? == and Ay == 0, it is evident that 
(1) approaches a definite limit, the volume described above. 

If we sum up first with respect to y, we add together terms of 
(1) corresponding to a fixed value of x, such as x t . Then if MB is 
the line x = x i9 the result is a sum corresponding to the strip 
ABCD, and the limits of y for this strip are the values of y corre- 
sponding to x = x { in the equation of the curve ; i.e. if MA =f 1 (x t ) 
and MB =/ 2 (# t ), the limits of y are/^) and f. z (x t ). As different 
integral values are given to i, we have a series of terms correspond- 
ing to strips of the type ABCD, which, when the final summation 
is made with respect to x, must cover the area bounded by the 
curve. Hence, if the least and the greatest values of x for the 
curve are the constants a and I respectively, the limit of (1) appears 
in the form b /iCl) 

/ / f(x,y)dxdy, (2) 

Ja t//i(x) 

where the subscript i is no longer needed. 

On the other hand, if the first summation is made with respect 
to x y the result is a series of terms each of which corresponds to a 
strip of the type A'fi'C'lS, and the limits of x are of the form 
^(y) and ^(y), found by solving the equation of the curve for x 
in terms of y. Finally, if the least and the greatest values of y for 
the curve are the constants c and d respectively, the limit of (1) 
appears in the form d ^ 

I / f(x,y)dydx. (3) 

Je t/<J>i(y> 



While the limits of integration in (2) and (3) are different, it is 
evident from the graphical representation that the integrals are 
equivalent. 

123. In 120-122, f(x, y) has been assumed positive for all 
the values of x and y considered, i.e. the surface z =/(#, y) was 
entirely on the positive side of the plane XOY. If, however, 
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f(x, y) is negative for all the values of x and y considered, the 
reasoning is exactly as in the iirst case, but the value of the 
integral is negative. Finally, if f(x, y) is sometimes positive and 
sometimes negative, the result is an algebraic sum, as in 22. 
Furthermore, it i not necessary that all the values of A# should 
be equal and all the values of Ay equal ; also in place of f(r i9 y^ 
we may use /( t , ^), where x i < , < x i+l and %. < t n j < y j+v 

The work of making these extensions being similar to that of 
22-23, it is not repeated here, but the student is advised to 
review those articles. 

124. Computation of a double integral. The method of comput- 
ing a double integral is evident from, the meaning of the notation. 

na 
xydxdy. 

c*l r* \ 
As this integral is written, it is equivalent to I I I xydy)dx, the integral 

Jo \Jo / 
in parenthesis being computed first, on the hypothesis that y alone varies. 



Ex. 2. Find the value of the integral if xydxdy over the first quadrant of 
the circle x 2 + 2/ 2 = a 2 . 

If we sum up first with respect to y, we find a series of terms corresponding 
to strips of the type A BCD (fig. 75), and the limits of y are the ordinates of the 
points like A and B. The ordtnate of A is evidently 0, and from the equation 
of the circle the ordinate of B is Va 2 a' 2 , where OA = x. 
Finally, to cover the quadrant of the circle the limits of 
x are and a. Hence the required integral is 



A D 
Fio. 76 




= !!" -~ 

~~2L 2 4 



Since the above computation of a double integral is simply the 
repeated computation of a single definite integral, the theorems of 
24 may be used in simplifying the work. 
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125. Double integral in polar coordinates. If we have to find 
the double integral of f(r, 0) over any area, we divide that area 
up into elements, such as ABCD (fig. 76), by drawing radii vectors 
at distances A0 apart, and concentric circles the radii of which 
increase by Ar. The area of ABCD 
is the difference of the areas of the 
sectors OBC and OAD. Hence, if 

area ABCD = ^(r + A?') 2 A0 - ^ r 2 A0 



Therefore any term of the sum cor- 
responding to (1), 120, is, 
at first sight, of the form 

f(r, 9) (rArA0+^A7 a . A0). 

But in taking the limit, rArA# + 
rArA0 ( 3), for 




A0 may be replaced by 



Hence the required integral is 



Lim 



=JJf(r,0)rdrd0. (1) 



If the summation in (1) is made first with respect to r, the result 
is a series of terms corresponding to strips such as ^t 1 J? 1 C' 1 7) 1 , and 
the limits of r are functions of found from the equation of the 
bounding curve. The summation with respect to will then add 
all these terms, and the limits of taken so as to cover the entire 
area will be constants, i.e. the least and the greatest values of on 
the bounding curve. 

If, on the other hand, the summation is made first with respect 
to 0, the result is a series of terms corresponding to strips such as 
A 2 B^C 2 D Z , and the limits of are functions of r found from the 
equation of the bounding curve. The summation with respect to 
r will then add all these terms, and the limits of r will b? the 
least and the greatest values of r on the bounding curve. 
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Ex. Find the integral of r 2 over the circle r = 2 a cos0. 

If we sum up first with respect to r, the limits are and 2 a cos 6, found 

from the equation of the bounding curve, 
and the result is a series of terms cor- 
responding to sectors of the type AOB 
(fig. 77). To sum up these terms so as 
to cover the circle, the limits of are 

The result is 




If , 7T 

and - - 

2 2 



a /2aco80 



r f 

/-TVO 



>4-l2aco 8 



=/_ 



FIG. 77 =?ra*. 

The graphical representation may be made by the use of cylin- 
drical coordinates defined in 127. 

126. Triple integrals. Let any volume (fig. 78) be divided into 
rectangular parallelepipeds of volume A,rAyA2 by planes paral- 
lel respectively to the coordinate ? 
planes, some of the parallelepipeds 
extending outside the volume in a 
manner similar to that in which 
the rectangles in 122 extend out- 
side the area. Let (x i9 y J9 Zj) be a 
point of intersection of any three of 
these planes and form the sum 

t = n =ro *= 




as in 122. Then the 
limit of this sum as n, 
m, and p increase in- 
definitely, while A# == 0, 
Ay == 0, As = 0, so as to 

include all points of the volume, is called the triple integral of 
/(#> y *) throughout the volume. It is denoted by the symbol 
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the limits remaining to be substituted. If the summation is made 
first with respect to z, x and y remaining constant, the result is to 
extend the integration throughout a column of cross section A#Ay ; 
if next x remains constant and y varies, the integration is extended 
so as to combine the columns into slices ; and finally, as x varies, 
the slices are combined so as to complete the integration throughout 
the volume. 

127. Cylindrical and polar coordinates. In addition to the 
rectangular coordinates defined in 84, we shall consider two other 
systems of coordinates for space of three dimensions, (1) cylin- 
drical coordinates, (2) polar coordinates. 

1. Cylindrical coordinates. If the w and 
the y of the rectangular coordinates are 
replaced by polar coordinates r and 6 in 
the plane XOY y and the z coordinate is re- 
tained with its original significance, the new 
coordinates r, 0, and z are called cylindrical 
coordinates. The formulas connecting the 
two systems of coordinates are evidently 

x = r cos 0, y = r sin 0, z = z. 

Turning to fig. 79, we see that z = z l determines a plane parallel 
to the plane XOY, that 6 = X determines a plane MONP, passing 
through OZ and making an angle l with 
the plane XOZ, and that r = r l determines 
a right circular cylinder with radius r 1 and 
OZ as its axis. These three surfaces inter- 
sect at the point P. 

2. Polar coordinates. In fig. 80 the cylin- 
drical coordinates of P are OM=r, MP=z 9 
and Z.LOM=0. If instead of placing 
OM = r we place OP = r, and denote the 
angle NOP by <, we shall have r, <f>, and 
as the polar coordinates of P. Then, since OJV r =OPcos<^ and 
OM = OP sin 0, the following equations evidently express the con- 
nection between the rectangular and the polar coordinates ofrP: 

z as r cos ^, x as r sin <f> cos 0, y = r sin sin 0. 
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The polar coordinates of a point also determine three surfaces 
which intersect at the point. For 6 = O l determines a plane (fig. 8 1) 
z through OZ, making the angle 

1 with the plane XOZ ; <f> = fa 
determines a cone of revolution, 
the axis and the vertical angle of 
which are respectively OZ and 
2 fa ; and r = r t determines 
a sphere with its center 
at and radius r r 

In both sys- 
tems of coordi- 
nates varies 
from to 2 TT, 
and in polar coor- 
dinates <f) varies 
fromOto-TT. The 
coordinate r is 
usually positive 

iii both systems, but may be negative, in which case it will be laid 
off on the backward' extension of 
the line determined by the other 
two coordinates, as in I, 177. 

128. Elements of volume in 
cylindrical and in polar coordi- 
nates. If it is desired to express 
the triple integral of 126 in 
either cylindrical or polar coor- 
dinates, it is necessary to know 
the expression for the element 
of volume in those coordinates. 

1. The element of volume in 
cylindrical coordinates (fig. 82) 
is the volume bounded by 
two cylinders of radii r and 
r + Ar, two planes corresponding to z and z+&z, and two planes 
corresponding to 6 and 0+A0. It is accordingly, except for 





FIG. 82 
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infinitesimals of higher order, a cylinder with altitude As and 
base rArA0( 125). Hence the element of volume is 

dV=rdrd8dz. (1) 

2. The element of volume in polar coordinates (fig. 83) is the 
volume bounded by two spheres of radii r and r + Ar, two conical 
surfaces correspond- 
ing to < and </>+A<, 
and two planes cor- 
responding to and 
+ A0. The volume 
of the spherical pyr- 
amid 0-ABCD is 
equal to the area of 
its base ABCD mul- 
tiplied by one third 
of its altitude r* 
To find the area of 
ABCD we note first 
that the area of the 
zone formed by com- 
pleting the arcs AD 
and BC is equal to 
its altitude, r cos < r cos (<f> + A$), multiplied by 2 irr. Also the 
area of ABCD is to the area of the zone as the angle A0 is to 2 IT. 

Hence area ABCD = r A0 [r cos < r cos 
and vol 0-ABCD = J r 8 A0 [cos < cos 
Similarly, 

vol 0-EFGH = \ (r + Ar) 8 A0 [cos (f> - cos 

Therefore 

vol A B CDEFGH = J [(r + Ar) 8 - r 8 ] A0 [cos <> - cos 

But this expression differs from r 2 sin 0ArA^A0 by an infinitesi- 
mal of higher order. Accordingly, the element of volume is 

(2) 




FIG. 83 



* The volume of a spherical pyramid is to the volume of the sphere as the area of 
its base is to the area of the surface of the sphere. 
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It is to be noted that dV is equal to the product of the 
three dimensions AB, AD 9 and A2, which are respectively rd<f> 9 
7*sin<4rf0, and dr. 

129. Change of coordinates. When a double integral is given 

in the form I //(<, y)dxdy > where the limits are to be substituted 

so as to cover a given area, it may be easier to determine the value 
of the integral if the rectangular coordinates are replaced by polar 
coordinates. Then f(x, y) becomes f(r cos 0, r sin 0), i.e. a function 
of r and 0. As the other factor, dxdy, indicates the element of area, 
in view of the graphical representation of 121 and the work of 
125, we may replace d,edy by rdrdd. These two elements of area 
are not equivalent, but the two integrals are nevertheless equiva- 
lent, provided the limits of integration in each system of coordi- 
nates are taken so as to cover the same area. 
In like manner, the three triple integrals 



/(#, y, z)dxdydz, 



f(r cos 0, r sin 0, z) rdrdOdz, 

t 

f(r sin <f> cos 0, r sin <f> sin 0, r cos <) r 2 sin <f>drd<f>d0 






are equivalent when the limits are so taken in each as to cover the 
total volume to be considered. 



PROBLEMS 

Find the values of the following integrals : 

/a r**x j , . /MT /.rtvWS 

1. I I -dxdy. 5. I I r*d0dr. 

Ji Ji y Jo Jo 



X 

3. 



/* /-\/y x a -. r 1 / lo - /y-2* 

4. / I xlog-dydx. 8. f f * f e*-2 

t/2 /l y t/O /0 /0 



r a /V^TI5 /Va-:>2 
Jo Jo Jo 
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dxdydz 



o o o Va 2 x* y 2 z* 

. 



/ /ac<0 /trtiin^ --k /tr /2ir / 

11. f 2 f f rtZfldrdz. 13. f | | 

Jo Jo Jo Jo Jo Jo 

- - 

/ 2 / 2 / r sin cos cos 0d6d<f>dr. 

Jo Jo JaHin$ 



1A - - 

. / 2 / 2 / 



o 

15. Prove that f(*) -f(y)dxdy = 



CHAPTER X11I 
APPLICATIONS OF MULTIPLE INTEGRALS 

130. Moment of inertia of a plane area. The moment of inertia 
of a particle about an axis is the product of its mass and the square 
of its distance from the axis. The moment of inertia of a number 
of particles about the same axis is the sum of the moments of 
inertia of the particles about that axis. From this definition 
we derive (120) a definition of the moment of inertia of a 
homogeneous rectangular lamina of thickness /; and density p 
about an axis perpendicular to the plane of the lamina. The 
result may be written in the form 

M= pk C f\*?+f)dxdy 9 (1) 

C/rt C/C 

where M represents the moment of inertia. 

If p and k are both replaced by unity, (1) becomes 

M= C r\s*+f)dxdy, (2) 

t/O *) C 

which, as was noted in 120, is called the moment of inertia of 
the rectangle about an axis perpendicular to its plane at O. 

Reasoning in the same way, we may form the general expression 

(3) 

where the integration is to extend over a given area in the plane 
XOY. Then (3) is the moment of inertia of that area about the 
axis perpendicular to the plane at 0. 

Ex. Find the moment of inertia, about an axis perpendicular to the plane at 
the origin, of the plane area (fig. 84) bounded by the parabola y 2 = 4 ax, the line 
y = 2 a, and the axis OF. 
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If the integration is made first with respect to a, the limits of that integra- 
l/2 

tion are and -~, since the operation is the summing of elements of moment 
4a 

of inertia due to the elementary rectangles in any 
atrip corresponding to a fixed value of y ; tho limit 

9/2 

is found from the axis of y, and the limit 
is found from the equation of the parabola. a 
Finally, the limits of y must be taken so as to 
include all the strips parallel to OJT, and hence 
must be and 2 a. 



Therefore M = C ' C*"(x* + y*)dydz 
*/o Jo 

/2fl/ 1 7/6 1 */4\ 
.... I f , *.,_ i _ . _ l/V'2/ 

Jo \192 a 4 a/ 



O\ 



Fir,. 84 



131. If the plane area is more conveniently defined by means 
of polar coordinates, (3) of 130 becomes 



(1) 



for, by 129, in place of dxdy as the element of area we take 
the element of area rdrdff, and the factor sf + y 2 evidently 

becomes r 2 . 

Formula (1) may also be de- 
rived directly from the fundamen- 
tal definition at the beginning of 
130, and the student is advised 
to make that derivation. 

Ex. Find the moment of inertia, about 
an axis perpendicular to the plane at O, 
of the plane area (fig. 85) bounded by one 
loop of the curve r = a sin 2 0. 

M We shall take the loop in 

FIG. 85 the first quadrant, since the 

moments of inertia of all the 
loops about the chosen axis are the same by the symmetry of the curve. 

If the first integration is made with respect to r, the result is the moment of 
inertia of a strip bounded by two successive radii vectors and a circular arc ; and 
hence the limits for r are and a sin 2 9. Since the values of for the loop of 
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the curve vary from to - , it is evident that those values are the limits for 
in the final integration. w 



Therefore 



/ 

M = \ 
Jo 



sin* 2 Od0 



\ 



132. In the two preceding articles we have found the moment 
of inertia of a plane area about an axis perpendicular to the plane, 
which, with the exception of a constant factor, is the moment 

of inertia of a corresponding 
homogeneous lamina about the 
same axis. We shall now find 
the moment of inertia of a 
homogeneous lamina about an 
axis in its plane. 

Let the lamina be bounded 
by the closed curve (fig. 86), 
and let its density at any point 
be p and its thickness be k. 
LetO.Ybe the axis about which 
the moment is to be taken. 
A ' Divide the area into rec- 
tanles of area A^A. Thon 



the mass of any corresponding element of the lamina, as PQ, is 
/>7rA,-cAy. If this mass is regarded as concentrated at P, its moment 
about OX is pfaf&v&y ; arid if the mass is regarded as concen- 
trated at Q y its moment about OX is pk,(y +Ay) 2 A#Ay. 
Therefore, if Af r represents the required moment, 

(1) 



the summations to cover the entire area. 



Since IA 



= 1, the double sums of (1) have 
the same limit ( 3), and accordingly 

CC 
M x I I pfafdxdy, (2) 

JJ 
where the integration is to cover the entire area. 
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If p and k are each replaced by unity, (2) defines the moment 
of inertia of the plane area about OX. 

If M y denotes the moment of inertia about F, in similar manner 

(3) 

Ex. Find the moment of inertia about OF of the plane area bounded by the 
parabola y 2 = 4 ox, the line y = 2 a, and the axis OY. 

Since the above area is the same as that of the Ex. in 130, the limits of 
integration will be the same as there determined, but the integrand will be 
changed in that x 2 + y 2 is replaced by x 2 . 



/2a xJ^ 

Hence Jf = I I x*dydx 

JQ Jo 

= - C*'\ 
192 a 8 Jo J 



If it is desirable to use polar coordinates, (2) becomes 

M x = CCpkr* sin 2 6drd0, (4) 

and (3) becomes 

M y = \(pkr* cos 2 0drd0, (5) 

the substitution being made according to 129. 

133. Area bounded by a plane curve. The area bounded by an 
arc of a plane curve, the axis of x y and the ordinates of the ends of 
the arc has been determined in 35 by a single integration. By tak- 
ing the algebraic sum of such areas any plane area may be computed. 

The area bounded by any plane curve may also be found by a 
double integration as follows : Draw straight lines parallel to OX 
and to OF respectively, forming rectangles of area A#Ay, some of 
which, as in fig. 74, will be entirely within the curve, and others 
of which will be only partly within the curve. Form the double 
sum 2J^Aa?Ay of these rectangles, and then let their number 
increase indefinitely while A# == and Ay === 0. Then the double 
integral rf * 

Jjdxdy ( (1) 

is the required area. 
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Ex. Find the area inclosed by the curve (y - x - 3) 2 = 4 - x 2 (fig. 87). 
The element of area is the rectangle AxAy. If the first integration is made 
with respect to y, the, result is the area of a strip like the one shaded in fig. 87, 
and the limits for y will be found by solving the equation of the curve for y in 

terms of x. Since y = x -f 3 
..(.V4 x'*, the lower limit 
is 2/1 = x + 3 - V4 - x 2 and 
the upper limit is yz = x -f 3 
4- V4x 2 . For the integra- 
tion with respect to x the 
limits are 2 and 2, since 
the curve is bounded by the 
lines x = 2 and x = 2. 




O 

FIG. 87 



Therefore 



area = f f *dxdy 

J-zJvi 

= f (yz-yi) 

i/-2 



= 2 




This example is Ex. 3, 
36. Comparing the two 
solutions, we see that the 
result of the first integra- 
tion here is exactly the inte- 
~X grand in 35. It is evident 
that this will be the case 
in all similar problems, and 
hence many areas may be found by single integration. The advantage of the 
double integral consists in the representation of the area of a figure for which 
the limits of integration cannot easily be found. 

134. In like manner, the area bounded by any curve in polar 
coordinates may be expressed by the double integral 



JOT- 



rdrd6 y 



(1) 



the element of area being that bounded by two radii vectors the 
angles of which differ by A0, and by the arcs of two circles the 
radii of which differ by Ar. 

If the first integration of (1) is with respect to r, the result 
before the substitution of the limits is J r*d0. But this is exactly 
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the integrand used in computation by a single integration. Hence 
many areas may be computed by single integration in polar 
coordinates. 

135. Area of any surface. Let C (fig. 88) be any closed curve 
on the surf ace f(x 9 y, z) == 0. Let its projection on the plane XOY 
be C 1 . We shall assume that the given surface is sucli that the 
perpendicular to the plane XOY at any point within the curve C 1 
meets the surface in but a single point. 

In the plane XOY draw straight lines parallel to OX and OY 9 
forming rectangles of area A#Ay, which lie wholly or partly 
in the area bounded by C". Through these lines pass planes 
parallel to OZ. These planes z 
will intersect the surface in 
curves which intersect in points 
the projections of which on the 
plane XOY are the vertices of 
the rectangles ; for example, M 
is the projection of P. At every 
such point as P draw the tan- 

Froin 




FIG. 88 



gent plane to the surface, 
each tangent plane there 
will be cut a parallelo- 
gram * by the 
planes drawn 
parallel to OZ. 
We shall now 
define the area * 
of the surface f(x, y, z) = 0, bounded by the curve C, as the limit 
of the sum of the areas of these parallelograms cut from the tan- 
gent planes, as their number is made to increase indefinitely, at 
the same time that Ax = and Ay = 0. This definition involves 
the assumption that the limit is independent of the manner in 
which the tangent planes are drawn, or of the way in which the 
small areas are made to approach zero. This assumption may be 
proved by careful but somewhat intricate reasoning. 



* This parallelogram is not drawn in the figure, since it coincides so nearly with the 
surface element. 
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If A^4 denotes the area of one of these parallelograms in a tan- 
gent plane, and 7 denotes the angle which the normal to the tangent 
plane makes with OZ, then ( 92) 

A#A# = A-4 cos 7, (1) 

since the projection of A^4 on the plane XOY is A^Ay. The direc- 

dz 
tion cosines of the normal are, by 112, (2), proportional to > 

dz 

> 1 ; hence 1 

oy cos 7 = 



and hence 



and 







(2) 




According to the definition, to find A we must take the limit 
of (3) as A# = and A?/ = ; that is 
z 




where the integration must 
be extended over the area in 
the plane A'OJfbounded 
by the curve C f . 

Kx. 1. Find the area of 
an octant of a sphere of 

radius a. 

If the center of 

the sphere is taken 
as the origin of co- 
ordinates (fig. 80), 
the equation of the 
sphere is 



. 89 



and the projection 

Y' ot the required 

area on the plane XOY is the area in the first quadrant bounded by the circle 



and the axes OX and OY. 



From (1), 



AREA. OP ANY SUEFACE 

fo x cz y 



822 



a 



.-.A = r r v 

Jo /o 

= jr 

v 



1 x 2 - ; 
adxdy 
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Ex. 2. The center of a sphere of radius 2 a is on the surface of a right cir- 
cular cylinder of radius a. Find the area of the part of the cylinder intercepted 
by the sphere. 

Z 




FIG. 90 



Let the equation of the sphere be 



the center being at the origin (fig. 90), and let the equation of the cylinder be 

0, (2) 



the elements of the cylinder being parallel to OX. 

To find the projection of the required area on the plane X OY it is necessary 
to find the equation of a cylinder passing through tho line of intersection of (1) 
and (2), and having it* elements parallel to OZ. Now , 
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represents any surface through the line of intersection of (1) and (2), and hence 
it only remains to choose k and A; 2 so that (3) shall be independent of z. Accord- 
ingly let ki = 1 and fc 2 = 1, and (8) becomes 

4 a 2 = 0. (4) 



From (2), 



dz 



= 0, 



=\/ \.V- -- = -~-^- by (2) 



_ f 2 " f^i^-~a^i _ ad 
Jo J-f^ 



adydx 



-V* 



= 8tt 2 . * 

The limits of integration were determined from (4), which is the projection 
of the bounding line of the required area on the plane XOY, 

As an equal area is intercepted on the negative side of the plane XOF, the 
above result must be multiplied by 2. Hence the required area is 10 a 2 . 

The evaluation of (4) may sometimes be simplified by trans- 
forming to polar coordinates in the plane XOY. 

Ex. 3. Find the area of the sphere x 2 + y 2 + z 2 = a included in a cylinder 
having its elements parallel to O7. and one loop of the curve r = a cos 2 $ (fig. 91) 
in the plane XOY as its directrix. 



Proceeding as in Ex. 1, we find the integrand 



Vtt 2 -x 2 -; 
ing this integrand to polar coordinates, we have ( 129) 



Traiisfonn- 




2 



r r 

J.irJo 



FIG. 91 



for the first integration 
with respect to r covers a 
sector extending from the 
origin to a point on the curve 
r = a cos 20, since the curve 
passes through the origin; 
and the final integration 
with respect to $ is from 

to -, since the loop 



chosen is bounded by the 

radii vectors 9 = ~ and = - . The factor 2 before th* integral is necessary 

4 4 

because there is an equal amount of area on the negative side of the plane XOY. 



Therof ore 
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If the required area is projected on the plane YOZ, we have 




where th$ integration extends over the projection of the area on 
the plane YOZ\ and if the required area is projected on the plane 
XOZ, we have 




where the integration extends over the projection of the area on 
the plane XOZ. 

136. Center of gravity. In 47 we defined the center of gravity 
of a system of particles all of which lie in the same plane, the result- 

ing formulas being ^\ 

t_2>W _. 

X - , 



If the particles do not all lie in the same plane, we are obliged to 
add a third equation, 



to define the third coordinate of the center of gravity, the deriva- 
tion of which is not essentially different from that given in 47. 

To determine the center of gravity of a physical body, we divide 
the body into elementary portions, the mass of any one of which 
may be represented by Am. Then if (x { , y i9 %) is any point such 
that the mass of one of the elementary portions may be considered 
as concentrated at that point, we define the center of gravity 
(#, y> z) of the body by the formulas 
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The denominator of each of the preceding fractions is evidently M, 
the mass of the body. 

Formulas (1) can be expressed in terms of definite integrals, the 
evaluation of which gives the values of x, y, and z. We shall here 
take up only those cases in which the definite integrals introduced 
are double or triple integrals. 

137. Center of gravity of a plane area. The center of gravity 
of a plane area in the plane XOY has been defined in 49. From 
that definition we have immediately that z = 0. 

To determine x and y we divide the area into rectangles of area 
A#Ay (fig. 86), and if we denote the density by p 9 Am = />A#Ay. 

If we consider the mass of an element, as PQ, concentrated at P y 
we have, by substituting in (1), 136, 



an expression which is evidently less than x ; and if we consider 
the mass of PQ as concentrated at Q, we have 






an expression which is evidently greater than x. 
But the limits of (1) and (2) are the same ( 3), for 

Lim ( 



I I pxdxdy 
limit of (1) is ^ , 



The limit of (1) is > both integrals being taken over the 

entire area. iCpdxdy 

I I pxdxdy I Ipydxdy 

Therefore * = ^ ' y=rf ' (3> 

llpdxdy llpdxdy 

y being derived in the same manner as x. 
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If p is constant, it can be canceled; and in any problem in 
which p is not defined, it will be understood that it is constant. 
In that case the denominator of each coordinate is the area of the 
plane figure. 

Kx. Find the center of gravity of the segment of the ellipse + ~ 1 cut 
off by the chord through the positive ends of the axes of the curve. 
This is Ex. 2, 40, and the student should compare the two solutions. 
The equation of the chord is bx + ay = ab. 
To determine x and y we have to compute the two integrals | I xdzdy and 

r r 

I I ydxdy over the shaded area of fig. 39, and also find that shaded area. 

The area is the area of a quadrant of the ellipse less the area of the triangle 
formed by the coordinate axes and the chord, and is accordingly 

I (irab) - I ab - \ ab(ir - 2). 

For the integrals the limits of integration with respect to y are y\ 

and y a = - Va? x 2 , 3/1 being found from the equation of the chord, and y* being 
found from the equation of the ellipse. The limits for x are evidently and a. 

f f tt " xdxdy [ I - x Va 2 x 2 bx H ) dx 

Jo J<,b-br Jo\a a / 



n" n ~" J ydxdy = C ( b*x* + ab*x) dx 
^ - b,c a v o 

= J 6%. 



3(ir-2) 8(ir-2) 

138. If the equation of the bounding curve of the area is in 
polar coordinates, we have, by transforming equations (3), 137, 

by 129, rr 

Upr'coHedrdd 

-fc JJ , 

CCprdrdff 
JJ (1) 

pr 2 sin ddrdO 



I Iprdrdd 
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Ex. Find the center of gravity of the area bounded by the two circles 

r = acos0, r = &cos0. (6>a) 



It is evident from the symmetry of the area (fig. 92) that y = 0. 

As the denominator of the fractions, after canceling />, is the area, it is 

equal to - = -ir(V*-a*). 
444 

The numerator for x becomes 




- _ ft 2 -f ab + a 2 



139. Center of gravity of a solid. To find the center of gravity 
of any solid we have merely to express the Aw of formulas (1), 
136, in terms of space coordinates and proceed as in 137. For 
example, if rectangular coordinates are used, Aw = pA#A#A2, and 



I I I pxdxdydz 

I I I pdxdydz 

I 1 Ipydxdydz 

0/ - ______ __ . .. j 

I I I pdxdydz 

I I I pzdxdydz 
I 1 1 pdxdydz 



the work of derivation being like that of 137. 

If desired, formulas (1) may be expressed in cylindrical or polar 
coordinates. 

Ex. Find the center of gravity of a body of uniform density, bounded by one 
nappe of a right circular cone of vertical angle 2 a and a sphere of radius a, the 
center of the sphere being at the vertex of the cone. 
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If the center of the sphere is taken as the origin of coordinates and the axis 
of the cone as the axis of 2, it is evident from the symmetry of the solid that 
x = y = 0. To find z, we shall use polar coordinates, the equations of the sphere 
and the cone being respectively r = a and = a. 



Then 



x2ir f>ct ** 

| I / 

i/O /0 </0 



/2ir /<z f*a 

I I I 

4/0 /0 t/0 



The denominator is the volume of a spherical cone the base of which is a zone 
of altitude a(l cos a); therefore its volume equals Jj7ra 8 (l cos a) ( 128). 



f 



= a* f * f"cos sin <f>ded<f> 



= ^ wa 4 (1 cos 2 a) . 



140. Volume. In 126, 128 we found expressions for the 
element of volume in rectangular, in cylindrical, and in polar 
coordinates. The volume of a solid bounded by any surfaces 
will be the limit of the sum of these elements as their number 
increases indefinitely while their magnitudes approach the limit 
zero. It will accordingly be expressed as a triple integral 



Ex. 1. Find the volume bounded by the ellipsoid - 

From symmetry (fig. 98) it 

is evident that the required 
volume is eight times the vol- 
ume in the first octant 
bounded by the surface 
and the coordinate 
planes. 

In summing up the 
rectangular parallel- 
epipeds AxAyAz to 
form a prism with 
edges parallel to OZ, 
the limits for z are 

and c-\/l T- 



FIG. 93 



4*2 <g2 

+ ~- + = 1. 

0* C* 



the latter being 
found from the 
equation of the 
ellipsoid. 
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Summing up next with respect to y, to obtain the volume of a slice, we have 



as the lower limit of y, and 6^/1 as the upper limit. This latter limit is 

3*2 4/2 

determined by solving the equation h = 1, found by letting z = in the 

a 2 o 2 

equation of the ellipsoid ; for it is in the plane 2 = that the ellipsoid has the 
greatest extension in the direction OF, corresponding to any value of x. 
Finally, the limits for x are evidently and a. 



Therefore V = 




= 8cfr 
Jo Jo 



It is to be noted that the first integration, when rectangular 
coordinates are used, leads to an integral of the form 



where 3 2 and ^ are found from the equations of the bounding sur- 
faces. It follows that many volumes may be found as easily by 
double as by triple integration. 

In particular, if z l = 0, the volume is the one graphically repre- 
senting the double integral (121). 

Ex. 2. Find the volume bounded by the surface z = ae-^+W and the plane 



To determine this volume it will be advantageous to use cylindrical coordi- 
nates. Then the equation of the surface becomes z = ae- 1 *, and the element of 
volume is ( 128) nfrdftfa. 

Integrating first with respect to z, we have as the limits of integration and 
ae- r *. If we integrate next with respect to r, the limits are and oo, for in the 
plane z = 0, r = oo, and as z increases the value of r decreases toward zero as a 
limit. For the final integration with respect to 6 the limits are and 2ir. 

/2n- /> /oe~" r * 

Therefore F= I I I rdedrdz 

Jo Jo Jo 

/i2ir /oo 

= o| I re-"*dOdr 
Jo Jo 

Sir 
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In the same way that the computation of the volume in Ex. 2 
has been simplified by the use of cylindrical coordinates, the com- 
putation of a volume may be simplified by a change to polar coor- 
dinates ; and the student should always keep in mind the possible 
advantage of such a change. 

141. Moment of inertia of a solid. The moment of inertia of a 
solid about an axis may be found as follows : Divide the solid into 
elements of volume, and let Am represent the mass of such an 
element. Let li and li + A7& represent the least and the greatest 
distances of any particle of Am from the axis. Then if Am is 
regarded as concentrated at the least distance, its moment of inertia 
would be A 2 Am; and if Am is regarded as concentrated at the 
greatest distance, its moment of inertia would be (h + AA) 2 Am. 
If the moment of inertia of the entire solid is denoted by Jf, 



where the two sums include all the elements of volume into which 
the solid was divided. 

Lira- ^TT^ ~ = 1, when the number of the elements of 
h Am 

volume increases indefinitely while their magnitude approaches 
the limit zero. 

Hence we define M by the equation 

Jlf=Lim5jA 2 Am. (1) 

It is to be noted that the cases of 130-132 are but special 
cases of (1). 

The computation of M requires us to express (1) as a definite 
integral in terms of some system of coordinates, the choice of a 
particular system of coordinates depending upon the solid. 

Ex. Find the moment of inertia of a homogeneous sphere of density p and 
radius a about a diameter. 

We shall take the center of the sphere as the origin of coftrdinates, and the 
diameter about which the moment is to be taken as the axis of z. The problem 
will then be most easily solved by using cylindrical coordinates. 

The equation of the sphere will be r a + 2 s = a a , and dm = prdrdOdz, where p 
is the density ; also h = r, so that we have to find the value of the triple integral 

'///**** 
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Integrating first with respect to g, we find the limits, from the equation of 
the sphere, to bo Va 2 r 2 and Va a - r 2 . Integrating next with respect to r, 
we have the limits and a, thereby finding the moment of a sector of the sphere. 
To include all the sectors, we have to take and 2?r as the limits of in the last 
integration. 



Therefore Af=pC C P 

Jo Jo J - 

As a result of the first integration, 

7; 



r*dedrdz. 



- i*Mdr. 



Making the next integration by a reduction formula or a trigonometric sub- 
stitution, we have 



142. Attraction. In 45 the attraction between two particles 
was defined, and the component in the direction OX of the attrao- 

n 1 J ^ 1 1-1 T- <*-ACOS0, A 

tion of any body on a particle was derived as Lim> ^--Aw, 

n = <*>*-* r* 

where A?/& represents an element of mass of 
the body, r { may be considered the shortest 
distance from any point of the element to 
the particle, and 6 i is the angle between OX 
and the line r.. This expression is entirely 
general, and similar expressions may be de- 
rived for the components of the attraction 
in the directions OY and OZ. 

N.ow that we can use double and triple 
integrals the application of these formulas 
is simplified. 

Ex. Find the attraction due to a homogeneous 
circular cylinder of density /o, of height ft, and radius 
of cross section a, on a particle in the line of the axis 
of the cylinder at a distance 6 units from 
^ one end of the cylinder. 

Take the particle at the origin of coor- 
dinates (fig. 94), and the axis of the cylin- 

FIG. 94 der as OZ. Using cylindrical coordinates, 

we have dm = prdrdedz and r = vV 2 + r 2 . 
From the symmetry of the figure the resultant components of attraction in 




the directions OX and OY are zero, and 
component in the direction OZ. 



for the resultant 
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Therefore, letting A z represent the component in the direction OZ, we have 

2ir 



ir /o /*b + h ify 

\ \ -.J^- 
Jo Jb z* 4- r'- 



o o b (z* 4- 
where the limits of integration are evident from fig. 01. 



= P r 

Jo 




PROBLEMS 

1. Find the moment of inertia of the area between the straight lines x -f y = 1, 
x = 1, and y =. 1 about an axis perpendicular to its plane at O. 

2. Find the moment of inertia of the area bounded by the parabolas y 2 = 4 <LC 
4 4 a 2 , y- = 46x -f 4 fc 2 about an axis perpendicular to its plane at O. 

3. Find the moment of inertia of the area of the loop of the curve 6 2 // 2 = 
x 2 (a x) about an axis perpendicular to its plane at O. 

4. Determine the moment of inertia about an axis perpendicular to the plane 
at the pole of the area included between the straight line r a sec and two 
straight lines at right angles to each other passing through the pole, one of those 
lines making an angle of 00 with the initial line. 

5. Find the moment of inertia of the area of one loop of the curve r a cos 3 
about an axis perpendicular to its plane at the pole. 

6. Find the moment of inertia of the area of the cardioid r = a (cos 4- 1) 
about an axis perpendicular to its plane at tho pole. 

7. Find the moment of inertia of the area of one loop of the lemniscate 
r 2 = 2 a 2 cos 2 about an axis perpendicular to its plane at the pole. 

8. Find the moment of inertia of the total area bounded by the curve 
r 2 = a 2 sin about an axis perpendicular to its plane at the pole. 

9. Find tho moment of inertia pf the entire area bounded by the curve 
r 2 = a 2 sin 3 about an axis perpendicular to its plane at the pole. 

10. Find the moment of inertia of the area of a circle of radius a about an 
axis perpendicular to its plane at any point on its circumference. 

11. Find the moment of inertia of the area of the circle r = a which is not in- 
cluded in the curve r=a sin 2 about an axis perpendicular to its plane at the pole. 

12. Find the moment of inertia about the axis of y of the area bounded by 
the hyperbola xy ~ a 2 and the line 2x-f2y 5a = 0. 

13. Find the moment of inertia about the axis of x of the area of the loop 
of the curve fc' 2 y 2 = x 2 (a x). 

14. Find the moment of inertia of the area of one loop of the lemniscate 
r a = 2 a 2 cos 2 about an axis in its plane perpendicular to the initial Hue at 
the pole. 
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15. Find the moment of inertia of the area of the cardioid r = a (cos -f 1) 
above the initial line, about the initial line as an axis. 

16. Find the moment of inertia of the area bounded by a semicircle of radius 
2 a and the corresponding diameter, about the tangent parallel to the diameter. 

17. Find the area bounded by the hyperbola xy = a 2 and the line 2x + 2y 
-6a = 0. 

18. Find the area bounded by the parabola a 2 = 4 ay and the witch 



19. Find the area bounded by the liinagon r = 2 cos + 3 and the circle 
r = 2 cos 0. 

20. Find the area bounded by the conf ocal parabolas y* 4 ax + 4 a 2 , 



21. Find the area bounded by the circles r == a cos 0, r = a sin 0. 

22. Find the areas of the three parts of the circle x 2 + y 2 2 ax = into 
which it is divided by the parabola y" 1 ax. 

23. Find the area cut off from the lenmiscato r 2 = 2 a 2 cos 2 by the straight 

, ^ 

line r cos = - t * a. 

24. Find the area of the surface cut from the cylinder x 2 -f y 2 = a 2 by the 
cylinder y 2 + z 2 = a 2 . 

25. Find the area of the surface of a sphere of radius a intercepted by a right 
circular cylinder of radius a, if an element of the cylinder passes through the 
center of the sphere. 

26. Find the area of the surface of the cone x 2 + y 2 z 2 = cut out by the 
cylinder x 2 + y 2 - 2 ax = 0. 

27. Find the area of the surface of the cylinder x 2 + y 2 2 ox = bounded 
by the plane XOY and a right circular cone having its vertex at O, its axis 
along OZ, and its vertical angle equal to 90. 

28. Find the area of the surface of the right circular cylinder z 2 -f (x cos a 
f y sin a) 2 = a 2 included in the lirst octant. 

29. On the double ordinates of the circle x 2 + y 2 = a 8 as bases, and in planes 
perpendicular to the plane of the circle, isosceles triangles, each with vertical 
angle 2 a, are described. Find the equation of the convex surface thus formed, 
and its total area. 

30. Find the area of the surface z = xy included in the cylinder (a 2 + y 2 ) 2 = 
x 2 - y 2 . 

31. Find the area of the sphere x 2 + y 2 4- 2 2 = a 2 included in the cylinder 
with elements parallel to OZ, and having for its directrix in the plane XOF a 
single loop of the curve r = a cos 3 0. 

32. Find the area of that part of the surface z = X "~ the projection of 

2 a 
which on the plane XOY is bounded by the curve r 2 =a 2 cos0. 



PKOBLEMS 255 

33. Find the area of the sphere x 2 + y 2 -f z* = 4 a 2 bounded by the intersec- 
tion of the sphere and the right cylinder, the elements of which are parallel to 
OZ and the directrix of which is the cardioid r = a (cos $ + 1) in the plane XOY. 

34. Find the center of gravity of the plane area bounded by the parabola 
x* + y* = a* and the line x + y a. 

35. Find the center of gravity of the plane area bounded by the parabola 

8(i 8 
x 2 = 4 ay and the witch y = 

x 2 -f 4 a 2 

36. Find the center of gravity of the plane area bounded by the cissoid 

x 8 

y 2 = and its asymptote. 

2a x 

37. Find the center of gravity of the area of the part of the loop of the 
curve a 4 ?/ 2 = a' 2 x 4 x 6 which lies in the first quadrant. 

38. Find the renter of gravity of the area in the first quadrant bounded by 
the curves x% + jfi = a* and x 2 -I- y 2 = a 2 . 

39. Find the center of gravity of the plane area bounded by OJT, OF, and 
the curve x^ + y^ cfl. 

40. A plate is in the form of a sector of a circle of radius a, the angle of the 
sector being 2 a. If the thickness varies directly as the distance from the center, 
find its center of gravity. 

41. How far from the origin is the center of gravity of the area included in 
a loop of the curve r = a cos 2 ? 

42. Find the center of gravity of the area bounded by the cardioid r 
a(co80 + 1). 

43. Find the center of gravity of a thin plate of uniform thickness and den- 
sity in the form of a loop of the leinniscate r 2 = 2 a 2 cos 2 0. 

44. Find the center of gravity of a homogeneous body in the form of an 

2j2 7/2 2 

octant of the ellipsoid \- H = 1. 

a 2 b* c 2 

45. Find the center of gravity of the homogeneous solid bounded by the 
surfaces z = fcix, z = /c 2 x(fc 2 > fci), x 2 + y 2 = 2 ax. 

46. The density of a solid bounded by the ellipsoid - - -f H = 1 varies 

a 2 6 2 c 2 

directly as the distance from the plane YOZ. Find the center of gravity of the 
portion of this solid lying in the first octant. 

47. Find the center of gravity of the homogeneous solid bounded by the 
surfaces z = 0, y = 0, y = 6, 6 2 2 2 = y 2 (a 2 - x 2 ). 

48. A homogeneous solid is bounded by a sphere of radius a and a right 

circular cone, the vertical angle of which is the vertex of which is on the 

3 

surface of the sphere, and the axis of which coincides with a diameter of the 
sphere. Find its center of gravity. 

49. Find the center of gravity of a right circular cone of altitude a, the,, den- 
sity of each circular slice of which varies as the square of its distance from the 
vertex. 
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50. Find the center of gravity of an octant of a sphere of radius a, if the 
density varies as the distance from the eenter of the sphere. 

51. Find the center of gravity of a homogeneous solid bounded by the sur- 
faces of a right circular cone and a hemisphere of radius a, which have the 
same base and the same vertex. 

52. Find the volume bounded by the surface x* + y* -f z* = a* and the coor- 
dinate planes. 

53. Find the volume of the part of the cylinder x 2 -f y 2 2 ox = included 
between the planes z = fciX, z = k%x (k t < A; 2 ). 

54. Find the total volume bounded by the surface X - - + - -f = 1. 

a 2 o 2 c* 

55. Find the volume included in the first octant of space between the coor- 
dinate planes and the surface y 2 1G ( 1 - j -f 8 z ( 1 - j = 0. 

56. Find the volume in the first octant bounded by the surfaces z = (x -f y) 2 , 
x + y 2 _ rt 2. 

57. Find the volume bounded by the surface 6 2 z 2 = y 2 (a 2 x 2 ) and the planes 

y = and y = b. 

58. Find the volume bounded by the surfaces az = xy, x -f y -f z = a, z = 0. 

59. Find the volume bounded by the cylindroid z 2 = x + y and the planes 
x = 0, y = 0, z = 2. 

60. Find the volume of the paraboloid y 2 -f s 2 = 8 x cut off by the plane 
y = 2z-2. 

6 1 . Find the volume bounded by the surfaces z = ax 2 -f % 2 , y 2 = 2 ex x 2 , z = 0. 

62. Find the volume bounded by the surfaces x 2 -f y 2 ox, x 2 -f y 2 = 63, z = 0. 

63. Find the total volume bounded by the surface x* + y* -f z^ = a'. 

64. Find the volume cut from a sphere of radius a by a right circular cyl- 
inder of radius - , one element of the cylinder passing through the center of the 
sphere. 

65. Find the volume bounded by the surfaces z = a(x + y), z = a(x 2 -f 2/ 2 ). 

66. Find the volume bounded by the surfaces z = 0, z = ar 2 , r = b cose. 

67. Find the total volume bounded by the surface (x 2 + y 2 -f z 2 ) 8 =27a 8 xyz. 
(Change to polar coordinates.) 

68. Find the volume bounded by a sphere of radius a and a right circular 
cone, the axis of the cone coinciding with a diameter of the sphere, the vertex 
being at one end of the diameter and the vertical angle of the cone being 00. 

69. Find the total volume bounded by the surface (x 2 + y 2 + z 2 ) 2 = axyz. 

70. Find the volume of the sphere x 2 -|- y 2 -J- z 2 = a 2 included in a cylinder 
vuth elements parallel to OZ, and having for its directrix in the plane XOT one 
loop of the curve r = a cos 8 0, 
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71. Find the volume bounded by the plane XOY, the cylinder sc 2 + y 2 2 ox 
= 0, and the right circular cone having its vertex at O, its axis coincident with 
OZ, and its vertical angle equal to 00. 

72. Find the total volume bounded by the surface r 2 -f z 2 = ar (cos 6 + 1). 

g2 7y2 2 

73. Find the moment of inertia of a homogeneous ellipsoid I- ~ H = 1, 
of density />, about OX. a o c 

74. Find the moment of inertia about its axis of a homogeneous right cir- 
cular cylinder of density p, height A, and radius a. 

75. A solid is in the form of a right circular cone of altitude h and vertical 
angle 2 a. Find its moment of inertia about its axis, if the density of any par- 
ticle is proportional to its distance from the base of the cone. 

76. The density of a solid sphere of radius a varies as the distance from a 
diametral plane. Find its moment of inertia about the diameter perpendicular 
to the above diametral plane. 

77. A homogeneous solid of density p is in the form of a hemispherical 
shell, the inner and the outer radii of which are respectively r\ and r 2 . Find 
its moment of inertia about any diameter of the base of the shell. 

78. A solid is bounded by the plane 2 = 0, the cone z = r (cylindrical coor- 
dinates), and the cylinder having its elements parallel to OZ and its directrix 
one loop of the lemniscate r 2 = 2 a 2 cos 2 9 in the plane XOY. Find its moment 
of inertia about OZ, if the density varies as the distance from OZ. 

79. Find the attraction of a homogeneous right circular cone of mass Jlf, 
altitude 7t, and vertical angle 2 a on a particle at its vertex. 

80. A portion of a right circular cylinder of radius a and uniform density p 
is bounded by a spherical surface of radius b(b>a)j the center of which coin- 
cides with the center of the base of the cylinder. Find the attraction of this 
portion of the cylinder on a particle at the middle point of its base. 

81. Find the attraction due to a hemisphere of radius a on a particle at the 
center of its base, if the density varies directly as the distance from the base. 

82. The density of a hemisphere of radius a varies directly as the distance 
from the base. Find its attraction on a particle in the straight line perpendic- 
ular to the base at its center, and at the distance a from the base in the direc- 
tion away from the hemisphere. 

83. A homogeneous ring is bounded by the plane XOY, a sphere of radius 
2 a with center at 0, and a right circular cylinder of radius a, the axis of which 
coincides with OZ. Find the attraction of the ring on a particle at 0. 



CHAPTER XIV 
LINE INTEGRALS AND EXACT DIFFERENTIALS 

143. Definition* Let C (tig. 95) be any curve in the plane XOY 
connecting the two points L and 7f, and let M and N be two func- 
tions of x and y which are one-valued and continuous for all points 

on C. Let C be divided into n seg- 
ments by the points 7J, 7J, 7|, -, J_ v 
and let Au; be the projection of one of 
these segments on OX and Ay its pro- 
jection on V. That is, A# = ,r ?>1 # 
Ay = y. +1 y t ., wliere the values of A# 
and Ay are not necessarily the same 
for all values of L Let the value of 
M for each of the n points L, 7J, 7, , jg_ 1 be multiplied by the 
corresponding value of A#, and the value of N for the same point 
by the corresponding value of Ay, and let the sum be formed 




t=0 

The limit of this sum as n increases without limit and A# and 
Ay approach zero as a limit is denoted by 



A 



(Mdx + Ndy], 



and is called a line integral along the curve C. The point K may 
coincide with the point L, thus making C a closed curve. 

If x and y are expressed in terms of a single independent vari- 
able from the equation of the curve, the line integral reduces to a 
definite integral of the ordinary type; but this reduction is not 
always convenient or possible, and it is important to study the 
properties of the line integral directly. 

We shall give first a few examples, showing the importance of 
the line integral in some practical problems. 
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Ex. 1. Work. Let us assume that at every point of the plane a force acts, 
which varies from point to point in magnitude and direction. We wish to find 
the work done on a particle moving from L to K along the curve C. Let C be 
divided into segments, each of which is denoted by As and one of which is rep- 
resented in fig. 9(5 by PQ. Let F be the force 
acting at P, PR the direction in which it acts, 
PT the tangent to C at P, and the angle- 
RPT. Then the component of F in the direc- 
tion PT is F cos 0, and tho work done on a par- 
ticle moving from P to Q is JFVos 0A.s, except for 
infinitesimals of higher order. The work done 
iu moving the particle along C is, therefore, 



= C 
J( 




Now lot a be the angle between PR and CLY, and the angle between PT 
and OX. Then = a and cos = cos cos a -h sin sin a. Therefore 



= C (F cos cos a -f F sin sin a) (Is. 
J(0 



But F oos a is the component of force parallel to OX and is usually denoted by 
X. Also Fs\n it is the component of force parallel to OY and is usually denoted 
by Y. Moreover cos 0Js = dc and sin $ds = dy ( 42). Hence we have finally 

W= C (Xdx- 



Ex. 2. FJw0 o/r* liquid. Suppose a liquid flowing over a plane surface, the 
lilies in which the particles flow being indicated by the curved arrows of fig. 97. 
We imagine the flow to take place in planes parallel to JTOF, and shall assume 

the depth of the liquid to bo unity. We wish to 
find the amount of liquid per unit of time which 
' r ^^7^^*~ *" Hows across a curve C. 

Let q be the velocity of the liquid, a the angle 
which the direction of its motion at each point 
makes with Q-Y, u = q cos a: the component of 
velocity parallel to OAT, and v = q sin a the com- 
ponent of velocity parallel to OF. Take an ele- 
ment of the curve PQ = As. In the time dt the 
particles of liquid which are originally on PQ will 
flow to P'Q', where PP / = QQ 7 = qdt (except for 

infinitesimals of higher order). The amount of liquid crossing PQ is therefore 
the amount in a cylinder with base PQQ'Z* and altitude unity. The volume 
of this cylinder is PP' PQ sin = qdt sin 0A, where = P'PQ. Hence the 
amount of liquid crossing the whole curve C in the time dt is 

Lini'V qdt sin 0A = dt Lim^T q sin 0As = dt f q sin 0d 
and the amount per unit of time is 




O 



Fio,. 97 



L 
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To put this in the standard form, let be the angle made by PQ with OX. 
Then = a and sin = sin cos a cos <f> sin a. Hence 

q sin 0ds </ sin cos nrds q cos sin drtfs ~ wfce -f wdy. 
Therefore the amount of liquid flowing across C per unit of time is 



X( 
.V) 



Ex. 3. Heat. Consider a substance in a given state of pressure p, volume t>, 
and temperature t. Then j), a?, arc connected by a relation /(p, v, t) 0, so 
that any two of them may be taken as independent variables. For a perfect gas 
pv = Art, if t is the absolute temperature, and the state of the substance is indi- 
cated by a point on the surface of llg. 66, or equally well by a point on any one 
of the throe, coordinate planes, since a point on the surface is uniquely deter- 
mined by a point on one of these planes. We shall take I and v as the inde- 
pendent variables and shall therefore work on the (t, v) plane. 

Now if Q is the amount of heat in the substance and an amount dQ is added, 
there result changes dp, dv, dt in p, v, and t respectively, and, except for infin- 
itesimals of Ligber order, 



From the fundamental relation /(p, u, t) 0, it follows that 



whence we have dQ 

Hence the total amount of heat introduced into the substance by a variation 
of its state indicated by the curve C is 



= C (Mdt + Ndv). 
Jm 



Ex. 4. Area. Consider a closed curve C (fig. 08) tangent to the straight lines 
x = a, * = 6, y = d, and y = e, and of such shape that a straight line parallel to 
Y either of the coordinate axes intersects it in 

not more than two points. Let the ordinate 
through any point M intersect C in PI and 
P 2 , where MPi = y^ and MP% = y& Then, 
if A is the area inclosed by the curve, 











^ 


*" J 


fl _^x y 











AM B A 



A = C^dx - C 

/tt / a 

r n c ( 

= I y2* I 
Jb Ja 

= -f y<fa, 

/(C> 



FlG - 98 ^ ( cT 

the last integral being taken around C in a direction opposite to the motion of 
the hands of a clock. 
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Similarly, if the line NQt intersects C in Qi and Q 2 , where NQi = 
= x a , we have 

A = 
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?i and 



the last integral being taken also in the direction opposite to the motion of the 
hands of a clock. By adding the two values of A we have 

2A=: C (-ydx + xdy). 

/(C) 

If we apply this to find the area of an ellipse, we may take x = a cos 0, 

y = 6 sin (I, 166). Then A = i C *abd<l> = vab. 

Jo 

144. Fundamental theorem. In using integrals around closed 
curves, we need some means of distinguishing between the two 
directions in which the curve 
may be traversed. Accordingly, 
when the curve is a portion of 
the boundary of a specified area, /J 
we shall define the positive direc- '' 
tion around the curve as that in 
which a person should walk in 
order to keep the area on his left 
hand. Thus in fig. 99, where the 
shaded area is bounded by two 
curves, the positive direction of each curve is indicated by the arrows. 

With this convention, the fundamental theorem in the use of 
line integrals is as follows : 

i\ -** n -fir 

If M, N, > and are continuous and one-valued in a closed 

J dy dx 

area A and on its boundary curve C, then 




FIG. 99 



where the double integral is taken over A and the line integral is 
taken in the positive direction around C. 
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To prove this, we shall first assume that the closed area is of 
the form described in Ex. 4, 143, and shall use the notation of 
that example and fig. 98. Then 




dxdy = I dx I dy 

)fy Ja Jy v &J 

> 

= C M (x, y 2 )dx C M(x, yjdx 

ft/a ft/a 

rr b 
M(x, y z ) dx I Jlf(x, 
ft/0 

= I Mdx, (1) 

AC') 

the last integral being taken in the positive direction around C. 
Similarly, 

I / dxdy= I Ndy. (2) 

I I /^ f I 

ft/ ft/G4) t/l * / /(C f ) 

By subtracting (2) from (1) we have the theorem proved for a 

closed curve of the simple type considered. 

The theorem is now readily extended to any area which can be 

cut up into areas of this simple type. For example, consider the 

area bounded by the curve C (fig. 100). 
By drawing the straight line LK the 
area is divided into three areas A 1 , A", 
A rrf , and the theorem applied to each 
of these areas. By adding the three 
equations obtained we have on the 
left-hand side of the new equation the 
double integral over the area bounded 
by C, and on the right-hand side the 
line integral along C and the straight 

line LK traversed twice in opposite directions. The integrals 

along the line LK therefore cancel, leaving only the integral 

around C. 




LINE INTEGRALS OF THE FIKST KIND 



263 



The theorem is also true for areas bounded by more than one 
curve. Consider, for example, the area bounded by two curves C 
and C r (fig. 101). By drawing 
the line LK the area is turned 
into one bounded by a single 
curve, and the theorem may be 
applied to it. It appears that 
the line integral is taken twice 
along LK in opposite directions, 
and theso two integrals cancel 
each other. The result is that 
the double integral over the area 
is equal to the lino integral around each of the boundary curves 
in the positive direction of each. In the same way the theorem is 
shown to hold for areas bounded by any number of curves. 

Ex. If Jlf = y and N x, we have 

jy 2 duly = - C(ydx - xdy), 
agreeing with the result of Ex. 4, 143. 




I0 " 



145. Line integrals of the first kind, = If M amlN 



H 71 f~ Q AT" 

are two functions of x ami y y such that - = > and the discus- 

8y dx 

sion is restricted to a portion of the (x 9 y) plane in which 3f, N 9 

8M ,8N 

-- > and - are continuous and one-valued, then 

dy dx 

(1) The line integral I (Mdx+Ndy) around any closed curve 
is zero. 

(2) The line integral \ (Mdx + Ndy) between any two points is 

a function of the coordinates of the points, and is independent 
of the curve connecting the points. 

(3) There exists a function <(#, y) such that = M 9 - =JV. 

ox dy 

Conversely, if any one of the conclusions (1), (2), or (3) is fulfilled^ 

41 8M dN 
then = 
dy dx 
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To prove (1), consider the fundamental theorem of 144 It 

p -mir f\ -ir x 

is at once evident that if = > I (-aftte+2VWy) = around any 

i j oy v& J 

closed curve. * " 

To prove (2), let and Jf be any two points, and C and C" 
(fig. 102) any two curves connecting them. Let / be the value 
of the line integral from L to K along (7, and I 1 the value of the 
line integral from L to K along C'. Then /' is the value of the 
line integral from K to L along C" Now by (1) 




Therefore /=/'. 

To prove (3), consider the line in- 

tegral 

( Mdx + Ndy), 



FIG. 102 

where (# , y ) is a fixed point and (x, y) a variable point. By (2) 
this integral is independent of the path and is therefore fully 
determined when (#, y) is given. Hence, by the definition of a 
function of two variables, we may write 



* + A,y) 
(Mdx + Ndy), 
, ,> yo) 

and since this integral is independent of the curve connecting the 
upper and the lower limits, we may take that curve as drawn first 
to (#, y) and then along a straight line to (x + h, y). Then 



/(je,y) /(as + A t y) 

$( + *> y)= I (Mdx + Ndy)+l (Mdx + Ndy) 

J(**Vo) ^ */(*,*) 

s*x + h 

=4>( !B >y)+l M(x,y)dx, 

Jx 

since in the last integral y is constant and dy = 0. 
Then, by 30, 

<(05 + h, y)j>(x, y) = kMtf, y), 



whence = ^ (fc y) 

fit 
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Letting h approach zero and taking the limit, we have 



In like manner we may show that 



and the third conclusion of the theorem is proved. It is to be 
noted that < is determined except for an arbitrary constant which 
may be added. This constant depends upon the choice of the fixed 
point L. If another point L r is chosen, the value of <j> differs from 
that obtained in using L by the value of the line integral between 
L and H. 

We must now show that, conversely, if any one of the conclusions 

of the theorem is fulfilled, then = -- 

dy dx 

Let us first assume that the integral around any closed path 

, . . . , . , , , . 0JT dN n ^,dM SN 

whatever is zero ; we wish to show that - -- = Q. If --- 

dy dx dy dx 

is not zero at all points, let us suppose it is not zero at a particular 

point K. Then, since and are continuous functions by hy- 

dM dN ^ 

pothesis, --- is also a continuous function, and hence has, at 

dy dx 

points sufficiently near to K, the same sign which it has at K. 
It is therefore possible to draw a closed curve around K, so that 

-r -- has the same sign for all points in the area bounded by the 
dy dx rr/dM dN\ 
curve. Then I I [ -- J dxdy taken over this area is not zero, 

and therefore / ( Mdx + Ndy) taken around the bounding curve is 

J /* 

not zero. But this is contrary to the hypothesis that I (Mdx + Ndy) 

taken around any curve whatever is zero. Hence = at all 
points. ^ dx 

Let us now assume that f (Mdx + Ndy) between any two points is 

independent of the curve connecting the points. This is equivalent 
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to assuming that the integral around a closed curve is zero, and 



111 
hence, as already shown, = 

J dy Sx 

Finally, let us assume that a function < exists such that 



= N . Theil it follows that y since each is 

dy tiy $<*> 



i . 

equal to 
1 



d,*.'dy 
The theorem of this article is now completely proved. 



= ^ = -*--- Hence 



_, (te , a , ri , - -- 

^ it^J^ = o, if taken around a closed curve within which 37, N. and 

x + y a 

their derivatives are iinite and continuous. Those conditions are met if the 
curve dors not inclose the origin. In fact, if we introduce polar coordinates, 

placing x r cos 0, y = r sin 0, then C ?/ ' X = CdO. Now, for any path 

J x* -f y' 2 J 

which doos not inclose the origin, 6 varies from its initial value a back to the 
same value, and therefore CdO = 0. If the path winds once around the origin, B 
varies from a to a -f 2 TT, and therefore j dO ~ 2 TT. 



The function of the general theorem is, in this example, equal to = tan- l -- . 

sc 

Ex. 2. Work. If JT and 1* are components of force in a field of force, and 

i y ^ \- 

= - , then the work done on a particle moving around a closed curve is 
cy &e 

zero, and the work done in moving a particle between two points is independent 
of the path along which it is moved. Also there exists a function 0, called a 
force function, the derivatives of which with respect to x and y give the com- 
ponents of force parallel to the axes of x and y. It follows that the derivative 
of in any direction gives the force in that direction (Ex., 111). Such a force 
as this is called a conservative force. Examples are the force of gravity and 
forces which are a function of the distance from a fixed point and directed along 
straight lines passing through that point. 

Ex. 3. Flow of a liquid. If we consider a liquid flowing as in Ex. 2, 143, it is 
clear that the net amount which flows over a closed curve is zero, since as much 
must leave the closed area as enters, there being no points within the area at 

which liquid is given out or drawn off. Hence J ( vdx + udy), taken over any 

w ?u 

closed curve, is zero ; and consequently -h - =0. There exists also a function, 

dy ()x 

usually denoted by ^, such that = v, ~ = u. 

dx cy 
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146. Line integrals of the second kind, ^. In case M 

dM 8N dy 

and N are such functions that -^- = > the value of the line inte- 
r dy dx 

l/ral I (Mdx+Ndy) depends upon the path, and there exists no func- 
tion of which M and N are partial derivatives. 



Ex. 1. C^ V \ydx-xdy). 

J (0,0) 



Let us first integrate along a straight line connecting and PI (fig. 103). 
The equation of the line is y ~x, and therefore along this line ydx xdy = 0, 

and hence the value of the integral is zero. 

Next, let us integrate along a parabola connecting 



and PI, the equation of which is y 2 = x. Along this 
parabola 1 



\\ y-. /*i 

(ydx - xdy) = -21 / 

J * 



Next, let us integrate along a path consisting of the 



O 




FIG. 103 



two straight lines OM\ and 3/iPi. Along OJtfi, y = 

and dy = Q; and along .Mi PI, x = x\ and efce = 0. Hence the line integral 

reduces to f x\dy = x\yi. 

t/O 

Finally, let us integrate along a path consisting of the straight lines ON 
and NiPi. Along ON^ x = and dx ; and along JViPi, y = y\ and dy = 0. 

XJ"J 

Therefore the line integral reduces to I y\dx = x\y\. 

Jo 

Ex. 2. Work. If the components of force X and l r in a field of force are 

ft y fiv 
such that 5* - , then the work done on a particle moving between two 

dy fix 

points depends upon the path of the particle, the work done on a particle 
moving around a closed path is not zero, and there exists no force function. 
Such a force is called a nonconservative force. 

Ex. 3. Heat. If a substance is brought, by a scries of changes of temperature, 
pressure, and volume, from an initial condition back to the same condition, 
tho amount of heat acquired or lost by the substance is the mechanical equiva- 
lent of the work done, and is not in general zero. Hence the line integral 

Q = i(Mdt+Ndv) around a closed curve is not zero, and there exists no function 

whose partial derivatives are M and N. In fact, the heat Q is not a function of 
t and v, not being determined when t and v are given. 

Ex. 4. Adiabatic lines. The line integral C(Mdt + Ndv) of Ex. 3 is zero if taken 
along a curve whose differential equation is 

Mdt + Ndv = 0. 
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We will change this equation by replacing the variable t by p, which can be 
done by means of the fundamental relation /(p, v, t) = 0. 

It is shown in the theory of heat that for a perfect gas the equation then 

becomes 

vdp -f ypdv = 0, 

where 7 is a constant. The solution of this equation is 

pv y = c. 

If, then, a gas expands or contracts so as to obey this law, no heat is added 
to or subtracted from it. Such an expansion is called adiabatic expansion, and 
the corresponding curve is called an adiabatic curve. 

The mathematical interest here is in the concrete illustration of a line integral 
being zero along any portion of a certain curve or family of curves. 

(% JUT 2} AT\ 
= \ there is 
8y SxJ 

still a meaning to be attached to M and N. For, suppose the inte- 
gral to be taken along the straight line y = c from x to x - 
and let Aw be the value of the integral ; that is, 

=/ 

A*, 



(Mdx + Ndy) 

Or, V) 



r 



where x < f < x 

Consequently Lim = M (x, y). 



M(x,y)dx 

) f (30) 



Similarly, Lim - = N(x, y). 



We shall write these two equations as 



It is to be noticed that these derivatives are of different 
character from the partial derivatives of Chap. XI, since u is 
not a function of x and y. The property proved in 117 does 
not hold here. 
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Ex. 6. Heat. Returning to the notation of Ex. 8, we have 
Jf /*& 

31 - 



M is the limit of the ratio of the increment of heat to the increment of tem- 
perature when the volume is constant. Therefore, if we consider M as sensibly 
constant while the temperature changes by unity, M may be described as the 
amount of heat necessary to raise the temperature by one unit when the volume 
is constant. 

Similarly, N may be described as the amount of heat necessary to change the 
volume by one unit when the temperature is constant. 

147. Exact differentials. We have seen that if M and N are 

two functions of x and y satisfying the condition = > there 

Q, g A dy fa 

exists a function d> such that = M 9 -~ = JV. Then 

r dx dy 



, 
dx dy 

and Mdx + Ndy is called an exact differential.* Then also 



/<*! J 



( Mdx + Ndy) = <f> (x v y^ - <J> (X Q , y ), 

the integral being independent of the curve connecting (# , y ) and 
( x v #1)- ^ e f unc tion ^ may be found by computing the line inte- 

gral along a conveniently chosen path, but it is usually more con- 

P 

venient to proceed as follows : Since = M (x, y), it follows that 

ox 



M(x, y) dx, where y is considered constant, will give that part 

of < which contains x y but not necessarily all the part which 
contains y. We may write, therefore, 



where /(y) is a function of y to be determined. This determination 

nJL O /\ 

is made by using the relation =N. Then I Mdx +f f (y) = N 9 

oy SyJ 

which is an equation from which f(y) may be found. 

* In 110, where the emphasis is on the fact that both x and y are varied, d<t> is 
called a total differential. Here the emphasis is shifted to the fact that d<t is exactly 
obtained by the process of differentiation, and hence it is called an exact differential. 



270 LINE INTEGRALS 

This method is valuable in solving the equation 



51 71 f Q ~\7" 

when the condition = is satisfied. Such an equation is 

di/ d,c 

called an exact differential equation. Its solution is 



where c is an arbitrary constant and <f> is the function obtained in 
the manner just described. 

Because of the importance of the method of obtaining <f>, we give 
it in a rule as follows : 

Integrate I Mdx, regarding y as constant and adding an unknown 

function of y ; differentiate the result with respect to y and equate 
the new result to N ; from the resulting equation determine the 
unknown function of y. 

If more convenient, the above rule may be replaced by the 
following : 

Integrate I Ndy, regarding x as constant and adding an unknown 

function of x; differentiate the result with respect to x and equate 
the new result to M ; from the resulting equation determine the 
unknown function of x. 



Ex. 1. (4 x 8 + 10 xy 3 - Zy*)dx + (16x 2 y 2 - 12 xy 8 -f 5y*)dy = 0. 

Here = 30 xy 2 12 y 8 = , and 
oy dx 

ceeding according to the rule, we have 



Here = 30 xy 2 12 y 8 = , and the equation is therefore exact. Pro- 
oy dx 



= x* 4- 
Then from = N, we have 



whence f'(y) = Sy 4 , and/(y) = y&. The solution of the differential equation is 
therefore 

-f y* = c. 
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Ex.2. - ---- - - E + -r- - -dy = 0. 



(- ---- -g - 

\* vy-x 



Here - = - - ~ = i and the equation is therefore exact. Following 



the second rule, we have 

C &y . 

0=1 .- = ] 

v 2/ 2 X 2 



From = .Af, we have 



^/'(*) = 1 ;4=, 



Vjy 2 - x 2 (y -f V^/ 2 - x 2 ) x x Vy 2 - x 2 

whence /' (x) = 0, and /(x) = c. Hence the solution of the differential equation is 



which reduces to x 2 - 2 cy + c 2 = 0. 

148. The integrating factor. We have seen that Mdx + Ndy is 

not an exact differential when -- = -- But in all cases there 

dy dx 

exist an infinite number of functions such that, if Mdx + Nrfy is 
multiplied by any one of them, it becomes an exact differential. 
Such functions are called integrating factors. That is, if p is one 
of the integrating factors of Mdx + Ndy, then, by definition, 
/A (Mdu + Ndy) is an exact differential. 

Ex. 1. The expression ydx xdy is not an exact differential. But 

y\ 



xy 

are exact differentials, and the functions - 1 are integrating factors. 

xy 



To show that integrating factors always exist, we shall need to 
.assume ( 173) that the differential equation 

Mdx + Ndy = (1) 

has always a solution of the form 

/(*,y,c) = 0, (2) 

where c is an arbitrary constant, and that (2) can be written, 

<f>(x,y) = c. (3) 
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d 

Now (3) gives us Jj 

dy 

, ,, fy M. 

and (1) gives us _*=,__, 

and since (3) is the solution of (1), these two values of -j- must be 

the same. That is, 

dip dtp 

5=^=^ 

M N * 
where p is some function of x and y. Consequently 



dy = d<f>, 
ex cy 

and therefore /* is an integrating factor. 

To prove that there is an infinite number of integrating factors, 
multiply the last equation by /(<), any function of <f>. Then 



fj/(<f>) Mdx + /*/(<) Ndy = 

But f(<f>) d(j> is the jexact differential of the function I f((f>) d$. 
Hence Kf(<f>) is an integrating factor of Mdx + Ndy. 

Ex. 2. Heat. It has been noticed ( 146, Ex. 8) that f dQ around a closed 
path is not zero, and consequently dQ is not an exact differential. It is found 

in the theory of heat that / around a closed path is zero. Hence is an 

J t dO t 

exact differential, and we may write * = (20. The function 0, thus defined, is 

called the entropy. 



149. No general method is known for finding integrating factors, 
but the factors are known for certain cases. We give a list of the 
simpler cases, leaving it as an exercise for the student to verify by 
differentiation that each of the equations mentioned satisfies the 
condition for an exact differential equation after it is multiplied 
by the proper factor. 
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_ 

1. if JL - f. =/(#), then &***** is an integrating factor of 
Mdx + Ndy = 0. 



2. If -2 - =/(y), then e J /(ir)d|r i s a n integrating factor of 

M 

Mdx + Ndy = 0. 

3. If M and JV are homogeneous and of the same degree, then 

is an integrating factor of Mdx + Ndy = 0. 

xM+yN 

4. If 3/= yf^xy), JV= #/ 2 (#y) ; then is an integrating 
factor of Mdx + Ndy = 0. ^ 

5. e^ ' * is an integrating factor of the linear equation -j- + 

As a practical point, the student should look for an integrating 
factor only after he has tried to integrate by other methods. 



Ex. 1. (4xty - 3y2)(te + (x - 3xy)dy = 0. 



. Here 

N x 

fdx 

Consequently eJ x = x is an integrating factor. After multiplication by the 
factor, the equation becomes 

(4zty - 8xy 2 )cfo> + (x* - 3x 2 y)dy = 0, 
the integral of which is x 4 y J x 8 y a = c. 



Ex. 2. (x a - y 2 )dx -f 2xydy = 0. 

Since this equation is homogeneous, it has the integrating factor 

1 1 



x 8 -f xy 2 
After multiplication by the factor, the equation becomes 

**-** 2xy = 



or 



the solution of which is log(x* + y) - logx = </, 

* 
or + =- = . 

x 
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For this equation wo have also 



N 



Hence it has also the integrating factor 



After multiplication by this, the equation becomes 



the solution of which is 



x -f - = 

C 



The equation may also be solved by the substitution y vx ( 78). 

150. Stokes's theorem. The theorems of 144-145, which are 
limited to a plane, may be extended to space as follows : Tf P, Q, R 

are three functions of x y y, and z, the 




line integral 



j(Pdx 



Qdy+lldz) 



along a space curve is defined in 
a manner precisely similar to the 
definition of 143. Let the integral 
he taken around a closed curve C 
(fig. 104) and let a surface S be 
bounded by (7. Let dS be the element of area of the surface and 
cos #, cos /8, cos 7 be the direction cosines of its normal. Then 



FIG. 104 



JO 
\dS 



CC \ (3Q &B\ /dJl 9P\ /dP SQ\ 1 

if It ) cos <r + ( ) cos p + ( Jcos 7 

JJ<.s)i\^ z 4y/ \3K fa/ \9y dx/ J 

= - f(Pdx + Qdy + Rdz), 

J(C) 

where the double integral is taken over the surface S and the 
single integral is taken around C, and the direction of the line 
integration and that of the normal to S have the relation of 
fig. 104. 



STOKES'S THEOREM 275 

To prove this, let z =/(#, y) be the equation of S, and consider 
- \ P(x,y,z)dx. 

J(C) 

Then, since P(x, y, z)=P\x, y,f(x, y)] = J?(#, y), the values of 
P which correspond to points on C are the same as the values of JJ 
which correspond to points on C f , the projection of C on the plane 
XOY. Hence r r 

I Pdx = - \ %dx. (1) 

i/(C) t/(C") 

But by 144 - C%dx = Cf ^dxdy, (2) 

J(C') JJ{tf)dy 

where S r is the projection of S on the plane XOY. 

Now ?R = dP w_ * 

8y "" 2y dz di 

where the right hand of this equation is computed for points on S. 
Hence from (1) and (2) we have 



*>7 , j , /ox 

I Pdx =11 [ -- h - -- ) dxdy. (3) 

Jco JJw)\8y 

^ o 

-:: ! = cos a : cos /S 
x cy 

cos7 dS. Substituting in (3), we have 



o^ o 

But (112) --:: ! = cos a : cos /S: cos 7, and (92) dxdy = 
cy 






O 

cos yS - cos a 

ty / 

Strictly speaking, the differential dS is not the same in these 
three results, since the same element will not project into dxdy, 
dydz, and dzdx on the . three coordinate planes. But since in a 
double integral the element of area may be taken at pleasure with- 
out changing the value of the integral ( 129), we may take dS as 
equal in the three integrals. Adding the equations, we haye the 
required result. 
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In the above proof we have tacitly assumed that only one point 
of the surface S is over each point of the coordinate planes, and 
that a, ft, y are acute angles. The student may show that these 
restrictions are unessential. 

151. From the preceding discussion we derive the following 
theorem : 

If P 9 Q, and R are three functions of x, y, and z, such that 

l)y~~l)x' ~fa ~" dy * dx "" dz ' 

and the discussion is restricted to a portion of space in which the 
functions and their derivatives are continuous and one-valued, then 

1. The line integral \ (Pdx + Qdy+Rdz) around any closed curve 
is zero. 

2. The line integral I (Pdx+Qdy+Jidz) between any two points 

is independent of the path. 

3. There exists a function <f>(x, y, z), such that 



and Pdx + Qdy + Rdz is an exact differential d<j>. 

Conversely, if any one of the above conclusions is fulfilled, then 

ZP^dQ dQ^dR ^_^L 

dy~~dx' 3z dy ' dx dz ' 

The proof is as in 145, and is left to the student. 

PROBLEMS 

1. Find, by the method of Ex. 4, 143, the area of the four-cusped hypo- 
cycloid x = a cos 8 0, y = a sin 8 0. 

2. Find, by the method of Ex. 4, 148, the area between one arch of a hypo- 
cycloid and the fixed circle. , 

3. Find, by the method of Ex. 4, 148, the area between one arch of an 
epicycloid and the fixed circle. 

4. Show that the formula for the area in Ex, 4, 148, includes, as a special 
case, the formula for area in polar coordinates. 
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5. Show that the integral f ( ' [2 x (x + 2 y) dx + (2 x 2 - y 2 ) dy] is independ- 

*~ t/(0, 0) 

ent of the path, and find its value. 

/-* 6. Show that the integral f ' (xdx + ydy) is independent of the path, and 
find its value. (5 ' 0) 

7. Find the force function for a force in a plane directed toward the origin, 
and inversely proportional to the square of the distance from the origin. 

8. Find the force function for a force in a plane directed toward the origin 
and inversely proportional to the distance from the origin. 

9. Prove that any force directed toward a center and equal to a function of 
the distance from the center is conservative. 

10. Find the value of C ' [(y - x)dy + ydx] along the following curves: 
Ao.o 



(1) the straight line x == , y = t ; 

(2) the parabola x = 2 , y = t ; 

(3) the parabola x = , y = t 2 ; 

(4) the cubical parabola x = <, y = 3 . 

11. Find the value of / ' [(as y 2 ) dx + 2 xydy] along the following paths : 

/(O.O) 

(1) a straight line between the limits ; 

(2) the axis of x and x = 1 ; 

(3) the axis of y and y = 1. 

12. Find the value of f ' [y*dx + (xy + x 2 )dy] along the following paths : 

^(0,0) 

(l)y = 2x; 
(2) y = 2x 2 . 

13. Find the value of f ' [(l + y 2 )dx + (l+x a )dy] along the following 

paths: J(0 ' 2 > 

(1) y= 

(2) 3/= 



Show that the following differential equations are exact, and integrate them : 
14. (2x - y + l)dx + (2y - x - l)dy = 0. 



16. (x -f y) 2 dx -f (x 2 -f 2xy + 8 y*)dy = 0. 

IT.-* +/-1+ 'Jdfc-fli 

Vx 2 -f y 2 \ V x 2 -f y 2 / 

18 2^L 
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Solve the following differential equations by means of integrating factors : 



19. 

oy 

20. (1 + y + x 2 y)dx -h (x 4- a s )<fy = 0. 

21. ye~*dx - (xe~* -f y)dy = 0. 

22. (aj 8 -y 3 )dx-hxy^y = 0. 

23. (xy 2 - y)dc + (x 2 y + x)dy = 0. 

24. (6x 8 - 3xy -f 2y 2 )dx -f (2xy - x 2 )dy = 0. 

25. dy (y tanx cosx)dx = 0. 

26. sin (x -f y) (dx + dy) y cos (x -f y)ey = 0. 

27. (y + 2xy 2 -I- xV)<^ + (Safy -f x)dy = 0. 



__ 
1 + x 



CHAPTER XV 
INFINITE SERIES 
152. Convergence. The expression 

a i+ a 2+ ^3+ ^4+ a H > (!) 

where the number of the terms is unlimited, is called an infinite 
series. 

An infinite series is said to converge, or to be convergent, when the 
sum of the first n terms approaches a limit as n increases without limit. 

Thus, referring to (1), we may place 



Then, if Lim s n = -4, 

n=oo 

the series is said to converge to the limit A. The quantity A is 
frequently called the sum of the series, although, strictly speaking, 
it is the limit of the sum of the first n terms. The convergence of 
(1) may be seen graphically by plotting s v $ 2 , 8 , , s n on the 
number scale as in I, 53. 

A series which is not convergent is called divergent. This may 
happen in two ways : either the sum of the first n terms increases 
without limit as n increases without limit; or s n may fail to approach 
a limit, but without becoming indefinitely great. 

Ex. 1. Consider the geometric series 

a -f ar -f ar 8 H- ar 8 H . 

Here s n = a -f ar -f ar 2 4- 4- ar**- 1 = a Now if r is numerically 

1-r i 

less than 1, r" approaches zero as a limit as n increases without limit ; and 

279 
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therefore Lim s n = - If, however, r is numerically greater than 1, r* in- 

n= 1 r 

creases without limit as n increases without limit;* and therefore s n increases 
without limit. If r = 1, the series is 



and therefore s n increases without limit with n. If r = 1, the series is 

a a + a a -f , 
and s n is alternately a and 0, and hence does not approach a limit. 

Therefore, the geometric aeries converges to the limit -- when r is numerically 
less than unity, and diverges when r is numerically equal to or greater than unity. 

Ex. 2. Consider the harmonic series 



consisting of the sum of the reciprocals of the positive integers. Now 

J + i>i+i = b i + A + J + i>i + i + J + i = *. 

and in this way the sum of the first n terms of the series may be seen to be 
greater than any multiple of ^ for a sufficiently large n. Hence the harmonic 
series diverges. 

153. Comparison test for convergence. If each term of a given 
series of positive numbers is less than,, or equal to, the correspond- 
ing term of a known convergent series, the given scries converges. 

If each term of a given scries is greater than, or equal to, the 
corresponding term of a known divergent series of positive numbers, 
the given series diverges. 

Let a 1 +a 2 +a 8 + 4 H ---- (1) 

be a given series in which each term is a positive number, and let 

&!+*.+ *.+ &*+ (2) 

be a known convergent series such that a k s l k . 

Then if s n is the sum of the first n terms of (1), $' n the sum of 
the first n terms of (2), and B the limit of s^ it follows that 



since all terms of (1), and therefore of (2), are positive. Now as n 
increases, s n increases but always remains less than B. Hence s n 
approaches a limit, which is either less than, or equal to, B. 

The first part of the theorem is now proved ; the second part is 
too obvious to need formal proof. 
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In applying this test it is not necessary to begin with the first 
term of either series, but with any convenient term. The terms 
before those with which comparison begins, form a polynomial the 
value of which is of course finite, and the remaining terms form 
the infinite series the convergence of which is to be determined. 

Ex. 1. Consider 



Each term after the third is less than the corresponding term of the convergent 
geometric series 



Therefore the first series converges. 
Ex. 2. Consider 

1+ ' + i + i + _U... + i + .., 

V2 V3 V5 V5 Vn 

Each term after the first is greater than the corresponding term of the divergent 
harmonic series 1111 1 

l + J + J + 7 + r + -" + - L + 

2345 n 

Therefore the first series diverges. 

154. The ratio test for convergence. If in a series of positive 
numbers the ratio of the (n +l)st term to the nth term approaches 
a limit L as n increases without limit: then, if L<1, the series 
converges; if L>1, the series diverges; if L = l, the series may 
either diverge or converge. 

Let a t + a,+ a,+ + a n + a n+l + (1) 



be a series of positive numbers, and let lim = L. We have 
three cases to consider. 

1. L < 1. Take r any number such that L < r < 1. Then, since 

^ 4-1 

the ratio -^ approaches L as a limit, this ratio must become and 

remain less than r for sufficiently large values of n. Let the ratio 
be less than r for the mth and all subsequent terms. Then 
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Now compare the series 

' (2) 



with the series 

a , + a m r + <V 2 + <V* H (3) 

Each term of (2) except the first is less than the corresponding 
term of (3), and (3) is a convergent series since it is a geometric 
series with its ratio less than unity. Hence (2) converges by the 
comparison test, and therefore (1) converges. 

2. L>1. Since - approaches L as a limit as n increases 

without limit, this ratio eventually becomes and remains greater 
than unity. Suppose this happens for the mth and all subsequent 
terms. Then 



a m+9> ' 



Each term of the series (2) is greater than the corresponding 
term of the divergent series 

ft i fg j _^ | | / A\ 

n m m m \ / 

Hence (2) and therefore (1) diverges. 

3. Zr = l. vNeither of the preceding arguments is valid, and ex- 
amples show that in this case the series may either converge or 
diverge. 

Ex. 1. Consider 



The nth term is JLj and the (n + l)st term is 5Jt! . The ratio of the (n + l)st 



term to the nth term is , and 

8n 



Lim?li:=Liin _ 2 = 1. 
n=. 3n = 3 3 



Therefore the given series converges. 
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2 a 3* 4* n" 

Ex. 2. Consider l + | + | + - + ... + 1 + .... 

The nth term is ~ and the (r + l)st term is * n "*" '* . The ratio of the 

[n [n + 1 



- - 

(n + l)st term to the nth term is - ' = [L\ , and 
v ' (n + l)n \ n / 

(n. 4- l\ w / l\ w 

5i) = Lim (1 + i) = e. (I, 156) 

n I n= \ w/ 

Therefore the given series diverges. 

155. Absolute convergence. The absolute value of a real num- 
ber is its arithmetical value independent of its algebraic sign. 
Thus the absolute value of both + 2 and 2 is 2. The absolute 
value of a quantity a is often indicated by \a\. It is evident that 
the absolute value of the sum of n quantities is less than, or equal 
to, the sum of the absolute values of the quantities. 

A series converges when the absolute values of its terms form a 
convergent series, and i$ said to converge absolutely. 

Let !+!+ a a +<M ---- (1) 

be a given series, and 

+--- (2) 



the series formed by replacing each term of (1) by its absolute 
value. We assume that (2) converges, and wish to show the con- 
vergence of (1). 

Form the auxiliary series 

(i + l*il) + (*.+ l^ ( 3 ) 

The terms of (3) are either zero or twice the corresponding terms 
of (2). For a k = | a k \ when a k is negative, and a k \a k \ when a k is 
positive. 

Now, by hypothesis, (2) converges, and hence the series 

2|a 1 |+2K|+2K| + 2|a 4 | + ... (4) 

converges. But each term of (3) is either equal to or less than the 
corresponding term of (4), and hence (3) converges by thp com- 
parison test. 
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Now let s n be the sum of the first n terms of (1), s f n the sum of 
the first n terms of (2), and s" the sum of the first n terms of (3). 
Then * W - J 

and, since s" and s' n approach limits, s n also approaches a limit. 
Hence the series (1) converges. 

We shall consider in this chapter only absolute convergence. 
Hence the tests of 153, 154 may be applied, since in testing for 
absolute convergence all terms are considered positive. 

156. The power series. A power series is defined by 

where , a lt a 2 , & 8 , are numbers not involving x. 

We shall prove the following theorem : If a power series con- 
verges for x x^ it converges absolutely for any value of x such 



For convenience, let \x\ = X, \a n \ = A n> \x^ = X r By hypothesis 

the series , 2 , 8 , , /1X 

a + a^ + a^l + a^xf H ---- + a n x? H ---- (1) 



converges, and we wish to show that 

. . +A n X n + . . (2) 



converges if X < X r 

Since (1) converges, all its terms are finite. Consequently there 
must be numbers which are greater than the absolute value of 
any term of (1). Let M be one such number. Then we have 
i < M for all values of n. 

Then 



Each term of the series (2) is therefore less than the corre- 
sponding term of the series 



But (3) is a geometric series, which converges when X<X lt 
Hence, by the comparison test, (2) converges when X < X r 
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From the preceding discussion it follows that a power series 
may behave as to convergence in one of three ways only : 

1. It may converge for all finite values of x (Ex. 1). 

2. It may converge for no value of x except x = (Ex. 2). 

3. It may converge for values of x lying between two finite 
numbers R and +, and diverge for all other values of x 
(Ex. 3). 

In any case the values of x for which the series converges are 
together called the region of convergence. If represented on a 
number scale, the region of convergence in the three cases just 
enumerated is (1) the entire number scale, (2) the zero point only, 
(3) a portion of the scale having the zero point as its middle point. 

Ex.1. Consider l + ? + J + + ...+ ll + .... 
1 [2 [3 |n-l 

x n ~ i x n x 

The nth term is , -- , the (n + l)st term is ,-- , and their ratio is - 

n-1 In n 

i i 

Lim - = for any finite value of-x. Hence the series converges for any value 

n = oo ft 

of x and its region of convergence covers the entire number scale. 

Ex. 2. Consider 

1 + x + [2x 2 + [x 8 -f - + In-lx"- 1 + -. 

The nth term is[n Ix*- 1 , the (n + l)st term is [nx w , and their ratio is wx. 
This ratio increases without limit for all values of x except x = 0. Therefore 
the series converges for no value of x except x = 0. 

Ex. 8. Consider 



The nth term is nx*- 1 , the (n -f l)st term is (n 4- l)x n , and their ratio is 

^ x. Lim i x = x Lim ( 1 + -) = x. Hence the series converges when 
n n= n n=s \ n/ 

|x| < 1 and diverges when |x| > 1. The region of convergence lies on the num- 
ber scale between 1 and + 1. 

A power series defines a function of x for values of x within the 
region of convergence, and we may write 



f(x) = + a^x + a 2 a?+ a 8 #*H ----- h a n of H ---- , (4) 

it being understood that the value of f(x) is the limit of the 
sum of the series on the right of the equation. We shall denote 
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by s n (x) the polynomial obtained by taking the first n terms of 
the series in (4). Thus 

*l(*)=<*0> 

s a (a;) = a +a l x, 



Graphically, if we plot the curves y = s^x) , y = s 2 (#), y = s 8 (#), 
etc., we shall have a succession of curves which approximate to 
the curve of the function y=/(,r). These curves we shall call 
the ajjproximation curves, calling y = s^x) the first approximation 
curve, y = s 2 (x) the second approximation curve, and so on. The 

graph of y =/(#) we shall call the 

limit curve. 

Ex. 4. Let 

f(x) = l + x + a;2 + z* + ...+s w -f---. 

The limit curve is the portion of the 
hyperbola (fig. 105) 




between x = 1 and x = 1. The first ap- 
proximation curve is the straight line 
y = 1, the second approximation curve 
is the straight line y = 1 + x, the third 
approximation curve is the parabola y = 1 
4- x -f x 2 , etc. In fig. 105 the limit curve 
is drawn heavy and the first four approxi- 
mation curves are marked (1), (2), (8), (4). 
It is to be noticed that the curves, ex- 
cept (1), cannot be distinguished from 
each other for values of x near zero. 

The power series has the im- 
portant property, not possessed by all kinds of series, of behaving 
very similarly to a polynomial. In particular : 

1. The function defined by a power series is continuous. 

2. The sum, the difference, the product, and the quotient of two 
functions defined by power series are found by taking the sum, the 
difference, the product, and the quotient of the series. 
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3. If f(x) = a + a^x + a 2 x?-\ ----- f- a n af H ---- , 
then 

Xb s*b s*b s*b s*b 

f(x)dx I a dx + I a l xdx + \ ajfdx-l ----- h I a n 
t/a /a c/a */o 

provided a and b lie in the region of convergence. 

4. If f(x) = a Q + ctjc + a 2 x?+ ajf-\ ----- h a> n tf-\ ---- , 
then f(x) = a 1 +2a 2 x+3 aj-\ ----- h na^- 1 + , 



and the series for the derivative has the same region of convergence 
as that for the function. 

For proofs of these theorems the student is referred to advanced 
treatises.* 

157. Maclaurin's and Taylor's series. When a function is 
expressed as a power series, it is possible to express the coeffi- 
cients of the series in terms of the function and its deriva- 
tives. For let 



By differentiating we have 

/'(#) = # x + 2 a z x + 3 ajf+ 4 a 

f"(x) = 2 a 2 + 3 - 2 a B x + 4 . 3 a^+ + n(n l)^"' 2 H 

f'"(x) =3-2 <i 8 + 4 3 2 a^x + ---- h n(n I)(M 2)a n x n ~* 

f n \x)=[n(n~l)(n- 2) ... 3 - 2]a n + . 

Placing x = in each of these equations, we find 



Consequently we have 

" '"O / (w) (0) 

..+ 



This is Maclaurin's series ( 31, (6)). 

* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IX. 
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Again, if in the right-hand side of 

f(x) = a Q + a^x + aj?+ a>j+ ---- h a n 
we place x = a + #', and arrange according to powers of x r , we have 

/(#) = 6 + &X+ &X 2 + M' 8 + ' + b n fn + 
or, by replacing #' by its value x a, 
J^'- a) + & 2 (^- ^ 




By differentiating this equation successively, and placing x = a 
in the results, we readily find 

*,-/(). &!-). *.-||/, &,=d/> > .-/() 

Heuce 



(2) 



This is Taylor's series ( 31, (4)). 

We have here shown that if a function can be expressed as a 
power series, the series may be put in the form (1) or (2). In 31 
we showed that any function which is continuous and has con- 
tinuous derivatives can be so expressed. Usually when a known 
function is expressed by either (1) or (2), the region in which the 
expression is valid as a representation of the function is coincident 
with the region of convergence of the series. Examples can be 
given in which this is not true, but the student is not likely to 
meet them in practice. 

158. Taylor's series for functions of several variables. Con- 
sider f(x, y) a function of two variables x and y. If we place 

x a + lt, y = & + mt y 
where a, 6, 1, and m are constants and t is a variable, we have 
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Now, by expansion into Maclaurin's series, 



and, by 111 and 118, 



289 



(1) 



= f + 3 -- P m + 3 -- 



When < = 0, we have x = a and y = i. Hence -^(0) =./(, 6), and, 
if we denote by a subscript zero the values of the derivatives of 
f(x, y) when x = a,y = b, 



By substitution in (1), noting that lt = 
we have 



a and mt = y-- b, 




290 INFINITE SEEIES 

Another form of this series may be obtained by placing xah 
and y &==&. Then 



In a similar manner, we may show that 
f(a + h, 




(4) 



The terms of the wth degree in this expansion may be indicated 
symbolically as 1/9 8 2\ 

I I o ' ~ 'of /() 

[^y &B ^y fe/ 



159. Fourier's series. A series of the form 

-~ + a t cos a; + a 2 cos 2 a? H + n cos nx + 
2 

+ & x sin x + 6 2 sin 2 x + . . . + & sin no? H , (1) 

where the coefficients a , a v , 6 t , 6 2 , do not involve x and are 
determined by the formulas derived in 160, is called a Fourier's 
series. Every term of (1) has the period* 2?r, and hence (1) has 
that period. Accordingly any function defined for all values of 
x by a Fourier's series must have the period 2 TT. But even if 
a function does not have the period 2 TT, it is possible to find a 
Fourier's series which will represent the function for all values 
of x between TT and TT, provided that in the interval TT to TT 

*/() is called a periodic function, with period k, if/(* + k) =/(). 
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the function is single-valued, finite, and continuous except for 
finite discontinuities,* and provided there is not an infinite number 
of maxima or minima in the neighborhood of any point. 

160. We will now try to determine the formulas for the coeffi- 
cients of a Fourier's series, which, for all values of x between TT 
and TT, shall represent a given function, f(x), which satisfies the 
above conditions. 

Let f(x) = + a l cos x + 2 cos 2 x H (- a n cos nx H 

+ i x sin x + b 2 sin 2 x + + \ sin nx + . (1) 

To determine , multiply (1) by dx and integrate from TT to 
TT, term by term. The result is 

/ (x) dx = a 7r, 



whence a = / f(x)dx, (2) 



since all the terms on the right-hand side of the equation, except 
the one involving a , vanish. 

To determine the coefficient of the general cosine term, as a n , 
multiply (1) by cos nx dx, and integrate from TT to TT, term by 
term. Since for all integral values of m and n 



sin mx cos nx dx = 0, 



I 

cos mx cos nx dx = (m = n\ 

C* 

and I eo& 2 nx dx = TT, 

/- fl- 

ail the terms on the right-hand side of the equation, except the 
one involving a n , vanish and the result is 

| /(#) cos nx dx = a n 7r, 

1 C* 
whence a n = I f(x)cosnxdx. (3) 

nV-ir 

* If x t is any value of x, such that f(x l e) and /(zi+ ) have different limits as 
approaches the limit zero, then /(a;) is said to have a finite discontinuity for the value 
= Xi. Graphically, the curve y =f(x) approaches two distinct points on the ordi- 
nate x Xi, one point being approached as x increases toward x,, and the other being 
approached as x decreases toward x^ 
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It is to be noted that (3) reduces to (2) when n = 0. 
In like manner, to determine b n , multiply (1) by smnxdx, and 
integrate from TT to w, term by term. The result is 

6 n = I f(x) sin nx dx. (4) 

For a proof of the validity of the above method of deriving the 
formulas (2), (3), and (4),the reader is referred to advanced treatises.* 

Ex. 1. Expand x in a Fourier's series, the development to hold for all values 

of x between TT and TT. 

1 / 
By (2), a = - / xdx = 0, 

7Tt/_ JT 



a n = - I x cos nxdx = 0, 



2 

x sin nx dx = cos nir. 

n 




FIG. 106 

Hence only the sine terms appear in the series for x, the values of the 
coefficients being determined by giving n in the expression for b n the values 
1, 2, 3, . in succession. Therefore 61 = 2, 6 2 = f , &s = ,.-, and 



_ of sin2x sin3x 

x \~~! 5 ' 5 ' 

\ X 2 O 

The graph of the function x is the infinite straight line passing through the 
origin and bisecting the angles of the first and the third quadrants. 

The limit curve of the series coincides with this line for all values of x be- 
tween IT and IT, but not for x = - ir and x = v\ for every term of the series 
vanishes when x = TT or x = IT, and therefore the graph of the series has the 
points (dbir, 0) as isolated points (fig. 106). 

By taking x\ as any value of x between - ir and TT, and giving k the values 
1, 2, 8, ... in succession, we can represent all values of x by x\ 2 far. But the 

* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IX. 
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series has the period 2ir, and accordingly has the same value for x\ 2 kir as 
for x\. Hence the limit curve is a series of repetitions of the part between 
x = - TT and x = IT, and the isolated points ( 2 /GTT, 0). 

It should be noted that the function defined by the series has finite discon- 
tinuities, while the function from which the series is derived is continuous. 

It is not necessary that/(#) should be defined by the same law 
throughout the interval from TT to TT. In this case the integrals 
defining the coefficients break up into two or more integrals, as 
shown in the following examples : 

Ex. 2. Find the Fourier's series for f(x) for all values of * between TT 
and TT, where f(x) = x+ir if TT < x < 0, and /() = IT x if < x < TT. 



Here 



a = _ ( x 



On = - j (x + tr) cos nxdx + \ (TT x) cos nx dx 
^"L^-ir 'o J 



If r* 
b n - \ I (x 

7rL./-.r 



-f C^ir x^mnxdx I 



= 0. 




FIG. 107 
Therefore the required series is 

HL + 1 / , cos3x cos6x 

The graph of /(x) for values of x between TT and ir is the broken line ABC 

(fig. 107). When x = 0, the series reduces to - -f -fc + ^ -f ~ 4- ) = IT, for 

111 7T 2 * 2 7r ^ 1 8 5 ' 

H---H [... = --. When x = IT, the series reduces to 0. Hence the 

1 3* 6* 8 

limit curve of the series coincides with the broken line ABC at all points. 
From the periodicity of the series it is seen, as in Ex. 1, that the limit curve 
is the broken line of fig. 107. 

* Byerly, Fourier's Series, p. 40. 
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Ex. 3. Find the Fourier's series for/(x), for all values of x between TT 
and TT, where /(x) = 0if-v<x<0, and /(x) = IT if < x < TT. 

Here a 



l r* 
a n I TT cos ?ix dx = ; 

7JVO 

fc w = I 

7T/o 



TT sin nxdx ~ (1 cosrwr). 



Therefore the required series is 

TT /sinx sinSx sin5x \ 

-+^- r +- _+__ + . ..^. 

The graph of the function for tho values of x between TT and TT is the axis 
of x from x = - TT to x = 0, and the straight line A R (fig. 108), thero being a 
finite discontinuity when x = 0. 

Y 




. 108 



The curves (1), (2), (3), and (4) are the approximation curves corresponding 
respectively to the eq nations 

V ~'T W 

(2) 
(3) 

(4) 

They may be readily constructed by the method used in I, 140, Ex. 5. It is 
to bo noted that all the curws pass through the point /O, ^J, which is midway 

between the points A and 0, whioh correspond to tho finite discontinuity, and 
that the successive curves approach perpendicularity to the axis of x at that point. 
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161. The indeterminate form - Consider the fraction 





4M* (1) 

and let a be a number such that /(#)= and <(#) = 0. If we 

place x = a in (1), we obtain the expression > which is literally 
meaningless. 

It is customary, however, to define the value of the fraction (1) 
when x=a, as the limit approached by the fraction as x approaches a. 

In some cases this limit can be found by elementary methods. 



Ex. l. 



tt X 







When x = a, this becomes - - When x & a, we may divide both terms of the 
fraction by a x, and have 2 __ 2 

X + x (1) 



x 



for all values of x except x = a. Equation (1) is true as x approaches a, 
and hence 



Ex. 2. 



l-Vl-a 2 



a 2 x 2 



r-l^a a X 







= Lim (a + x) = 2 a. 



When x = 0, this becomes -. When x & 0, we have 

' 

x 



X 



X 



Hence 



Ex. 3. .- 
smx 



l_Vl-x 2 T . 
Liin = Lnn 



1+Vl-x* 1+Vl-x 2 
x 



: = 0. 



* = 1+V1-X 2 







When x = 0, this becomes When x 5* 0, we may expand each term by 



Maclaurin's series, and have 






x 2 x 8 



sinx 



x 8 x 6 






Hence 



smx 
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The method by expansion into series, used in Ex. 3, suggests a 
general method. Since we wish to determine the limit approached 



by j- as x approaches a, we will place x a + h and expand by 
q>(x) 

Taylor's series. We have ( 31, (5)) 

+ ^/"()+,~/" f ()+"- 

if |g 



But by hypothesis f(a) = and <f>(a) = 0. Therefore, since h = 0, 

1 (2) 



Now as a; ^r a, A i 0, and hence, unless /'(a) = and #'(a) = 0, 
we have from (2) eA _< & . 

*a +(X) (}> f (a) ( ' 

If, however, / f (a)= aDd ^'(a)= 0, the right-hand side of (3) 
becomes -- In this case (2) becomes 



whence 

x^ a ^() f (a) 



unless /"(a) = and ^"(a) == 0. In the latter case we may go back 
again to (2) and repeat the reasoning. 
Accordingly we have the rule : 

To find the value of a fraction which takes the form - when 
x*=a, replace the numerator and the denominator each by its deriv- 

ative and substitute x**a. If the new fraction is also -, repeat 
the process. 
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Ex. 4. To find the limit approached by : - when x == 0. 

sing 

By the rule, 



smx L cosx jr=o 1 

Ex. 6. To find the limit approached by ^-7-^ - when x = 0. 

xsmx 
If we apply the rule once, we have 

T . e* -2008x4-6-* fe^-f 2sinx~c-a ! "l 

Lim - ; - = I : - I = -- 
ar^o xsmx L sinx + xcosx Jx=o 

We therefore apply the rule again, thus : 

T . e* 2 cosx -|- er x Pe* -f 2 cosx 4- -*! 4 

Lim ---- = I - I = - = 2. 
o-=o xsinx L 2cosx xsinx Jx=o 2 

162. The derivation of the rule in 161 assumes the possibility 
of the expansion of f(x) and <f>(x) into power series. It is, how- 
ever, sometimes necessary to consider functions for which this 
assumption is not valid. We shall accordingly give the following 
new proof of the rule. 

Consider formula (3), 30, namely, 



From this it follows that if F(b) = and ^(a) = 0, then P'(Q = 0, 
where % is some number between a and 6. Let' us apply this to 
the arbitrarily formed function 



where F(b) = and F(a) = 0, as may be seen by direct substitu- 
tion. Then 



whence 



Now, in (1), let /(a) = 0, ^(a) = 0, and place 6 = a + h. We have 
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As h == 0, f = a, since a<g<a + h. Hence 

( + *) T- ftf) 
- Lim ' 



,y a 

which may be written Lim ^ff = Lim ^-f (3) 

J * <(#) , <'(#) 

If /'(a) and <'() are not both zero, (3) gives 
Lim /(*),/'(") 



If, however, / ; (a) = and <#>'() = 0, (3) gives 

(^) T- ^ ; () 

v ' = Lim ' 7 



x-a 



The rule of 161 thus results. 

163. The indeterminate form . If /(a) = 00 and <(a) = oo, 

the fraction ^W- takes the meaningless form . The value of the 
<t>(.r) 

fraction is then defined as the limit approached by the fraction as 
x approaches a as a limit. We shall now prove that the rule for 

finding the value of a fraction which becomes - holds also for a 
fraction which becomes 

To prove this, we shall take first the case in which the fraction 

^-^ becomes ^ when x = 00. By placing & = #, a = c in (1), 162, 
<P( X ) 

which is equivalent to / v 

l ~ m 

l ' 
/(*) 

Now we assume that \ ; ^ approaches a limit yfc as ^ = oo. Hence 




we may take c so great that ^)-^ > and therefore ^-7^ > differs from 

9 ( c ) 9 (R 
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Ic by as little as we please. This fixes c ; we may then take x so 

much greater than c that SlLi and ^^ may each differ from zero 

9() f( x ) 
by as little as we please. By proper choice of c and x, then, we 

have, from (1), f, v 



where e l and e 2 may be as small as we please. Hence 

Lim ' = k = Lim f ; - (2) 

To extend this result to the case in which '-rj-^ becomes ~ when 

x = a, we place x = a -\ Then 

V 

. 1 



Then ^ becomes ?? when y = co. Therefore, from (2), 

OT 



T . T . 

Lim ^^ = T.im 
y ^ 

Now ^(y) 

and *' 



y 

= 

(y) 



tr - i T T IT , 

Hence -^r^ = 4^ ' and Lim --^- = Lim 4^ Hence we have 

*' '* *' -* * 



From (2) and (3) follows the proposition that we wished to prove. 
Ex. To find the limit approached by ~ as x becomes infinite. 



By the rule, Lim = Lim -2 = Lim = 0. 

a=oo X" a^odlX"- 1 jr=n 
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164. Other indeterminate forms. There are other indeterminate 
forms indicated by the symbols 

oo, oo oo, 0, 00, 1*. 

The form oo arises when, in a product f(x) <f> (#), we have 
f{a) = and <j>(a) = oo. The form oooo arises when, in /(#) 
< (#), we have f(a) = oo, <f> (a) = oo. 

These forms are handled by expressing f(x) < (x) or/(#) $(%), 

as the case may be, in the form of a fraction which becomes -- or 



H when x = a. The rule of 161 may then be applied. 
Ex. 1. 






When x = oo, this becomes oo 0. We have, however, x^-* 2 = - which 

oo ^ e 

becomes when x = oo. Then 

T . x _.. 3x 2 T . 3x T . 3 A 
Lim = Lim -- - = Lim ----- = Lim - = 0. 



In the same manner Lim x n e~-& = 

ar=oo 

for any value of n. 
Ex. 2. secx tanx. 
When x = > this is oo oo. We have, however, 

4 

1 sin x 

sec x tan x = --- 
cosx 

which becomes ~ when x = - Then 
2 

Lim (secx - tanx) = Lim lrJ?5L5 = Lira ^ = 0. 
-H x cosx ^y. -sinx 

The forms 0, co, 1 may arise for the function 

[/(*)]*<*> 
when x = a. 

If we place ^ = [/()]* (a;) , 

we have log u <f>(x) log/(#). 

If Lim ^(#) log/(a?) can be obtained by the previous methods, 

jc=a 

the limit approached by u can be found. 
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When x = 0, this becomes 1". Place 



i 
Ex. 8. (1 - z). 



then 
Now 



, by 161, Lim log(l-) = r_zl] = _i. 

x = & LI XJa:=0 



Hence logu approaches the limit 1 and u approaches the limit - 



PROBLEMS 
1. Prove that the series 



where there are two terms of the form , four terms of the form , eight 
I 2 j 4 

terms of the form , and 2* terms of the form - , (k = 1, 2, 3, ), converges 
whena>l. 8< " < 2 > a 

2. By comparison with the series in Ex. 1 or with the harmonic series 
(Ex. 2, 152), prove that the series 



converges when a > 1, and diverges when a^l. 

Test the following series for convergence or divergence : 



4 1 + 1 + J- + J- . .+ 1 

' ^8 T 6[2 T ?l8 

.1.1.1. . 1 



I 2 + 8 4 + 6 6 + > " + (2 n - 1) 2 n + ' 

J_ + J_ + JL + .. | 1 , 
1-2 * 8^8-4 n( + l) ' 

I .... 
+ n(n + l) + 
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' 1 - 2 3 + 2 3 - 4 + 3 - 4 . 6 + " ' + n (n + 1 ) (n + 2 j + " ' ' 

' 2 6 10 " " n a + l ' ' |_2 [8 

Mud the region of convergence of each of the following series : 

n 3 , 4 . 3; + ! 

14. x H x 2 H x 3 -4- 4- x n + . 

6 10 n a + l 



15. 1 4- 2 2 x 

1fl . , 1 x 1-3 

- 



17. log(l + x ) = x-^ + ? ---- + (- l)+i- 
23 n 




a 



Expand each of the following functions into a Maclaurin's series, obtaining 
f our terms : 

23. secx. 25. log(l -f sinx). 27. e sin - lr . 

24. e*secx. 26. e sina! . 28. logcosx. 

Expand each of the following functions into a Fourier's series for values of 
x between TT and TT : 

29. x 2 . 30. e*. 

31. /(x), where /(x) = - ir if - TT < x < 0, and/(x) = if if < x < TT. 

32. /(x), where /(x) =-xif -7r<x<0, and/(x) = if < x < TT. 

33. /(x), whore /(x) = -7rif -7r<x<0, and/(x) = x if < x < TT. 

34. /(x), where /(x) =0if-7r<x<0, and/(x) = x 2 if < x < TT. 
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Find the limit approached by each of the following functions, as the variable 
approaches the given value : 

1 -!- + a n _ 



x -a 



36. 



sm 2 x 



, x = 0. 



37. - 



x sin 2 x 



- -, x = 0. 



38. 



+ & 



50. (TT x) tan - , x == TT. 

2 

51. sec6xcos7x, x = 

2 

52. e~*logx, x = oo. 

53 J- 1 -,x = 7r 

x IT sin x 



e-" 1 -e" 



40 :!_r u ';LiJr x = ' 

(*-) 



sin 8 a; 



, tan x x . A 
42. - , x = 0. 

X Kill X 

,, secx . -TT 
43. t x = - 

sec 5 x 2 

44. 1^*5. x^=0. 



46. 



tanx 
, x = < 



x 8 
47. , x = 00. 

Aft *S X ,, r 

TlO. y X = I 

CSCiC 



logx logx 



J = l. 



55. 



--- --, 
x 1 logx 



K.G 

OO . . x 

'x 8 ~l x-1 

57. x^, x = 0. 

58. (tanx) Bina *, x = 0. 

K Q /l\ taiia: ^ . rt 
09. I - ) , x = 0. 
W ' 



60. 
61. 



= ao. 



ax) r , x = ao. 



62. xi-', x = l. 

63. (cosx) cot - r , x==0. 

i^ 

64. (x-f cosx)', x = 0. 



65. (1 -f- ax) J , x = 0. 
= - 



66. 




CHAPTEE XVI 
COMPLEX NUMBERS 

165. Graphical representation. A complex number is a number 
of the form x + iy, where x and y are real numbers and i is defined 
by the equation t 2 = 1 (I, 1 2). In this chapter we shall denote 
a complex number by the letter z, thus 

z = x + iy. 

The number x is the real part and the number iy is the imagi- 
nary part of z. When y = 0, z becomes a real number ; and when 
x = 0, z becomes a pure imaginary number. When both x = and 
y = 0, then 2= ; and z = when, and only when, # = and y = 0. 

To obtain a graphical representation of 
a complex number, construct two axes of 
coordinates OX and OY (fig. 109), take any 
point P, and draw OP. Then the complex 
a? number x + iy is said to be represented 

either by the point P or by the vector * OP. 
For if a complex number, z = # + iy, is 
known, a? and y are known, and there corresponds one and only 
one point P and one and only one vector OP. Conversely, to a 
point P or a vector OP corresponds one and only one pair of values 
of x and y, and therefore one and only one complex number. In 
this connection the axis of x is called the axis of reals, since 
real numbers are represented by points upon it ; and the axis of 
y is called the axis of imaginaries, since pure imaginary numbers 
are represented by points upon it. 

If we take as the origin and OX as the initial line of a system 
of polar coordinates, we have x = r cos 0, y = r sin 0, 

and therefore z = x + iy = r (cos + i sin 0). 

*A vector is a straight line fixed in length and direction but not necessarily in 
position. 
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The number r = V& 2 + y 2 , which is always taken positive, is 
called the modulus of the complex number and is equal to the 

length of the vector OP. The angle 6 = tan" 1 ~ is called the argu- 

sc 

menty or amplitude, of the complex number, and is the angle made 
with OX by the vector OP. Any multiple of 2 TT may be added to 
the argument without altering the complex number, since 

r [cos (0 + 2 JCTT) + i sin (6 + 2 ATT)] = r (cos 6 + i sin 0). 

The modulus is also called the absolute value of the complex 
number and is denoted by \z\ 9 thus : Y 



\z\ = \x 



== r. 



166. Addition and subtraction. If z l = 

+ iy l and z z = # 2 + iy 2 , then, by definition, 








FIG. no 



In fig. 110 let JfJ and J represent the two complex numbers, 
and let OJ? and OI be the corresponding vectors. Construct the 
parallelogram OJJTJJ^. Then it is easy to see that Jj| has the 
coordinates 
number 



W 



-(*!> 




and therefore represents the complex 
The addition of complex numbers is thus seen to 
be analogous to the composition of forces or 
velocities. 

Since 0^=1^1, O7J=|^ |, and 



^(*i-t) 



JU-**) 



the equality sign holding only when O7J and 
02J have the same direction. 

To subtract z 2 from z v we first change the 
sign of 3 2 and add the result to z r Graphically, 
the change of sign of 2 2 corresponds to replacing 
PI (fig. Ill) by PV symmetrical to P^ with respect 
to 0, or to turning the vector OP^ through an angle of 180. The 
parallelogram OJ^P^ is then completed, giving the point P 6 corre- 
sponding to 1 s a . 



FIG. Ill 
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167. Multiplication and division. If z^ x^ iy^ and 2 = # a + iy v 
then, by definition, 



* A = 



If we use polar coordinates, we have l =r 1 
*2 = T 2 ( cos ^2 + * siu ^)> an( l 

s x s a = >y 2 [(cos l cos 2 sin l sin 2 ) 

+ i (sin l cos 2 + cos X sin 2 )] 

= ?y ' 2 [cos (^ + 2 ) + i sin (0 X 



Hence, in the multiplication of two complex numbers, the mod- 
uli are multiplied together and the arguments are added. Graphic- 
ally, the vector corresponding to a product is found by rotating 
the vector of the multiplicand in the positive direction through an 
angle equal to the argument of the multiplier, and multiplying 
the length of the vector of the multiplicand by the modulus of the 
multiplier. In particular, the multiplication by i is represented by 
rotating a vector through an angle of 90 ; and the multiplication 
by 1 is represented by rotating a vector through an angle of 
180, as noted in 166. 

/y 

The quotient is a number which multiplied by z^ gives z r 

z z 
Hence, if z l = r^cos l + i sin 6^ and z 2 = r z (cos 2 + i sin 2 ), 



Graphically, the vector corresponding to a quotient is found by 
rotating the vector of the dividend in the negative direction through 
an angle equal to the argument of the divisor, and dividing the 
length of the vector of the dividend by the modulus of the divisor. 

168. Involution and evolution. The value of z n , where n is a 
positive integer, is obtained by successive multiplication of z by 
itself. Therefore, if z = r (cos + i sin 0), 

z n = r n (cos n0 + i sin uO). (1) 

i 
The root #, where n is a positive integer, is a number which 

raised to the wth power gives z. Accordingly we have, at first 
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li/0 0\ 

sight, z = r"l cos- + i sin- ) But if we remember (165) that 

z = T [cos (0 + 2 JCTT) + i sin (0 + 2 kir)}, where k is zero or an inte- 
ger, we have also 

/0 2Jc7r\ . . (0 2forV| 
s( - + - + ^ sm( - H -- (2) 

V" n / \n n /| v ' 



= r cos 



There are here n distinct values of z, obtained by giving to k 

the n values 0, 1, 2, , (n 1). Since the equation 2" = c has only 

i 
n roots (I, 42), (2) gives all the values of z. In this result r 

means the positive numerical root of the number r, such as may 
be found by use of n table of logarithms. 
By a combination of (1) and (2), we have 

P f fpO 2k/yir\ . . (p0 2 k 
z = r~i\ cosf 1 + + i sinf + - 

L \ V <1 / \9 



where k = 0, 1, 2, - - , (q 1). 

- m 1 cos + 1 sin 



Finillv 
c ^^ 



= ?"" w [cos( m^) + i sin 



The nth roots of 'tuiity can be found by placing r = 1 and ^ = 
in (2). Then 



v 1 = 



cos -- h fc sm 



n n 



The points which represent these roots graphically are the ver- 
tices of a regular polygon of n sides, inscribed in a circle with 
center at and radius unity, the first vertex lying on the axis of 

reals. (2fc + l)ir (2k + l)-rr 

Similarly, ">/ 1 = cos h i sin ~- 

J y n n 

169. Exponential and trigonometric functions. The exponential 
and the trigonometric functions are defined in elementary work in 
a manner which assumes that the variable is real. For example, 
the definition of sin x requires the construction of a real ^triangle 
with an angle equal to x, and the definition of tf involves actual 
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involution and evolution. In order to be able to regard the inde- 
pendent variable as a complex number, we adopt the following 
definitions: g g 



(2) 



When z is real, each of these functions is the corresponding real 
function, since these series are those found in 31. 

When z is complex, each of the series converges. To show this, 
place z = r (cos 6 + i sin 6) in (1), for example. We have 

/ r 2 r 8 \ 

( 1 + r cos 6 + r - cos 2 6 + , cos 3 + ) 

\ L~ 12 / 

/ r 2 r 8 \ 

+ i ( r sin + . sin 2 + , sin 3 6 H ---- ) 

\ L 12 ' 

Each term of the two series in parentheses is less in absolute 
value than a corresponding term of the known convergent series 

r 2 r 8 
1 + T + ,-- + ,-- H ---- . Therefore each of these series converges 



(153) and hence (1) converges. In the same manner it may be 
shown that (2) and (3) converge. It follows that each of the 
series (1), (2), and (3) may properly be used to define a function. 
It is necessary, however, to give new proofs of the properties of 
the functions, based upon the new definitions. 
From (1) we have 



which are the fundamental properties of the exponential function. 
From (1), also, if we replace z by iz, we have 
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From this, with reference to (2) and (3), we obtain the formula 

e iz = cos z + i sin z, (4) 

which establishes a relation between the exponential and the 
trigonometric functions. 

By changing the sign of z in (4) we have 

e~ = cos z i sin z, 

e iz e~ is 

whence sin z = > (5) 

2i i 

e ig + e~ iz 



- 



/flx 
(6) 



From (4), (5), and (6) it is easily shown that the trigonometric 
formulas obtained in elementary work for real variables are true 
for complex variables also (see Exs. 1 and 2). 

We shall use these relations to separate the functions (1), (2), 
and (3) into real and imaginary parts, as follows : 

f =* e*e tv = <? cos y + ie x sin y. 



ain(x + iy) = , (*"-"- e~" + ") 
z i 

= \er *(cos x + i sin x) e v (cos x i sin a?)] 
^ '\/ 

e v +e~ v . .e y e- v 

= - sin x + i r cos x 
Ji 

= cosh y sin a: + i sinh y cos a?. 
Similarly, 



, , v .- . 

cos(# + ty) = - cos x i - sin x 
2i 2 

= cosh y cos x i sinh y sin #. 



If x SB 0, we have 



sin iy = i - - = i sinh y, 
2 

. e+e- , 
cos iy as - a cosh y. 
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Ex. 1. Prove sin^f + cos a z = 1. 
From (6) and (6), 



Ex. 2. Prove sin (^ -f z 2 ) = sin 21 cos 2 2 + cos i sin 2 a . 
From (6), 



= -.[&&* -e~**ie-***} 

= ;p t( cos *i + < sin *i) ( cos 2 + < sin z 2 ) 
2 i 

(cos zi i sin 21) (cos 2 i sin 2 a )] 
= sin Zi cos 2 2 + cos z\ sin z 2 . 

170. The logarithmic function. If z = 6 W , then, by definition, 

W = log 2L 
f 

The properties of the logarithmic function, namely 

M 

*A) = Io 8 *i + lo g * Io 8 r = Io 8 i ~ 



Iog2 n =?&log2, log 1=0, logO= 00, 

are deduced from the definition, as in the case of real variables. 
The logarithm of a complex number is itself a complex num- 

ber, For, let us place 

* 

z = x + iy = r (cos 9 + i sin 0) = re*. 
Then 



1 
log 3 = logr + Iog0''*= logr + id = ~ log^^- y*) + i tan" 1 



x 



Here log r is the logarithm of the positive number r, and may 
be found as in I, 154. 

We may now find the logarithm of a real negative number. For, 
if a is such a number, we may write a = a (cos IT + i sin TT) = ae** 9 

whence log (- a) - log a + tir. 

In particular, log ( 1) = iir. 
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It is to be noticed that, in the domain of the complex numbers, 
a logarithm is not a unique quantity. For 



where Jfc is zero or an integer. Therefore 

log z = w + 2 Idir. 

We may express this as follows : The exponential function is a 
periodic function with the period 2 iir y and the logarithm has an 
infinite number of values, differing by multiples of i ITT. 

171. Functions of a complex variable in general. We have 
seen that functions of a complex variable obtained by operating 
on x + iy with the fundamental operations of algebra, or involving 
'the elementary transcendental functions, are themselves complex 
numbers of the form u + iv, where u and v are real functions of 
x and y. Let us now assume the expression w = u + iv, and inquire 
what conditions it must satisfy in order that it may be a function 
of z = x + iy. 

In the first place, it is to be noticed that in the broadest sense 
of the word " function " (I, 20), w is always a function of z, since 
when z is given, x and y are determined and therefore u and v are 
determined. But this definition is too broad for our present purpose, 
and we shall restrict it by demanding that the function shall have 
a definite derivative for a definite value of z. The force of this 
restriction is seen as follows : In order to obtain an increment of 
z, we may assign at pleasure increments A# and A# to x and y 
respectively and obtain As = A# + i&y. The direction in which 
the point Q (fig. 112), which corresponds to z + As in the graph- 
ical representation, lies from JP, which corresponds to z, depends 

then on the ratio > which may have any value whatever. Cor- 
A# 

responding to a given increment As, w takes an increment Aw, 
where ( 110) 
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Dividing by A = Aa? + iAy and taking the limit as A# = and 
= 0,wehave 

dy dx 



A**O Az i i -^ 

rf# 

Unless special conditions are imposed upon u and v, the expres- 
sion on the right-hand side of the above equation involves -~ > and 

A Q>*# 

the value of Lira depends upon the direction in which the 



point Q (fig. 112) approaches the point P. Now the value of 
the right-hand side of (1), when -~ = 0, is + i , and its value 

CftX (/X OX 

Y ^.^i^L 

when -~ = oo is : - Equating these 

two values, we have 

--* T^ ^ + 



FIG. 112 



This, then, is the necessary condition that lim -- should 



be the same for the two values ^ = and ~ = oo. It is also 

ax. ax 

the sufficient condition that Urn - should be the same for all 

dv A *~ rfy 

values of -^ > for if (1) is simplified by aid of (2), -~ disappears 

from it. 

Now (2) is equivalent to the two conditions 



_ 
dy dx' 

Hence the equations (3) are the necessary and sufficient condi- 
tions that the function u + iv should have a derivative with respect 
to x + iy which depends upon the value of x + iy only. 

A function u + iv which satisfies conditions (3) is called an 
analytic function of x + iy. 
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172. Conjugate functions. Two real functions u and v, which 
satisfy conditions (3), 171, are called conjugate functions. By 
differentiating the first equation of (3), 171, with respect to #, 
the second with respect to y, and adding the results, we have 



Also, by differentiating the first equation of (.3), 171, with 
respect to y, the second with respect to x, and taking the 
difference of the results, we have 



That is, each of a pair of conjugate functions is a solu- 
tion of the differential equation 



8a? tof 

Let us construct now the two families ( 173) of curves u = c t 
and v c v If (x v y x ) is a point of intersection of two of these 
curves, one from each family, the equations of the tangent lines 
at (x v y 1 ) are (115, Ex. 1) 



But from (3), 171, 



Hence the two curves intersect at right angles; that is, every 
curve of one family intersects every curve of the other family 
at right angles. We express this by saying that the families 
of curves corresponding to two conjugate functions form an 
orthogonal system. 
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Examples of conjugate functions and of orthogonal systems of 
curves may l>e found by taking the real and the imaginary parts of 

any function of a com- 
plex variable. 

Ex. 1. (.e-f iy)* 

= x 2 - y* + 2 ixy. 

From this it follows that 
2 y 2 and "2 xy arc conjugate) 
functions, and that the; curves 
x 2 y 2 = Ci ami xy = c 2 form 
an orthogonal system (tig. 113). 
In fact, the system consists of 
two families of rectangular hy- 
perbolas, the one having the 
coordinate axes for axes of the 
curves and the other having the 
coordinate axes for asymptotes. 



FIG. 113 

Ex. 2. \og(x + iy) 

= log Vx* -f y 2 + i tan- 1 -. 
x 

Hence log Vx 2 + y 2 and 

tan- 1 - are conjugate func- 

x 

tions, and the curves a; 2 -f y 2 
= ci and y = c 2 x form an 
orthogonal system (fig. 114). 
In fact, one family of curves 
consists of circles with their 
centers at the origin, and the 
other consists of straight lines 
through the origin. 
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PROBLEMS 



Find the sums of the following pairs of complex numbers and the difference 
obtained by subtracting the second from the first, and express the results 
graphically : 

1. 3 + 2t, 4 -f St. 3. 6-l(H, 8+ 2i. 

2. _3-7f, 4 + 8i 4. -8 + 12t, 6-f Oi. 
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Find the products of the following pairs of complex numbers and the quotient 
of the first by the second, and express the results graphically : 



- 7T..7T 7T . . V 7. 1 -M V, VS + i. 

5. cos - + ism-, cos- + ism-. ^ ' T 

0044 8. 2+ 2iV3,3-3iV2. 

- 7T . . IT 27T , . . 27T 9. l + i.-1 + i. 

6. cos-+ t sin-,cos 3 - + *sm--. 1Q 1+ . ?1 _. 

Find the following powers and express the results graphically : 

11. (2 + 3 1)2. 12. (l - i V3) 2 . 13. (1 + i). 14. (1 + i)*. 

Find thcs following roots and locate them graphically : 

15. ^T. 16. yri 17. VI. 18. y^l. 19. ^^8. 20. Vs. 

21. Prove, for complex numbers, cos (21 -f 2 2 ) = coszi cos z* sinzi sin^g. 

22. Prove, for complex numbers, sin z\ -f- sin 2 = 2 sin ^ (! + 2 ) cos \ (z\ 2 ). 

23. Prove sinh iy = tsiny. 24. Prove coshty = cosy. 

Find the values of the following logarithms : 

25. log(-2). 26. log(l-M). 27. log(-l-M). 28. logi. 

Find the orthogonal systems of curves denned by the real and the imaginary 
parts of the following functions : 

29. 1. 30. loglH. 31. 



Find the orthogonal systems of curves defined by the real and the imaginary 
parts of the following functions, using polar coordinates : 

32. *. 33. Vz. 



CHAPTER XVII 
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

173. Introduction. Consider the equation 

/(#,y,c) = 0, (1) 

in which c is an arbitrary constant. If c is given a fixed value, (1) 
is the equation of a certain curve ; and if c is supposed to take all 
values, the totality of the curves thus represented by (1) is called 
a family of curves. 

To determine the curves of the family which pass through any 
fixed point P(& v y^)> we may substitute x l and y for x and y in 
(1), thereby forming the equation 

f(*vVv')-0- ( 2 ) 

The number of roots of (2), regarded as an equation in c, is the 
number of curves of family (1) which pass through ^, and their 
equations are found by substituting these values of c in (1). 

The direction of any curve of family (1) is given by the equa- 
tion(115,(l)) 



which, in general, involves c. In general, however, we may elimi- 
nate c from (1) and (3), the result being an equation of the form 

/ F[x,y,^}=0. (4) 



dy 
If we substitute the coordinates of JJ in (4), the values of -?- 

which satisfy the resulting equation are the slopes of the respec- 
tive curves of (1) which pass through JJ. Hence (4) defines the 
same family of curves that is defined by (1), but by means of 
the directions of the curves instead of the explicit equations of 

316 
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the curves themselves. Hence (4) is called the differential equa- 
tion of the family of curves represented by (1). 

We have seen how an equation of type (1) leads to a differential 
equation of type (4). Conversely, to an equation of form (4) there 
always corresponds a family of curves which may be represented 
by an equation of form (1). For if the coordinates of a point I[ 
(fig. 115) are assigned to x and y in (4), (4) determines one or more 
directions through JJ. Following one of these directions, we may 
move to a second point 1%. If the coordinates of J^ are substituted 
in (4), a direction is determined in which we may move to a third 
point JJ. Proceeding in this way, we trace a broken line such that 
the coordinates of every vertex and the direction of the following 
segment at that point sat- 
isfy (4). The limit of this 
broken line, as the length of 
each segment approaches 
the limit zero, is a curve 
such that the coordinates 
of each point and the direc- 
tion of the curve at that 
point satisfy (4). Since in 

this construction 7J may be any point of the plane, there is evi- 
dently a family of curves represented by (4), as we set out to 
prove. The constant c in the equation of the family may be 
taken, for example, as the ordinate of the point in which a curve 
of the family cuts the axis of y or any other line x = x r Hence 
every differential equation of form (4) has a solution of form (1). 

The problem of proceeding from a differential equation (4) to its 
solution (1) is, however, a difficult one, which can be solved only in 
the simpler cases. Some of these cases have been discussed in this 

volume for equations in which -^ appears to the first power only. 
These are the following : 

I. Variables separable. ( 77) 

la. Homogeneous equation. ( 78) 

Ib. Equation of the form 

c a ) dy = 0. ( 79) 
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II. The linear equation ( 80) 
Ila. Bernoulli's equation. ( 81) 

III. The exact equation. ( 147) 
Ilia. Solution by integrating factors. ( 149) 

While the above methods often prove serviceable, the student 
should appreciate that they may all fail with a given differential 
equation, since the above list docs not contain all possible differen- 

tial equations which are of the first degree in ~ Moreover, the 

dx 

solution will in general involve integrations of which the results 
can be expressed as elementary functions only in the simpler cases. 
174. Solution by series. The solution of a differential equation 
may usually be expressed in the form of a power series. 

E*. * = * + *. 
ete 

Assume y = a -I- a\x + a 2 x 2 -f a 8 s 8 H ---- . Substituting in the given equation, 
we have 



in which the coefficients of like powers of x on the two sides of the equation 
mast be equal, since the equation is true for all values of x. 
Equating coefficients, we have 

= 2 



whence a\ = a 2 , 



02 = a 8 



Hence the required solution is 

y = a -f a 2 x + a 8 x 2 + (1 + 3a 4 )x 4- . 

175. Equations not of the first degree in the derivative. If the 

differential equation of the first order is of higher degree than the 

first in -j- 9 new methods of solution are necessary. Denoting -~ 

by p, we shall make three cases : 

1. Equations solvable for p. 

2. Equations solvable for y. 

3. Equations solvable for x. 
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176. Equations solvable for p. Let the given equation be an 
equation of the nth degree in p, and let the roots of the equation, 
regarded as an algebraic equation in jp, be p l9 p^, , p n , where p v 
P*> ' ' 9 Pn are functions of x and y, or constants. Then the equa- 
tion may be written in the form (T, 42) 



But (1) is satisfied when and only when one of the n factors is 
zero, and hence the solution of (1) is made to depend upon the 
solutions of the n equations 

^-l>i=0, 2>-/> 2 =0, -, ^-^=0. (2) 

Let the solution of p i\~ be f^x, y, cj = 0, the solution of 
jt> jp 2 = be / 2 (#, y, c 2 )= 0, etc., where c v c 2 , - are arbitrary 
constants. Since each of these constants is arbitrary, however, and 
there is no necessity of distinguishing among them, we will denote 
them all by the same letter c. 

Now form the equation 

y. c ) = - ( 3 ) 



The values of x and y which make any factor of (3) zero satisfy 
(1) by making the corresponding factor of its left-hand member 
zero. Hence (3) is a solution of (1), since the values of x and 
y which satisfy (3) are all the values of x and y necessary to 
satisfy (1) ; and since (3) contains an arbitrary constant, it is the 
general solution. 



Ex. 1. p* - 2p 2 + 2y - a* - p - 2 y - x* - = 0. 
\ x 2 / \ a; 2 / 

Solving this equation for p, we have 

p = 2, jp = ~ 05, and p = - + as. 

X X 

The solution of the first equation is evidently y 2x + c = 0. The second 

equation, when written in the form -- y = x, is seen to be a linear equa- 

dx x 
tion, and its solution is y + x 2 ex = 0. 

The third equation may also be written in the form of a linear equation, and 
its solution is x 8 8 xy -f c = 0. 

Hence the solution of the original equation is 

(y - 2x 4- c)(y -f x 2 - cx)(x 8 - Sxy + c) = 0. 
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Ex.2. y(~) -f 2x~-y = 0. 



X V X 2 + I/ 2 

Solving for p, we have p = - 




The equation 

is a homogeneous equation, and its solution is Vx 2 + ^ 2 x + c = 0. 
The equation x y^jT^ 



P = ~ r, - 



y y 



is also a homogeneous equation, and its solution is Vx 2 -f y 2 + x c = 0. 
Hence the required solution is y 2 + 2 ex c 2 = 0. 

177. Equations solvable for y. Let the given equation be 

/frttlO-O. (1) 

Solving this equation for y y we have the equation 

y = F(x,p). (2) 

Differentiating (2) with respect to #, and replacing -~ by #, we 
have the equation 



in which p and # are the variables. Let the solution of (3) be 

Vr(s,.p,c)=0. (4) 

Eliminating p between (1) and (4), we have a function of x, y, 
and an arbitrary constant which is, in general, a solution of (1). 
But the process of solution may bring in extraneous factors or 
otherwise lead to error, and the solution should be tested by 
substitution in (1). 

If the elimination cannot be performed, equations (1) and (4) 
may be taken simultaneously as the parametric representation 
(I, 163) of the solution, p being the variable parameter. 

Ex. 1. xp 2 - 2 yp + ax = 0. 

Solving for y, we have y = H --- (1) 

2 2p 

By differentiating (1) with respect to x, we obtain 



or 



(HH3D-* 
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The first factor placed equal to zero gives p = Va. If this value is substituted 
for p in the given equation, we have 2 ax i 2 y Va = 0, which is found on trial 
to be a solution of the equation. This solution, however, involves no arbitrary 
constant, and hence is of a different type from that already considered. It will be 
discussed in 182. 

Placing the second factor equal to zero, and solving the resulting equation, 
we find p = ex. Substituting this value of p in (1), we have, as the general 

solution, n 

1 ex 2 , a 

V = -- -- 

y 2 ^2c 

Ex. 2. Clairaut's equation, y =px + f(p). 

As this equation already expresses y in terms of x and p, we proceed imme- 
diately to differentiate with respect to x, with the result 



As in Ex. 1, placing the first factor equal to zero cannot] give us the general 

solution. Neglecting that factor, we have = 0, whence p = c. Substituting 

dx 
this value for p in the original equation, we have, as the general solution, 



Hence the general solution of Clairaut's equation may be written down 
immediately by merely replacing p by c in the given equation. The ease of this 
solution makes it desirable to solve any equation for y, in the hope that the new 
equation may be Clairaut's equation. 

Ex. 3. y = px -f a Vl + p 2 . 

Since the equation is in the form of Clairaut's equation, with/(p) = a Vl -f- p 3 , 
its solution is _ 

y = cx + aVl + c 2 . 

178. Equations solvable for x. If the given equation can be 
solved for x, with the result 



we may form a new equation, 



dx 1 
by differentiating (1) with respect to y, and replacing by - 

Let the solution of (2) be y f 

(3) 
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Then (1) and (3) may be taken simultaneously as the parametric 
representation of the solution of (1). Or p may be eliminated from 
(1) and (3), the result being a function of x, y, and an arbitrary 
constant, which is, in general, a solution of (1), but which should 
be tested by substitution in (1). 

Ex. x 2p - logp = o. 

Solving for x, we have x = 2p -f logjp. (1) 

Differentiating with respect to y, we obtain the equation 

dy = (2p + l)dp, (2) 

the solution of which is y = p 2 4- p -f c. (8) 

Since the result of eliminating p from (1) and (8) is complicated, we take (1) 
and (8) as the parametric representation of the solution of (1). 

179. Envelopes. Let /(a?, y, c) = (1) 

be the equation of a family of curves formed by giving different 
values to the arbitrary parameter c. If any particular value of c is 
increased by Ac, the equation of the corresponding curve is 

/(*,y,c + Ac) = 0. (2) 

The limiting positions of the points of intersection of (1) and (2), 
as Ac== 0, will be called limit points on (1). We wish to discuss 
the locus of the limit points. 

One method is evidently to solve (1) and (2) simultaneously for 
x and y in terms of c and Ac. The limiting values of x and y, as 
Ac == 0, will be the coordinates of a limit point expressed in terms 
of c. If c is eliminated from these values of x and y y the result is 
the Cartesian equation of the locus of the limit points. 

A second method is as follows: Any point of intersection of 
(1) and (2) is a point of 

f(x, y, c + Ac)-/(a, y, c) 



Ac ' 

so that we may use (3) in place of (2). As it is only the limiting 
positions of the points of intersection of (1) and (3) that are to be 
considered, we may take the limit of (3) as Ac == 0, i.e. 

!= 
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Then (4) is a curve passing through the limit points. Eliminating 
c between (1) and (4), we obtain the equation of the required locus. 

Ex. Find the locus of the limit points on the straight lines represented by 
y mx aVl-f m 2 = 0, m being the variable parameter. 

First method. We first solve the equations 



r mx aVl + m 2 = 0, 



y (m + Am)& a Vl + (m + Am) 2 = 

. , , 1x Vl + m 2 - Vl + (m + Am) 2 

with the results x = a - '-, 

Am 



(1) 
(2) 



Vl-f m 2 - Vl + (m + Am) 2 , 

y am ' -f 

Am 

Taking the limits of (3) and (4), as Am = 0, 

we have 

d /; am 

x = a VI + m 2 = 

dm Vl + m 2 



Vl-f-m 2 

the coordinates of any limit point expressed in 
terms of m. 

Eliminating in, we have 

x 2 + y 2 = a 2 . (7) 

It is thus evident (fig. 116) that the locus is a circle tangent to each of the 
straight lines represented by the given equation. 

Second method. From (1), 

am 




= x 



dm Vl + m 2 

Eliminating m from (1) and (8), we have 



. = 0. 



(8) 



X 2 -f y2 - a 2 = 0, 

the locus of which is the circle found by the first method. 

180. In the illustrative example of the last article, the locus of 
the limit points of the family, as those curves approach coincidence, 
is a curve tangent to every curve of the family. Hence the question 
is suggested, Is the locus of limit points always tangent to every 
curve of the family ? To answer this question, we proceed as follows : 

Let (x v y^ be a limit point on one of the curves represented by 

)-0. (1) 
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Then its coordinates satisfy (1) and 

!= 

The tangent to the curve of the family at (x v y^ is 



where the meaning of ( ^- ) is as in Ex. 3, 113. 

The equation of the locus of the limit points may be found theo- 
retically by substituting the value of c in terms of x and y from (2) 
in (1). Then the equation of the tangent to the locus of the limit 
points at (x v y,) is 




But since -r = 0, (5) reduces to 



which is the same as (3). Hence, in general, the locus of the limit 
points is tangent to every curve of the family. 

There may be limit points, however, which lie on a locus that 
is not tangent to every curve of the family. For let each curve 
of the family have one or more singular points, i.e. points for 

(flf\ /flf\ 

^-j=0, f )= 0. Then such points will be a part of the 
lv \*y/* 

locus of the limit points ; for, from (1), we have 



(IHf) 



But at a singular point the first terms vanish, and hence the cobr- 

df 
dinates of any singular point satisfy /(#, y, c) = and ^- = 0, and 

are limit points. But at a singular point the equation of the tan- 
gent becomes indeterminate, and hence the locus of the limit points 
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may or may not be tangent to each curve of the family. Accord- 
ingly, we shall separate that part of the locus of limit points which 
is tangent to each curve of the family, and give it the special name 
envelope. That is, the envelope* is that part of the locus of the limit 
points of a family of curves which is tangent to every curve of the 
family. Hence, in finding the equation of the envelope, it is neces- 
sary to find the locus of the limit points, throwing out any extra- 
neous factor brought in by the elimination, and also discarding any 
part of the locus which is not tangent to each curve of the family. 

181. The second method of finding the locus of limit points is 
exactly the method of determining the condition that/(#,y,c) = 0, 
if it is an algebraic equation in c, shall have equal roots (I, 64). 
Hence, if we form the discriminant of f(x, y, c) = 0, regarded as an 
equation in 0, and place it equal to zero, the locus of the resulting 
equation will contain the envelope. If there are any additional 
loci, they are the loci of singular points, or correspond to extrane- 
ous factors brought in by the elimination. 

Ex. The equation of the example in 179 may be written in the form 

(x 2 - a 2 ) w 2 - 2xym + (y 2 - a 2 ) = 0. 
The discriminant of this quadratic equation in in is (I, 87) 

(_ 2xy) 2 - 4(x 2 - a 2 )(y 2 - a 2 ) = 4a 2 (x 2 -f y 2 - a 2 ). 
Hence the condition for equal roots is 

x 2 + y 2 - a 2 = 0, 
and this is the equation of the envelope, since there are no extraneous factors. 

182. Singular solutions. Let 

/(,y,<0 = o (i) 

be the general solution of a differential equation of the first order, 

(*,2^)=0. (2) 

Then every curve of the family represented by (1) is such that 
the coordinates of every point of it and the slope of the curve at 
that point satisfy (2). If the family of curves has an envelope, the 
slope of the envelope at each point is that of a curve of the family- 
It follows that the envelope is a curve, such that the coordinates 

* Some writers call the whole locus of the limit points the envelope, whfele other 
writers define the envelope as a curve tangent to every curve of the family. 
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of every point of it and the slope of the curve at that point sat- 
isfy (2). Hence the equation of the envelope is a solution of (2). 
It is not a particular case of the general solution, since it cannot 
be obtained from the general solution by giving the constant a 
particular value, and is called the singular solution. 

Accordingly, we may find the singular solution, if one exists, by 
finding the envelope of the family of curves represented by the 
general solution. This method requires us to find the general solu- 
tion first ; but we may find the singular solution, without knowing 
the general solution, as follows : 

Let (1) and (2) (fig. 117) be two curves of the family represented 
by (1), intersecting at JJfo, yj, and having the respective slopes p l 
and p r Then x v y v p v and x v y v jp a satisfy (2). As curves (1) 
and (2) approach coincidence, in general, JJ 
approaches a point of the envelope as a limit, 
and p l and p 2 become equal. Hence the locus 
of points for which (2), regarded as an equation 
in p, has equal roots must include the envelope, 
if one exists. The equation of this locus may 
be found by placing the discriminant of the equation, regarded as 
an equation in p, equal to zero. 

As in the determination of envelopes, so here, extraneous factors 
may appear in the course of the work, and they can be eliminated 
most easily by testing them in the differential equation, to see if 
they satisfy it. 

Ex. 1. Find the singular solution, if one exists, of the differential equation 

y =rpx + aVl-f p 2 . 
First method. The general solution has been found to be ( 177, Ex. 3) 

y = cx + a Vl -f c 2 ; 

and the envelope of this family of straight lines is ( 170, Ex.) the circle 
x 2 -f 2/ 2 a 2 = 0. Hence there is a singular solution, i.e. 

x 2 + y 2 - a 2 = 0. 

Second method. Writing the differential equation as a rational algebraic equa- 
tion in j>, we have (a . a _ a2)p2 _ 2 * xyp + (y2 _ ^ = ^ 

the discriminant of which is 4a 2 (x 2 -f y 2 a 2 ). 

Since x 2 -f 2/ 2 - a 2 = satisfies the differential equation, it is the singular 
solution. 
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Ex. 2. In solving Clairaut's equation ( 177, Ex. 2), we neglected the factor 
x -f /'(#). The equation * -f f'(p) = 0, however, is the equation which would be 
derived if Clairaut's equation were differentiated with respect to p. Hence the 
elimination of p between this and Clairaut's equation would give us an equa- 
tion which would include the singular solution, if one exists. In Ex. 1 of 177 
we found the solution 2 ox 2yVa = 0. This is now seen to be a singular 
solution of the given equation. 

183. Orthogonal trajectories. A curve which intersects each 
curve of the family represented by the equation 

f(x 9 ?/, c) = (1) 

J \ ' U* / \ / 

at a given angle is called a trajectory. In particular, if the given 
angle is a right angle, the curve is called an orthogonal trajectory. 
It is only this special class that we shall consider. 

To determine the equation of the family of orthogonal trajectories, 
we first find the differential equation of the family represented by 
(1) in the form (173) 



Since the trajectory and the curve of the family intersect at right 
angles, the slope of the curve of the family is minus the reciprocal 

of the slope of the trajectory. Hence, if we replace -~ in (2) by 
> the resulting equation 

F(**-)-0 (3) 



I dx\ 

(**-*)- 



is the differential equation of the family of orthogonal trajectories. 
The solution of (3) is the equation of the orthogonal trajectories. 

Ex. Find the orthogonal trajectories of the family of hyperbolas xy = a?. 
The differential equation of this family of hyperbolas is 



Hence the differential equation of the orthogonal trajectories is 



the solution of which is a? 2 - y 2 = e. 

Hence the orthogonal trajectories are hyperbolas, concentric with the given 
hyperbolas and having their common axis making an angle of 45 *ith the 
common axis of the given hyperbolas (fig. 113). 
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184. Differential equation of the first order in three variables. 
The integrable case. Auy family of surfaces 

f(x,y,z,c)=0 (1) 

satisfies a differential equation of the form 

Pdx + Qdy + Edz = 0. (2) 



For, by 114, dx + 

and the elimination of c from this equation by means, of (1) 
gives (2). 

Conversely, we ask if an equation of the form (2) always has a 
solution of the form (1). To answer this question, we notice that 

(1) may be written , , v 

v ' J <f>(x 9 y,z) = c, 

whence ^dx + ^dy + ^dz^Q, (3) 

which is an exact differential equation (151). 

As (3) does not contain c, it must either be the equation (2) or 
differ from it by some factor. Hence equation (2) has an integral 
(1) only when it is exact or can be made exact by means of a 
factor, called an integrating factor. A special case of an exact 
differential equation is one in which the variables are separated. 
We shall accordingly consider three cases of equation (2), namely: 

Case I, equations in which the variables can be separated. 

Case II, exact equations. 

Case III, equations having integrating factors. 

CASE I. If the variables can be separated so that the equation 
may be written in the form 

&(x) Ax +/ 2 (y) dy +/.() dz 0, (4) 

where any coefficient may reduce to a constant, the solution is 
evidently of the form 

Wdx +ff s (y)dy +ff,(*)dz - c. (5) 
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Ex. 1. (x + a)yzdx + (x - a) (y + b)zdy + (x - a) (z + c)ydz = 0. 
Dividing the equation by (x - a) yz, we have 



x a y 

Hence the solution is 



or x + 2alog(x a) + y + & logy + -f c logs = fc, 

or x + y + 2 + log [(x - a)* a y*>z c ] = fc. 

CASE II. The necessary and sufficient conditions that (2) shall 
be an exact differential equation are (151) 

dP^dQ, 2Q = aB, ^? = ^. / 6i 

dy dx ' dz . dy ' dx " dz ' ' 

These conditions being fulfilled, equation (2) is of the form 



and the problem is to find <. 

If we omit from (2) one term, say Rdz, we have the equation 

Pdx + Qdy = 0, (8) 

which, because of (6), is an exact differential equation ( 147) 
obtained from (7) by considering z as constant. Therefore, if we 
integrate (8), holding z constant, we shall have all that part of < 
which contains either x or y. The arbitrary constant in the solu- 
tion of (8) must be replaced by an arbitrary function of z, since 
" constant " in this connection means " independent of x and y" 
If, then, the solution of (8) is 



where <f> l is a known and < 2 an unknown function, we have 



Substituting in (7) we should have equation (2), and comparison 
with (2) will give an equation from which to determine < 2 (). 
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Ex. 2. (y 2 -f- z 2 ) xdx -f (* 2 + x 2 ) yrfy -f (x 2 + y 2 ) d* = 0. 

This equation is exact. 

Omitting the last term, we have the exact equation 

(y 2 + z*)xdx + (z* -f x 2 )ydy = 0, 

the solution of which is x*y* -f z 2 x 2 -f y 2 * 2 -f F(z) = 0. 
Forming an exact equation from this solution, we have 

2 (y 2 + z 2 ) xdx + 2 ( 2 -f x 2 ) ydy -f [2 (y 2 + x 2 ) 2 + F^z)] dz = 0. 

Comparing this equation with the given equation, we have F'(z) = 0, whence 
F(z) = c. Therefore the general solution is 

2 z 2 = k. 



CASE III. If equation (2) has an integrating factor ^, then 

/* JVfa + ifQdy + fiRdz = (9) 

is an exact differential equation, and therefore 



Equations (10) may be placed in the form 

D QQ\ ^fy* w^t 1 
~'~"7T- ; = V 7 "TT> 



dx dzj Sz dx 

Multiplying the first equation by R 9 the second equation by P, 
and the third equation by Q, and adding the three resulting 
equations, we have 



This is then a necessary condition that must be fulfilled in order 
that (9) may be an exact differential equation or that (2) may 
have an integrating factor. It may be shown that the condition 
(11) is also sufficient; that is, if (11) is fulfilled, equation (2) has 
an integrating factor. 



EQUATION IN THREE VARIABLES 331 

Let us now suppose that (11) is satisfied for a given equation of 
form (2). Then if it were possible to find the integrating factor 
p, we should form the equation (9), and, omitting the last term, 
should solve the exact differential equation 



as in Case II. But since p is not known, we may solve the equiv- 
alent equation pdx + Q dy = ^ 

writing the solution in the form/(#, y, F(z)) = 0, where F(z) takes 
the place of the arbitrary constant. From this point on, the work 
is similar to that in Case II. 

Ex. 3. yz*dx + (y*z - x* 2 ) dy - y*dz = 0. 
This equation has an integrating factor. 
Regarding y as constant, we have the equation 

yz*dx y*dz = 0, 

1/2 

the solution of which is x + + F(y) = 0. 

From this solution we form the differential equation 



If we divide the given equation by yz 2 , we have 



It iK 

whence, by comparison, - H --- h F'(y) = 0. 



so that 



whence F(y) = cy. 

Therefore the general solution of the given equation is 

x + T + y = t 

z 
or J + J + c = 0. 

The student should notice the difference between the equations 

Mdx + Ndy = Q 
and Pdx + Qdy + Rdz = 0. 
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The former has always an integrating factor and a solution 
f( x > y>c) ( 173). The latter has an integrating factor and a 
solution f(x 9 y y z, c)= only when condition (11) is satisfied. 

' 185. Two differential equations of the first order in three vari- 
ables. Let the two equations be 



(i) 



where J, Q v JR V 1%, Q 2 , J2 2 are functions of x, y, and z, or constants. 
By I, 8, we have 



dx:dy:dz=z 



or 



0, ^ 

Ax _ dy _ dz 

~P~^~B' 



(2) 



and JB=- 



where P Q&- Q 2 R 19 Q = JR^- R 

Accordingly, we shall consider equations in form (2) only. 

Since rf# : dy : dz gives a direction in space ( 97), (2) assigns a 
specific direction at each point in space. Moving from point to 
point in the direction determined by (2), we trace a curve in space. 
Hence the solution of (2) consists of a family of space curves, and 
since it requires two simultaneous equations to represent such 
a curve ( 89), it follows that the solution of (2) is a pair of 
simultaneous equations. 7 7 

ft T (til 

If the first of the equations (2), i.e. = ~~ > is independent of z 9 

it is an equation in two variables, the solution of which may be 

written in the form ^ / \ A /ov 

/i(^><>i)=0. (3) 

Similarly, if the remaining equations of (2) are independent of x 
or of y> their solutions are respectively 



and 



(4) 
(5) 



Any two of the three equations (3), (4), (5) taken simultaneously 
constitute the solution of (2). 
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xy y z 

From -=- = we have y = c\z. 
y z 

The equation = ~ may be written = dy, whence 
H xy y * x y ' 



X = ( 

Therefore the complete solution consists of the equations 

y = C], x = cy&y 
taken simultaneously. 

If only one of the equations (2) can be solved by the above 
method, we may proceed as follows: Suppose, for example, that 
we have solved the first of equations (2) with the result (3) ; we 
may then solve (3) for either x or y and substitute in one of the 
two remaining equations, thus forming an equation in y, z, and c x 
or x, z, and c v which can be solved. This solution taken simul- 
taneously with (3) constitutes the solution of (2). 

dx dy *" 
xx. 2. ~ 



x y xyze? 

dx dy 
The solution of = - - is y c\x = 0. 

x y dz 

Equating the first and the third fractions, we have dx = Substituting 

dz yz> 

for y in this equation, we have Cix&dx = whence 

z 



1)6* = Iogc 2 2. 

Therefore the complete solution consists of the equations 
y ax = 0, c\(x 1)6* - logc a = 
taken simultaneously. 

If both of the previous methods fail, we may proceed as follows : 
By the theory of proportion we may write 

dx _ dy _ dz __ k^dx + k^dy + k B dz 
" 



where k v k z , k 9 are arbitrary functions of x, y> and z, or constants. 
There are three cases to consider : 

1. k v k v k B may be so chosen as to give between the fourth 
fraction and one of the original fractions an equation which ( can be 
solved (see Ex. 3). 
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2. &j, & 2 , k 3 may be so chosen as to make k^P + k 2 Q + k z lt = 0. 
Then k^dx + k 2 dy + k s dz = 0, and if this equation falls under one 
of the cases of 184, its solution is one of the equations of the 
solution of the given differential equations (see Ex. 4). 

3. We may form a new equation 



so choosing the multipliers k v k 2> k z , k[, k 2 , k 8 as to make the new 
equation solvable by previous methods (see Ex. 5). 

Ex. 3. = -- - = . 
x x+y x+ 2 

Let k\ = 0, #2 = 1, fe = 1. 

Then dx^ dy = dz = dy - dz = d (y - g) 

a> x-l-y 3-fz y s y z 

From = -J^ -, we find x = Ci(y 2). 
Substituting this value of x in the equation = ~ , we have 
dy dz 



(1 -f ci) y - ciz (1 - 
the solution of which is log (z y) = Ca 

Therefore the general solution consists of the two equations 

x = ci(y - z), log(z - y) = c 2 -^ - 

Ci( y) 
taken simultaneously. 



y + z x x + y + z 

Let fci = 1, fa = 1, fo = 1. 

Then ki(y + z) + k z (- x) + fa(x + y + z) = 0, 

and hence kidx + fady + k*dz = 0. 

But this equation is dx - dy dz = 0, 

the solution of which is evidently x y z = c\. 

Substituting the value of y -f z from this equation in = ~ , we have 

dx dv y + z x 

--= = , the solution of which Is 

X Ci X 

x + ci log(* - ci) = c a - y. 
Hence the general solution consists of the equations 
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_ - dx dy dz 

Ex. 6. - = f = -- 
y + z 2-fx x + y 

Let *! = fc 2 = A* = 

Then dx = dy = ds 



d (x - i/\ 
Again, let ki = 1, fc 2 = 1, &s = 0, and we obtain the equal fraction ~ ~ 

y x 

also, letting ki = 0, A: 3 = 1, 3 = 1, we obtain the equal fraction '- . 

" 2(x4-y-f*) ~~ y~x "" z-y 



whence Vx -f y -f 2 = - 



186. Differential equation of the first order in three variables. 
The nonintegrable case. Consider again the equation 

Pdx + Qdy + Edz = 0. (1) 

Geometrically, the equation asserts that the direction dx:dy:dz 
is perpendicular to the direction P:Q: Jt. Consequently, the geo- 
metrical solution of (1) consists of loci perpendicular to the curves 
defined by the equations dx _dy _dz 

~P~~Q~!i' ^ 

We may therefore seek the solution of (1) first in a family of 
surfaces f(x,y,z,c) = 0, (3) 

which will be orthogonal to the curves (2). This is the form of 
the solution discussed in 184, and does not always exist. This 
leads to the geometric theorem that it is not always possible to 
find a family of surfaces orthogonal to a given family of curves. 

When the solution of (1) in the form (3) does not exist, it is 
still possible to find curves which satisfy (1) and hence cut the 
curves (2) at right angles. In fact, we may find a family of such 
curves on any surface assumed at pleasure. For let 

*fc,y,) = (4) 

be the equation of any arbitrarily assumed surface. Then, from (4), 
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Equations (1) and (5) may then be taken simultaneously. Their 
solution will be a family of curves which lie on (4) and satisfy' 
condition (1). 

Ex. xydx 4- ydy -f zdz = 0. (1) 

This equation cannot be satisfied by a family of surfaces. It may, however, 

be satisfied by curves which lie on any assumed surface and cut at right angles 

the curves dx dy dz 



or (Ex. 1, 186), y = c\z, x = 

Let us assume the sphere x 2 -f y 2 + &* = a 2 . (3) 

Then xdx + ydy -f zdz - 0, (4) 

and from (4) and (1), dx = 0, whence x = c. 

Hence the circles cut from the sphere x 2 -f y* -f z 2 = a 2 by the planes x = c 
satisfy (1). 

Again, let us assume the hyperbolic paraboloid 

z = xy. (6) 

Then ydx -f xdy - dz = 0, (6) 

and, from (6) and (1), = -*L- = -* -- (7) 

v ' v ' - y - as ay + W &y - y 2 

One solution of (0) is known to be z = ary. Using this, we have 

xdx _ dy 



whence (1 -f y) Vl + x 2 = c. (8) 

Then the curves defined by (6) and (8) also satisfy (1) 

PROBLEMS 

Express the solution of each of the following equations in the form of a series: 

!.* = -. a. ? = * + * s. = * + *. 

ox ox dx 

Solve the following equations: 

4. p* - 3 p - 10 = 0. 10. py 2 - Sjftey + p*x* = 1. 

5. xy (p a + 1) - ( 2 + y 2 )p = 0. 11. y (1 + p 2 ) - 2px = 0. 

6. X 2 p a + xyp - 2y 2 = 0. 12. y = yp 2 + 2px. 

7. p + 2yp 3 - x 2 p 2 - 2x 2 yp = 0. 13. (1 -f y 2 )p 2 - 2ayp -f 

8. p(a - a 2 ) 2 - 4a 2 = 0. 14. 2y - 2p =p. 

9. p 2 -f 2pyctnx-y 2 = 0. 15. p 8 - 4xyp 
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16. &p* - p 2 + 1 ss 0. 18. p 2 + 2px 8 = 4xty. 

17. y (p + y) - P*x = 0. 19. p(x -f y) 2 = 1. 

20. x = 4p 2 + 4 p. 22. y = p 2 x + p. 

21. X 2 yp 2 -x 2 (x + y)p + (x-y)(x + y) 2 = 0. 23. y = p 2 -2p. 

24. p 8 - (x 2 + xy + y*)p* + xy (x 2 + xy + y 2 )p - x 8 y 8 = 0. 

25. y -f 2py - 2p 2 x = 0. 26. p 2 - 2 sqp + x 2 + 4y 2 = 0. 

27. ^ - 4xy 8 p + 4pty 2 (x 2 - 1) + 1 = 0. (Let y 2 = z.) 

28. e 8 J (p - 1) 4- P 8 e 2 y = 0. (Let e = r>, e* = u.) 

29. py 2 (px - y) + x = 0. (Let y 2 = , x 2 = u.) 

Find the general and the singular solutions of the following equations : 

30. jp 2 (l + x 2 ) - 2xyp + y* - 1= 0. 34. y 2 + (1 - 2 xy)p + x*p* = 0. 

31. 3x 2 - 4xp H- p* = 0. 35. a 2 - y 2 = p 2 y 2 . 

32. (x 2 - a 2 )p 2 - 2 xyp - x 2 = 0. 36. x 8 p 2 + x 2 #p + a 8 = 0. 

33. y = -xp-fx*p 2 . 

37. "Find the singular solution of the equation p 8 4^ xyp + 8 y 2 = 0. 

88. Find the singular and the general solutions of the equation y = px 4 
ft 2 + a 2 p 2 , and interpret them geometrically. 

Solve the following equations : 

39. (xy*z -xz)dx + (x*yz + yz) dy + (x 2 y 2 - x 2 + y 2 - 1) dz = 0. 

40. (yH-2)(2x + y + 2)dx+(24-x)(2y4-2 + x)dy4-(x4-2/)(22-hx + y)dz = 0. 

41. 3 x*yzdx -f (2 y*z + z)dy + 2(y + yz*) dz = 0. 

42. (y + z - & - c)dx + (z + x - c - a)dy -f (x + y - a - &)d = 0. 

43. (y 2 + yz) dx + (z 2 -f zx) dy + (y 2 - xy) dz = 0. 



44. (I- 

\y x 2 



\x 

45. (1 + x + y)dx + (1 + x + y)dy + (x -h y)dz = 0. 

46. y 2 dx -f (y*z - x 2 ) dy - y 2 (y -f *) efo = 0. 

47. ydx - zxdy -f (as 2 -f y 2 )dte = 0, 



Solve the following systems of simultaneous equations : 

dx dy = dz 5Q dx = dy ^dz 

~ 



dx dy dz 51 

=: ~ * 

yz zx xy ~ 

dx dy dz 
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dx_ xdy _cto ^s ,. ^ , . <** 

" 



dz 5g dx_ = dy _ dz 

-x' ' 1- * *~ x *- 



59. ..... - = . - = 

x-y-s y-z-x z 



56 _L- = - = fc. 60. 



&-& 2xy 2xz 

61. Find the envelope of the family of lines y = 2 MX + ?/i 4 , m being the 
variable parameter. 

62. Prove that each line of the family c 2 x -f a 2 y - or* = 0, a being the vari- 
able parameter, forms with the coordinate axes a triangle of constant area, and 
find the envelope of the family. 

63. Find the envelope of the parabolas y* = a(x - a). 

64. A straight line moves so that the sum of its iritt'ivopts on the coordinate 
axes is always equal to the constant c. Express the equation of the family of 
lines in terms of c and the intercept on O2T, and find their envelope. 

jP ?/ 2 
65. The semiaxcs of the ellipse - 4 = 1 vary so that ab = c 2 , where c is 

a' 2 b 2 

a constant. Express the equation of the ellipse in terms of a as a variable 
parameter, and find the envelope of the family of ellipses thus defined. 

66. Find the envelope of the family of straight lines formed by varying the 
slope m in the equation y = mx 2pm pm*. 

67. Find the envelope of a family of circles having their centers on the line 
y = 2 x and tangent to the axis of y. 

68. Find the envelope of a family of circles which have the double ordinates 
of the parabola y 2 = 4jpx as diameters. 

69. Find the envelope of a family of straight lines which move so that the 
portion of each of them included between the axes is always equal to the 
constant c. 

70. Find the envelope of a family of circles which have their centers on the 
parabola y 2 = 4px and pass through the vertex of the parabola. 

71. Find the equation of a curve such that the tangent cuts off from the co- 
ordinate axes intercepts the sum of which is always equal to the constant k. 

72. Find a curve in which the projection upon OY of the perpendicular from 
the origin upon any tangent is always equal to the constant a. 

73. Find the equation of the curve in which the part of the tangent included 
between the coordinate axes is always equal to the constant a. 

74. Determine the equation of a curve such that the portion of the axis of x 
intercepted by the tangent and the normal at any point of the curve is always 
equal to the constant k. 
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75. Find the polar equation of the curve in which the perpendicular from the 
pole upon any tangent is always equal to the constant k. 

76. Find the polar equation of a curve such that the perpendicular from the 
pole upon any tangent is k times the radius vector of the point of contact. 

77. Find the orthogonal trajectories of the family of parabolas y 2 = 4px. 

78. Find the orthogonal trajectories of the family of ellipses -- + -~ = 1, 
X being the variable parameter. a a "" 

x 2 4 i/ 2 

79. Find the orthogonal trajectories of the family of ellipses h = 1. 

a 2 a 2 

80. Find the orthogonal trajectories of the family of parabolas y 2 = 4 ax + 4 a 2 . 

81. Find the orthogonal trajectories of a family of circles each of which is 
tangent to the axis of y at the origin. 

82. Find the orthogonal trajectories of the family of circles each of which 
passes through the points ( 1, 0). 

83. If /(r, 0, ) = is the equation of a family of curves, prove that 

\ do/ 

/( r r 2 ) = is the equation of the orthogonal trajectories. 

84. Find the orthogonal trajectories of the family of lemniscates r 2 = 
2 a 2 cos 2 0. 

85. Find the orthogonal trajectories of the family of cardioids r=a(cos 6 + 1). 

86. Find the orthogonal trajectories of the family of logarithmic spirals 
r= &*. 



CHAPTER XVIII 

THE LINEAR DIFFERENTIAL EQUATION 
187. Definitions. The equation 

-/w, a) 



where p v p^ , p n ^ l9 p n , and f(x) are independent of y, is a 
linear differential equation. If the coefficients jp 1? p 2 , - 9 p n ^i, p n 
are constants, the equation becomes the linear differential equation 
with constant coefficients, 



where a v a 2 , -, a n _ v a n are constants. 

In both (1) and (2) f(x) is a function of x, which may reduce 
to a constant or even be zero. 

We shall begin with the study of (2). To do this, it is con- 

fjfti tit i tt^ij 

venient to express -^ by Dy, -- by D*y, , - by ITy, and to 
d% axr aver 

rewrite (2) in the form 



or, more compactly, 

f(x). (3) 



The expression in parenthesis in (3) is called an operator, and we 
are said to operate upon a quantity with it when we carry out the 
indicated operations of differentiation, multiplication, and addition. 
Thus, if we operate on sin x with i* 8 2 Z^+ 3D 5, we have 

* 22)*+ 3 D 5)sin x = cos x + 2 sin x + 3 cos x 5 sin x 

SB 2 cos x 3 sin x. 
840 
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Also, the solution of (2) or (3) is expressed by the equation 



a 



where the expression on the right hand of this equation is not to 
be considered as a fraction but simply as a symbol to express the 
solution of (3). Thus if (3) is the very simple equation Dy =/(#), 
then (4) becomes 1 



In this case means integration with respect to x. What the 

more complicated symbol (4) may mean, we are now to study. 

188. The equation of the first order with constant coefficients. 

The linear equation of the first order with constant coefficients is 



or, symbolically, (D a) y =/(#). (1) 

This is a special case of the linear equation discussed in 80, and 
we have only to place f l () = a 9 fi(x)=f(x) in formula (5) of 
80 to obtain the solution. We have in this way 

y = ~/(*) = <*"+ ^e-^f^dx. (2) 



The solution (2) consists of two parts. The first part, ce a * t contains 
an arbitrary constant, does not contain /(#), and, if taken alone, 
is not a solution of (1) unless f(x) is zero. The second part, 

e ax I e -<**f(x}djc, contains /(#), and, taken alone, is a solution of 
(1), since (1) is satisfied by (2) when c has any value including 0. 
Hence e * I e~ a *f(x)dx is called & particular integral of (1), and, 

in distinction to this, ce"* is called the complementary function. 
The sum of the complementary function and the particular inte- 
gral is the general solution (2). The complementary function can 
be written down from the left-hand member of equation *(1), but 
the determination of the particular integral requires integration. 
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Ex. 1. Solve ^ + 3y= 6* 8 . 
ax 

The complementary function is ce~ 8a5 . The particular integral is 



Hence the general solution is y = ce- 8a 4- $ x 8 $ x 2 4- V x %%. 

Ex. 2. Solve + y = sinx. 
ax 

The complementary function is ce- ff . The particular integral is 

e~ x I & sin xdx = sin a; ^ cos x. ( 19, Ex. 6) 

Therefore the general solution is y = ccr' + Jsinx - ^cosx. 

189. The operator The solution of linear equations of 

higher order with constant coefficients depends upon the solution 
of the equation of the first order. Hence a knowledge of the oper- 

ator -- is of prime importance. We give a few of the results 

u d> - 

obtained by operating with -- upon certain elementary func- 

J / (L 

tions which occur frequently in practice. In writing these formulas 
the complementary function, which is ce ttx in all cases, is omitted. 

1 



D-a 



U. (1) 

v ' 



(u + v + w +..-)= - u + -- v + - - H ---- . (2) 




Z) a 



a 



/* , m ^ m ^ , W(^~l)^ m " 2 , \ i n /ox 

( -- 1 -- H -- ^ - --i -- 1 ---- ), unless ^ = 0. (3) 

\a a* a 8 / x x 

1 m + l 



e ** , unless lc = a. (5) 

2> a k a v ; 




m + 1 



D ki 
1 
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aeinkx fccosfce , , . /nv 

5 p > unless a = la. (9) 

TT- < 10 ) 



7 ll/ VyWO/iX/ ^ A/ OUA/l>*/ i T . /-I -l v 

cos fee = 5 -j > unless a = ki. (11) 

tt ~f~ IV 



p -Mx 
. ii/i/ & 

- COS KX =y ~ ^ TV: * 

JLJ Kl 2 4^1 

These formulas may all be proved by substituting the special 
functions concerned in the general formula ( 188, (2)). For (3), 
(7), (9), and (11) the student may refer to Exs. 4, 5, and 6, 19. 
The derivation of (10) is as follows: By 188, '(2), 

1 C 

sin kx = e lix \ e" lix sin kx dx. 

D ki J 

If we attempt to use the method of Ex. 5, 19, it fails to work, 
but by replacing sin kx by its value in terms of the exponential 
functions ( 169, (5)) we have 



sn ,c =: 



,c =:-.(!- e~ 2 ^) dx = - 
2i v y 2i 



D-ki 
Formula (12) is derived in a similar manner. 

190. The equation of the second order with constant coeffi- 
cients. The symbol (D(i)(DV)y means that y is to be operated 
on with D 6 and the result operated on with D a. Now 

(D &) y = -^ ly y and hence 



(1) 

where j9 s= (a + &), y = 6. 

This result, obtained by considering the real meaning pf the 
operators, is the same as if the operators D a and D & had 
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been multiplied together, regarding D as an algebraic quantity. 
Similarly, we find 

(D- ft) (J>- a)y = [I?-(a + V)D + ab]y = (D-a)(D-V)y. 

That is, the order in which the two operators D a and D 6 are 
used does not affect the result. 

Moreover, if (iP + pD + q)y is given, it is possible to find a and 
6 so that (1) is satisfied. In fact, we have simply to factor J9 2 + 
p D + q, considering D as an algebraic quantity. 

This gives a method of solving the. linear equation of the second 
order with constant coefficients. For such an equation has the form 



or, what is the same thing, 

(& + p + q)y=f(*), (2) 

where p and q are constants and /(#) is a function of x which may 
reduce to a constant or be zero. 
Equation (2) may be written 

(D - a) (D-6)y =/(*), 
whence, by 188, (2), 

(^ ~ % = T=~a f(x} = C ' ea * + " J *""/<*) 
Again applying 188, (2), we have 

y = ^l^/ 
= /*+ #* (*-**( c'e"* + e ax Ce^f(x}dx\dx. (3) 

There are now two cases to be distinguished : 
I. If a = 6, (3) becomes 

y = c /*+ Cl e"*+ #* ft*** Ce-*f(x)dx\dx. (4) 
II. If a = 6, (3) becomes V J ' 

y = (c 2 + c l x)e ax + e** CCe-"*f(x)dtf. (5) 

In each case the solution consists of two parts. The one is the 
complementary function c l e a *+ c^ x or (c^+c^e^, involving two 
arbitrary constants but not involving f(x). It can be written down 
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from the left-hand member of the equation, and is, in fact, the solu- 
tion of the equation (D a) (D 6) y = 0. The other part of the 
general solution is the particular integral, and involves f(x). Its 
computation by (4) or (5) necessitates two integrations. 

Formula (4) holds whether a and I are real or complex. But 
when a and 6 are conjugate complex, it is convenient to modify 
the complementary function as follows : Let us place 

a SB m + in, b = m in. 
Then the complementary function is 



ss ^"[^(cos nx + i sin nx) + c 2 (cos nx i sin nx)] 

= e mx ( 6\ cos nx + C 2 sin nx), (6) 

where C^ = e l + <? 2 , (7 2 = i (c t c 2 ). Since ^ and c a are arbitrary con- 
stants, so also are C^ and C 2 , and we obtain all real forms of the 
complementary function by giving real values to C t and (7 2 . 

The form (6) may also be modified as follows : Whatever be the 
values of C l and (7 a we may always find an angle a such that 

C C 

cos a = , * > sin a = , * Then (6) becomes 



fo 1 "* cos (T&# a), . (7) 



where a and k = v Cf + C% are new arbitrary constants. Or, we may 

find an angle ft, such that sin ft = """ 1 : cos /8 = 2 : 
Then (6) becomes v CJ + <7 a a V C*+ C% 

J5x 1* 4- o -"" "4~ u V "*~ C""i 
(M5 OSC 

This equation may be written 



The complementary function is therefore cie- 2 * + c 2 e- 8a: . To find the par* 
ticular integral, we proceed as follows : 



(D + 3)y = 



Therefore the general solution is 
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This equation may be written (D + l) 2 y = x. 

Therefore the complementary function is (GI -f ctffye-*. To find the partic- 
ular integral, we proceed as follows : 

1 r 

(D + l)y = - -x = e~ x I xe*dx = x - 1. 
1) + 1 t/ 

y = - - (x - 1) = e ' f (a - l)e^dx = a; - 2. 
x) + 1 / 

Therefore the general solution is * 

y = (<H + c 2 x)e- T + x - 2. 

Ex. 3. Consider the motion of a particle of unit mass acted on by an attract- 
ing force directed toward a center and proportional to the distance of the par- 
ticle from the center, the motion being resisted by a force proportional to the 
velocity of the particle. 

If we take s as the distance of the particle from the center of force, the 

ds 
attracting force is ka and the resisting force is ft--, where k and h are 

positive constants. Hence the equation of motion is 



d?s . _ ds 



or 




The factors of the operator in (1) are( D H )( . 

\ 2 2 / \ 

We have therefore to consider three cases : 

I. A 2 - 4 k < 0. The solution of (1) is then 



* 




-V ' n V4fc-#2 . \/4fc- M \ 

= e 2 ( tftcos - - - 1+ 6*2 am - I, 

\ 2 2 / 



* 
or s = ae 




The graph of has the general shape of that shown in I, 156, fig. 161. The 
particle makes an infinite number of oscillations with decreasing amplitudes, 
which approach zero as a limit as t becomes infinite. 

II. A 2 - 4 k > 0. The solution of (1) is then 



The particle makes no oscillations, but approaches rest as t becomes infinite. 
HI. ft - 4& = 0. The solution of (1) is 



The particle approaches rest as t becomes infinite. 
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ing 

/<fv 
(1) 



191. Solution by partial fractions. Another method of solving 

the equation 
1 



when the factors of the operator are unequal, is as follows : 
We may express the solution in the form 



Now we have seen that in many ways the operator D may be 
handled as if it were an algebraic quantity. This raises the ques- 

tion whether it is proper to separate - - - into partial 



fractions. Algebraically we have, of course, 

i _ i ( i ___ L_\ 

(D-a)(D-b) a-l\D-a D-bj 
and the question is, Is 



a solution of equation (1) ? 

The way to answer this question is to substitute this value of y 
in (1) and observe the result. We have then, on the left-hand side 
of (1), 



a 6 



-&)/(*) -V> -)/(*)] 



-/(*). 

Consequently (2) is a solution of (1). 
Writing (2) out in full, we have 



y = c l ^+c,e b *+-^eCe~f(x)dx-^^ (3) 
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It is to be noted that the complementary function is the same 
as in 190, (4), but the particular integral appears in another form. 
This method fails if a = b. 



._ . 

dx 2 dx 

Since this equation may bo written 

(I>- 2) (JD + 3)y = e2*, 

the complementary function is c&* x -f c 2 e~ 8:r . To find the particular integral, 

we proceed as follows : * 

y = -- e 2 * 
9 D 2 + D - 



6 LD - 2 D + 3 
Je 2 ' fcfcc- Je- 8 * fe 



_ 
5 25 

Therefore the general solution is 



x 1 

- e* x - 
5 26 



192. The general equation with constant coefficients. The 

methods of solving a linear equation of the second order with 
constant coefficients are readily extended to an equation of the 
Tith order with constant coefficients. Such an equation is 



or, symbolically written, 

(J9+ a 1 l- 1 + + a^D + a n )y =f(x). (2) 

The first step is to separate the operator in (2) into its linear 
factors and to write (2) as 

(D_ ri )(D_ r s ) . (D-rJy = /(), (3) 

where r v r 2 , , r n are the roots of the algebraic equation 
r n + a 1 r*- 1 + - - + a n ^r + a n = 0. 

It may be shown, as in 190, that the left-hand members of 

(2) and (3) are equivalent, and that the order of the factors in 

(3) is immaterial 
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The general solution of (1) consists now of two parts, the com- 
plementary function and the particular integral. 

The complementary function is written down from the factored 
form of the left-hand side of (3), and is the solution of (1) in the 
special case in which f(x) is zero. If r v r^ , r n are all distinct, 
the complementary function consists of the n terms 

c^+^+ + */*, (4) 

where c v c 2 , - , M are arbitrary constants. 

If, however, D r i appears as a &-fold factor in (3), k of the 
terms of (4) must be replaced by the terms 



Also, if two factors of (3) are conjugate complex numbers, the 
corresponding terms of (4) may be replaced by terms involving 
sines and cosines, as in (6), 190. 

The particular integral is found by evaluating 



This may be done in two ways : 

1. The expression (5) may be evaluated by applying the opera- 

tors - 9 - , in succession from right to left. This 
D-r n D-r^ 

leads to a multiple integral of the form 

e nx C e to-rtix C e <r B -r,)x . . . C ^ r*f( X ) fa?. (6) 

2. The operator in (5) may be separated into partial frac- 
tions. When the factors of (5) are all distinct, this leads to an 
integral of the type 

AjT+ Ce'^ x f(x)dx+A^ Ce" r ^f(x)dx + - 

(7) 



If some of the factors of (3) are repeated, the previous method 
must be combined with this. 
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In evaluating (6) and (7) the constants of integration may be 
omitted, since they are taken care of in the complementary 
function. 

The general solution is the sum of the complementary function 
and the particular integral 

193. Solution by undetermined coefficients. The work of find- 
ing the particular integral may be much simplified when the form 
of the integral can be anticipated. The particular integral may 
then be written with unknown, or undetermined, coefficients, and 
the coefficients determined by direct substitution in the differential 
equation. Since both (6) and (7), 192, consist-of successive appli- 

cations of the operator - > we may apply the formulas of 189 

LJ ~~ Ctf 

in many cases. From (2), 189, it follows that if /(#) consists of 
an aggregate of terms, the particular integral is the sum of the 
parts obtained by taking each term by itself. From (1), 189, it 
follows that the coefficient of a term of /(,#) aff ects only the coeffi- 
cient of the corresponding part of the particular integral. From 
the other formulas of 189 we can deduce the following: 



1. When /()= .>c w + 1 ^ m "" 1 H ----- f- <*> m -i>v + a m (m a positive 
integer), the particular integral is of the form A^+A^" 1 ^ + 
A m _ l x + A m9 unless the left-hand member of the differential equa- 
tion contains the factor J7. In the latter case the particular 
solution is of the form x r (A Q x m +A 1 x m ~ l + + A m _ l x +A m ), while 
terms of the form A m+l x r ~ 1 -i ----- M wl + r _ 1 ^+^ wl _ f . r occur in the 
complementary function, and hence need not be assumed as part 
of the particular integral. 

2. When /(.u) = ae* x t the particular integral is of the form Ae k *> 
unless the left-hand member of the differential equation contains 
a factor (D k) r . In the latter case the particular integral is of the 
form A'jfe?*, while terms of the form (Ajf~ l -\ ----- \-A r ^ +A r )(f x 
occur in the complementary function, and hence need not be 
assumed in the particular integral. 

3. When f(x) = a sin Jcx or a cos kx, the particular integral is of 
the form A sin kx + B cos kx, unless the left-hand member of the 
differential equation contains the factor (D 2 +# J ) r . In the latter 
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case the particular integral is of the form x r (A sin kx + U cos 
while terms of the form zf~ l (A l $mkx + B 1 coaJcai) + ' . . + (A r m\kx 
+U r cosv?) occur in the complementary function, and hence need 
not be assumed in the particular integral. 

4. When /(,#) = ax m e kx (m a positive integer), the particular inte- 
gral is of the form (^ # M +J 1 # m ~ 1 + + A m _ 1 x+A m )e kjr > unless 
the left-hand member of the differential equation contains a fac- 
tor (7> &) r . In the latter case the particular integral is of the 
form jf(Ajff* + A l tf n "- l + + A m _ l x+A m )<f', while terms of the 
form (A m+l af~ 1 + +A n ^ r -i x + ^ m + r)^ x occur in the comple- 
mentary function, and hence need not be assumed in the partic- 
ular integral. 

The above statements may all be summed up in the following 
rule, whitth may also be sometimes used when f(x) is not one of 
the forms mentioned above : 



If u is a term of /(#), and if u^ u 2 , , u k are all the distinct 
functions (disregarding constant coefficients) which can be obtained 
from u by successive differentiation, then the corre^ionding part 
of the particular integral is of the form Au + A l n l + + A k u k , 
unless u is a term of the complementary function, or such a 
term multiplied by an integral power of x. In the latter case the 
corresponding part of the particular integral is of the form 
x r (Au + A l u i + +A k u^, where r is the number of times the 
factor, which gives in the complementary function the term u, or 
u divided by an integral power of x, appears in the left-hand 
member of the differential equation. 

The above rule is of course valueless unless the functions u v u z , 
, u k are finite in number. In applying it to functions other than 
those already discussed, the student should consider that he is mak- 
ing an experiment. If a function assumed in accordance with the 
rule is found to satisfy the differential equation, the use of the rule 
is justified. When it fails, recourse may always be had to the gen- 
eral formulas (6) and (7), 192. 

When/(#)= tf* T <(#), the work of finding the particular integral 
may be lightened by substituting y = e?*z in the differential equa- 
tion. Then, since all derivatives of e^z contain the factor e**, the 



352 THE LINEAE DIFFERENTIAL EQUATION 

new differential equation may be divided by e te , and there is left 
an equation for z in which the left-hand member is <(#). When 
this equation is solved for 2, y is readily found (see Ex. 2). 



.. . 

dx? dx 2 dx 

This may be written D(D l) a y = xe 2a! -f e*, 

whence the complementary function is Ci -f (c* + c 8 x) e*. The term xe 2 ', if suc- 
cessively differentiated, gives only the new form e 2x . Hence the corresponding 
part of the particular integral has the form Axe** -f 7>e 2ar . The term e* gives no 
new form if differentiated ; but since it appears in the complementary function 
corresponding to the double factor (D - I) 2 , the corresponding part of the par- 
ticular integral is CxV. Substituting 

y = Axe** + Be* x + Cx 2 e* 
in the differential equation, we have 

24xe 2 * + (6.4 -f 2 B) e* x + 2 Ce* = xe 2 * + e*. 

Then 24 = 1, 64 + 2U = 0, 2(7 = 1, 

whence 4 =, J5 = - |, C = J. 

The general solution of the differential equation is, accordingly, 
y- ci -f (c 2 + c 8 x)e + Jxe 2 * - | e 2 * -f 

d 2 ?/ 

Ex. 2. - 4- y = xe 8 *sinx. 
dx 2 

We place y = & x z. There results 

^ + 6~5 
dx* dx 

The complementary function is e~ 8a: (cisinx -f c 2 cosx). For the particular 
integral we assume 

z = Ax sinx -h Bx cosx + Csinx + ^ cosx, 
and, on substitution, have 

(94 - 6B)xsinx + (64 -f 9B)x cosx + (64 -25 + 90- 6J0)sin 

f (24 -f 6B -h 6C + 9 J) cosx = x sinx. 
Therefore 94 62* = 1, 



whence 4 = A, * = -&> cf = 

Therefore the general solution of the original equation is 
y = cisinx + c 2 cosx + e 8 * (^x sinx - ^x cosx - T f F sinx + T f Jy cosx). 
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194. Systems of linear differential equations with constant 
coefficients. The operators of the previous articles may be employed 
in solving a system of two or more linear differential equations 
with constant coefficients, when the equations involve only one 
independent variable and a number of dependent variables equal 
to the number of the equations. The method by which this may 
be done can best be explained by an example. 



at 



These equations may be written 

(D 2 4- 4)x - 3Dy = sin2$, (1) 

BDx + (Z> 2 + 4)y = cos2$. (2) 

We may now eliminate y from the equations in a manner analogous to that 
used in solving two algebraic equations. We first operate on (1) with D 2 4- 4, 
the coefficient of y in (2), and have 

(D* + 8 7)2 + 10)x - 3(1)8 + 4Z))y = 0, (3) 

since (D 2 + 4) sin 2 1 = - 4 sin 2 1 + 4 sin 2 1 = 0. We then operate on (2) with 
3D, the coefficient of y in (1), and have 

9D 2 x 4- 3(D -f 4D)y = - Osin2, (4) 

since 3 D cos 2 $ = 6 sin 2 i. By adding (3) and (4) we have 

(D* + 17 D 2 -f 16) = - 6 sin2$, (5) 

the solution of which is 

x = GI sin 4 H- c% cos 4 + c a sin -f c 4 cos $ -f sin 2 & (6) 

Similarly, by operating on (1) with 3 JD and on (2) with D 2 + 4, and sub- 
tracting the result of the former operation from that of the latter, we have 

(D* + 17 D 2 + 16)y = - 6 cos2J, (7) 

the solution of which is 

y = c$ sin 42 4- c e cos4 + c 7 sin * + c 8 cos + cos2 1. (8) 

The constants in (6) and (8) are, however, not all independent, for the values 
of x and y given in (6) and (8), if substituted in (1) and (2), must reduce the 
latter equations to identities. Making these substitutions, we have 



12 (c 6 - ci)sin4$ -12 (c + C 2 )cos4 + 3(c 8 + c 8 )sin 

- 3(c 7 - c 4 )cos + sin2 = sin2t. 
- 12(c - Ci)cos4 - 12(c 6 + c a )sin4t + 8(c 8 -f 

+ 3(c 7 - c 4 )sin* 
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In order that these equations may be identically satisfied, we must have 

C 6 =Ci, C5 = ~f2, C 8 =C8, C 7 = C 4 . 

Hence the solutions of (1) and (2) are 

x = Ci sin 4 1 + c 2 cos 4 1 4- c 3 sin t + c* cos i 4- J sin 2 , (9) 

y = eg sin 4 1 + Ci cos 4 1 4- 04 sin c cos t 4- J cos 2 . (10) 

The method of solving may be modified as follows : Having found as before 
the value of x in (6), we may substitute this value in (1). We have then 
Dy = 4 GI sin 4 1 4 c a cos 4 + c sin t + c 4 cos J sin 2 , 
whence y = c\ cos 4 c a sin 4 Ca cos + c 4 sin t -f cos 2 tf -f 0. 

The constant (7 is found to be zero by substitution in (2), and we have again 
the solution (10). 

195. The linear differential equation with variable coefficients. 

The equation 



where the coefficients p v p z , - , p n _ l9 p n are functions of x, can 
rarely be solved in terms of elementary functions. In fact, such 
an equation usually defines a new transcendental function. We 
may, however, easily deduce certain simple properties of the solu- 
tion of (1). Consider first the equation 



which differs from (1) in that the right-hand side is zero. 

V y\> y*> ' * ' Vn-\> If* are n linearly independent * solutions of 
(2), then the general solution of (2) is 

V = c l jf l + W t + + c u _ l y n _ l + ejf<, (3) 

where c v c z , -, c w-1 , C H ft re arbitrary constants. 

The fact that (3) is a solution of (2) may easily be verified by direct 
substitution in (2). That (3) is the general solution of (2) depends 
upon the fact that it contains n arbitrary constants, and the number 
of constants in the general solution of a differential equation is equal 
to the order of the equation. This statement we shall not prove. 

* The n functions y lt y v , yn-i, yn are said to be linearly independent if there 
exists no relation of 'the form 



----- h a-.jy-i 
where a lt a,, -, a n -i, a w are constants, and = means " identically equal." 
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Returning now to (1), we may say : 

V U\> ?/2> * ' "> yn-v y n are n Dearly independent solutions of (2), 
and u is any particular solution of (1), then the general solution 

Of (1) y = Ci y i+ C ^ + ...+ C ,y n + Uy (4 ) 

where c v c 2 , , c n are arbitrary constants. 

The fact that (4) is a solution of (1) may be verified by substi- 
tution. The fact that it is the general solution we shall accept 
without proof. 

It appears now that the complementary function and the partic- 
ular integral of 192 are only special cases of (4). There exists, 
however, no general method of finding the solution (4) when the 
coefficients of (1) are not constant. 

Methods of solution may, however, exist in special cases, and 
we shall notice especially the equation 



where a v # 2 , - -, a n _ v a n are constants. This equation has the 
peculiarity that each derivative is multiplied by a power of x 
equal to the order of the derivative. It can be reduced to a linear 
equation with constant coefficients, by placing 



For 



da? dz ds* ds dz 

*^ 
dz 



where D = 

dz 
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Hence #-~ 

dx 



da? 



dx 8 dx a dx 

Placing x = e*, and making the substitution as above, we have 



1 Ca 1 

whence y = Ci + c 2 z -t- c 8 e~ 2 * + ~e 2 * = ci + c a (logx) -f -~ + x 2 . 

16 x a lo 

196. Solution by series. The solution of a linear differential 
equation can usually be expanded into a Taylor's or a Maclaurin's 
series. This is, in fact, an important and powerful method of 
investigating the function defined by the equation. We shall limit 
ourselves, however, to showing by examples how the series may be 
obtained. The method consists in assuming a series of the form 
y = a ,tf"+ a^ l + a. 2 x m+ * + 

where m and the coefficients , a v a t2 , are undetermined. This 
series is then substituted in the differential equation, and m and the 
coefficients are so determined that the equation is identically satisfied. 

Ex. l. x^| + (x-3)^~2y = o. 

OX* uX 

We assume a series of the form given above, and write the expression for each 
term of the differential equation, placing like powers of x under each other. 
We have then 

d*v 

x~ 

ox 3 

x-~= 
ax 

- 3 -^ as - 8 maoz 111 - 1 - 8(m + IJaiX --- - 8(m+r+ l)a,.+i# n + r 
ax 



Adding these results, we have an expression which must be identically equal to 
zero, since the assumed series satisfies the differential equation. Equating to 
zero the coefficient of x"*-i, we have 

0. (1) 
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Equating to zero the coefficient of x m , we have 

(m + 1) (m - 8)a! + (m - 2)o<> = 0. (2) 



Finally, equating to zero the coefficient of x+ r , we have the more general 
relation ( m + r + 1) (ro + r - 3)a r4 ^ + (m + r - 2)a r = 0. (3) 

We shall gain nothing by placing OG = in equation (1), since a$x, m is assumed 
as the first term of the series. Hence to satisfy (1) we must have either 

m = or m = 4. 

Taking the first of these possibilities, namely m = 0, we have, from (2), 
0! = - 



and from (3), ci r + i = - -7 - r-r. (4) 

(r 6) 



This last formula (4) enables us to compute any coefficient, a r +i> when we know 
the previous one, a,.. Thus we find a 2 = % a t = a , fls = 0, and therefore all 
coefficients after a a equal to zero. 

Hence we have as one solution of the differential equation the polynomial 

(5) 



Returning now to the second of the two possibilities for the value of m, we 
take m = 4. Then (2) becomes 



and (3) becomes a r +1 = - r + + ^ *r* (6) 

Computing from this the coefficients of the first four terms of the series, we 
have the solution 

(7) 



We have now in (5) and (7) two independent solutions of the differential equa- 
tion. Hence, by 195, the general solution is 



Ex. 2. Legendre's equation. (1 - a a ) ~ - 2a -f n(n + l)y = 0. 

uX CvX 

Assuming the general form of the series, we have 

2 

(m -f IJwaiX*- 1 + (m -f 2)(m +I)a 2 x m -f 



ox a 

/? 

x~= 

dx 

n(n 



358 THE LINEAR DIFFERENTIAL EQUATION 

Equating to zero the coefficients of x m ~ 2 , x- 1 , and x m , we have 

0, (1) 

0, (2) 

(m -f 2) (in -f 1) a 2 - (in - w) (m -f w + 1) a = 0. (3) 

To find a general law for the coefficients, we will find the term containing 
jpw+r-2 i n each of the above expansions, this term being chosen because it con- 
tains a r in the first expansion. We have 

d*u 

-- = . . . + (m -f r)(m + r - 

ax 2 

d 2 v 

- x 2 ^- = ---- (m -f r - 2) (m -f r - 

An 

- 2x = ---- 2(m -f r - 

ax 

n(n-f 1)^ = + n(n 

The sum of these coefficients equated to zero gives 

(w -f r) (m + r - 1) a r - (MI - n 4- r - 2) (m + n 4- r - 1) a,.- 2 = 0. (4) 

We may satisfy (1) either by placing m = or by placing ? = 1. We shall 
take m = 0. Then, from (2), <ii is arbitrary ; from (3) 

/ev 
(5) 



, . ... (n - r -f 2) (n + r - 1) 

and from (4) a r = -^ -- - -a r _ 2 . 

By means of (6) we determine the solution 

| ti) ( 

L* 



_.. - 

[8 [fi 

Since ao and a\ are arbitrary, we have in (7) the general solution of the dif- 
ferential equation. In fact, the student will find that if he takes the value 
m = 1 from (1), he will obtain again the second series in (7). 

Particular interest attaches to the cases in which one of the series in (7) 
reduces to a polynomial. This evidently happens to the first series when n 
is an even integer, and to the second series when n is an odd integer. By 
giving to Oo or a\ such numerical values in each case that the polynomial 
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is equal to unity when x equals unity, we obtain from the series in (7) the 
polynomials P =x 



each of which satisfies a Legendre's differential equation in which n has the 
value indicated by the suffix of P. These polynomials are called Legendre's 
coefficients. 

/?2/ dy 

Ex. 3. KesseVs equation, x* -^ + x ~ + (x 2 - n) y = 0. 

ox 2 ax 

Assuming the series for y in the usual form, we have 



+ (m + 2) (m -f l)a a x w + a + , 
dx 2 

dv 

x - = ma& m + (m 

ax 



Equating to zero the sum of the coefficients of the first three powers of x, we 
have (m 2 -n 2 )a = 0, , (1) 

[( m + l)2_ n 2] ai = <), (2) 

[( m + 2) 2 - n 2 ]a 2 + a = 0. (3) 

To obtain the general expression for the coefficients, we have 

d*v 

x*-Z = . . . + (m + r) (m + r - 
ox 2 

x^ = - - + (m + 



Equating to zero the sum of these coefficients, we have 

a r _ 2 = 0. (4) 



Equation (1) may be satisfied by m = n. We will take first m = n. Then 
from (2), (3), and (4) we have 



r(2n-fr) 
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By use of these results we obtain the series 



n + 4) ~ ' ' 7 



Similarly, by placing m = n, we obtain the series 
x* 1 x^ 



2(2n-2) 2-4-(2n-2)(2n-4) 



(6) 



If, now, n is any number except an integer or zero, each of the series (5) and 
(6) converges and the two series are distinct from each other. Hence in this 
case the general solution of the differential equation is 



If n = 0, the two series (5) and (6) are identical. If n is a positive integer, 
series (6) is meaningless, since some of the coefficients become infinite. If n is a 
negative integer, series (5) is meaningless, since some of the coefficients become 
infinite. Hence, if n is zero or an integer, we have in (6) and (6) only one par- 
ticular solution of the differential equation, and another particular solution must 
be found before the general solution is known. The manner in which this may 
be done cannot, however, be taken up here. 

The series'(6) and (6) define new transcendental functions of x called BesseVs 
functions. They are important in many applications to mathematical physics. 

PROBLEMS 

Solve the following equations : 

10. ^ + 8 
dx* 

11. ^ + 9y = 0. 

OX* 

12. ^-6^+ ISy = 0. 
ax 8 ax 

13. ^ + 2^ 
ax 2 ax 

14. f^-y = 
ax* 

15. j + 8^-10 y = 
dx dx 

" 16. ^ + 8^-4y = 6. 
COP ax 
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21. y_ 6 g + 9y = * . 41. -4 + 4 

dz* dx (z-8) dz cto a dz 



.+*-,=. 

24. ^ + = 2sin5zsin8x. ^ + + 2*-8 

dx 2 a& ac 



25. + 4y = 4cos2x. 44. + 

ax 2 a^ a^ 



26. 4-3y . 

dx 2 dt - at 



27. -4 + 13y = e - 8 in8x. 45. 2 + 

ax 2 ax a a 



. . 

dx 2 da/ dt at 

29. ^ + 2^ + 6y=-xc +4e. 46. ^ = 2x-y-6, 

(ZX* CfX C*o 



5-- * 



37. + = (^ + e-^co.t JO. !-a> = 



38. + 2 + 49y=8x-ie-. + ax = tt 

<te* dx 8 8 (tt* 
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51. _ 2 + 2y = x. 54. x + 3x 



dx 
52. x + 7x+13 y = xlogx. 55. x 



2 dx x 

53. x' + x + 4 y = (logx)'. 56. x' +3x - 



dx 
Solve the following equations by means of series : 

57. x4 2 f + (x-2x*)^-9y = 0. 60. x^ + x*^ + (x -C)j, = 0. 

dx 2 dx dx 2 dx 



59. (x _ zZ ) + 5 + y = 0. 62. (l + x' + x-n^O. 

dx 2 dx dx 2 dx 

63. A particle of unit mass moving in a straight line is acted on by an 
attracting force in its line of motion directed toward a center and proportional 
to the distance of the particle from the center, and also by a periodic force equal 
to a cos kt. Determine its motion. 

64. A particle of unit mass moving in a straight line is acted on by three 
forces, an attracting force in its line of motion directed toward a center and 
proportional to the distance of the particle from the center, a resisting force 
proportional to the velocity of the particle, and a periodic force equal to a cos kt. 
Determine the motion of the particle. 

65. Under what conditions will the motion of the particle in Ex. 64 consist 
of oscillations the amplitudes of which become very large as the time increases 
without limit ? 



CHAPTEE XIX 
PARTIAL DIFFERENTIAL EQUATIONS 

197. Introduction. A partial differential equation is an equa- 
tion which involves partial derivatives. The general solution of 
such an equation involves one or more arbitrary functions. Thus 

o Og 

z=f(x y, y w) is a solution of the equation -- 1 -- = 

CM dy 

( 11 3, Ex. 1), no matter what is the form of the function/. Also 

=/,(# + rti)+/ a (# at) is a solution of the equation = a* - 

ot dx? 

( 11 8, Ex. 2), no matter what are the forms of the functions^ and/ 2 . 
Only in comparatively few cases can the solution of a partial 
differential equation be written down explicitly. In general, the 
nature and the properties of functions defined by such equations 
must be studied by the methods of advanced mathematics. In a 
practical application, the problem is usually to determine a func- 
tion which will satisfy the differential equation and at the same 
time meet the other conditions of the practical problem. 

198. Special forms of partial differential equations. Partial 
differential equations sometimes occur which can be readily solved 
by successive integration with respect to each of the variables, or 
which can be otherwise solved by elementary methods. No general 
discussion can very well be given for such equations, but the fol- 
lowing examples will illustrate them. 



Ex.l. 



. 

dxdy ^ ^ 

By integration with respect to y, we have 



where X is an arbitrary function. Integrating with respect to x, we have 



where both </ 2 and <a are arbitrary functions. 
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Ex. 2. ^=- a 2 *. 
dx* 

If x were the only independent variable, the solution of this equation would be 
z = Cisinox -f c 2 cosaz. 



This solution will also hold for the partial differential equation if we simply 
impose upon ci and c a the condition to be independent of x but not necessarily 
independent of the other variables. That is, if z is a function of x and y, we 
have for the solution of the differential equation 

z = <f>i(y) sin ax + 02 (y) cos as, 
where <pi(y) and fa(y) are arbitrary functions. 



Placing x -f ay = M, and x ay = w, we have ( 118) 

***_,*!.$!! 

ay 2 aw 2 



^ = ?? 
"" 



and the differential equation becomes 



the solution of which (Ex. 1) is 

Z = X (7 

Hence the solution of the given equation is 

z = 0i (x + ay) + 2 (x - ay). 
When a 2 = - 1, we have z = 0i(x -f iy) -f 2 (x - iy) 

as the solution of the equation + - = 0. 

ax 2 ay 2 

199. The linear partial differential equation of the first order. 

Consider the equation . 



where P, Q, and JS are constants or functions of one or more of 
the variables x, y, and z. The solution of (1) is a function 

-/(**). (2) 

which, substituted in (1), reduces it to an identity. 
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Now equation (2) represents a surface, the normal at any point 

2*2 &Z 

of which has the direction -- : : 1 ( 112). Equation (1) there- 

cx oy 

fore asserts that the normal to (2) at any point is perpendicular to 
the direction P:Q:R (98, (5)). Consequently we may start 
from any point on (2) and, moving in the direction P:Q:R, remain 
always on the surface. That is, the surface (2) is covered by a 
family of curves each of which is a solution of the simultaneous 
equations dx d dz 

= = (O) 

P Q R V ' 

Now (2) is any solution of (1), and hence we reach the conclu- 
sion that the solution of (1) consists of all surfaces which are cov- 
ered by a family of curves each of which is a solution of (3). 

We may proceed to find these surfaces as follows : Let us solve 
(3), obtaining, as in 185, the solution 

w(x, y, z) = e v v(x, y, z) = c r (4) 

Then, if we form the equation 

<J>(^)=0, (5) 

where $ is any function whatever, we have a surface which is 
covered by curves represented by (4). For if in (4) we give c x and 
c 3 such values that <j)(c v c 2 ) = 0, the corresponding curve lies on (5). 
That is, by means of (5) we have assembled the curves (4) into 
surfaces, and have therefore the solution of (1). We may formu- 
late our result into the following rule : 

Qg O-, 

To solve the equation P (- Q = R, 

dx oy 

7 /? . , L . . dx dy dz 

solve first the equations = -~ == 

P Q R 

for the solution u**c l9 v = c y 

Then the equation (f> (u, v) = 0, 

where ^ is an arbitrary function, is the solution of the partial dif- 
ferential equation. 
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Ex. (ny - mz) ~ + (Iz - nx) = mx - ly. (I) 

dx cy 

dx dy dz 

We form the equations -- = - - = ------- , , (2) 

ny mz Iz nx mx ly 
the solutions of which are 



+ z* = Ci, te -f wy + ws = c 2 . (3) 

Hence the solution of (1) is] 

+ 2/ 2 + z 2 , to + my + ns) = 0. (4) 



Geometrically, the first equation of (8) represents all spheres with their cen- 
ters at the origin, and the second equation of (3) represents all planes which 
are normal to the line 

?=* = *. (5) 

I m n 

Hence the two equations (3) taken simultaneously represent all circles whose 
centers are in the line (5) and whose planes are perpendicular to (5). Equation 
(4), then, represents all surfaces which can be formed out of these circles ; that 
is, all surfaces of revolution which have the line (5) for an axis. These surfaces 
of revolution form the solution of (1). 

200. Laplace's equation in the plane. Solutions of Laplace's 
equation in the plane, 

gv w 

w + &f u> ( ' 

have already been found in 172, 198. Another method of 
dealing with this equation is as follows: Let us place V = XY, 
where X is a function of * alone and F is a function of y alone, 
and ask if it is possible to determine X and so that Laplace's 
equation may be satisfied. Substituting in the given equation 
and dividing by XY, we have 

1 d*X 1 d*Y fl 
X da? + Y df 

which may be put in the form 

1 d*X 1 d*Y 



X da? Y Af 



(2) 



According to the hypothesis, the left-hand member of (2) cannot 
contain y and the right-hand member cannot contain x. Hence 
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they are each equal to some constant, which we will denote by a 2 . 
Then (2) breaks up into two ordinary differential equations, 



o. (4) 

By 190, the solution of (3) is 



and the solution of (4) is 

T = S l cos ay + J? 2 sin ay. 
Hence F = f* cos ay, V = f* sin ay, 

V = e~** cos ay, V^e" ar sin ay, 

are particular solutions of the given equation. 

If the value of the constant had been denoted by a 2 , we should 
have obtained the particular solutions 

V = e ay cos ax, V = f* sin ax, 
V = e~ " v cos ax, V = e~~ ay sin ax. 

The particular solutions thus obtained are, in fact, the real and 
the imaginary parts of the functions e az , e~* z , e~~ iaz , and e taz ( 172). 
The sum of two or more particular solutions of (1), each multi- 
plied by an arbitrary constant, is also a solution of (1), as is easily 
verified. Hence we may form the particular solutions 

971=00 m <x> 

V = A Q + V A m e~ mv sin mx + ^\ B m e~ mv cos mx, (5) 

m=l m=l 



F = AQ + ^ A m e ny sin mx + ^ B m <f* cos mx. (6) 

W=l Wl=rl 

Solution (5) has the property of reducing to ^ when y = oo, while 
solution (6) becomes infinite with y. 

Ex. Find the permanent temperature at any point of a thin rectangular plate 
of breadth IT and of infinite length, the end being kept at the temperature unity 
and the long edges being kept at the temperature zero. 

If u is the temperature, it is known that u satisfies the differential equation 

^ + ^ = 0. (1) 

v ' 
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If we take the end of the plate as the axis of x, and one of the long edges as 
the axis of y, we have to solve (1) subject to the conditions : 

if x = 0, t* = 0, (2) 

if = ir, u = 0, (8) 

if y = c, te = 0, (4) 

if y = 0, tt = l. (6) 

Condition (4) is satisfied by the solution 

WI=QO m=oo 

U = 2} -4m~ wiy s i n mx -f V # m e~ m * COS WiX. 
m=l m=l 

mas 00 

By condition (2), = X JB " e ~ mV 

m=l 

for all values of y, and hence B m = for all values of m. Our solution is now 
reduced to =*> 

w = V -4 m e- v sin mx, 

m=l 

which satisfies (2), (3), and (4). In order that it may satisfy (6), we must so 
determine the coefficients A m that 



m=l 

But (6) is a special form of a Fourier's series ( 159, 160). Accordingly, we 

multiply (6) by sin mx <Zz, and integrate from to TT. As a result, we have 

= 2/l~cosm7r\ whence Ai = 4^ A ^ = ^ = 4 1 ^ Therefore 

7T\ m / " "" 3 

tt = ~(e~sinx-}- -c-3ysin3x -f -e-^sin6x -h .-.) 
^r\ 3 6 / 

is the solution of our problem, since it satisfies all the conditions. 



201. Laplace's equation in three dimensions. The general form 
of Laplace's equation in rectangular coordinates is 



_ 
da? + 8y> + W 

If cylindrical coordinates are used, (1) becomes 





and in polar coordinates (1) becomes 

(3) 
' W 
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The general discussion of these equations is beyond the limits 
of this text. We shall, however, consider particular solutions of 
(3) in the special case in which V is independent of the diedral 



angle 0. In that case -^r = 0, and (3) reduces to 

Ov 



Letting V = J?4>, where R is a function of r alone and <J> is a 
function of < alone, we may replace (4) by the two ordinary dif- 
ferential equations , 



d . , , ... A //r . 

- ) + a* = 0, (6) 

v 



where c? is an arbitrary constant. 
Expanding (5), we have 



the solution of which is, by 195, 
R 




where m = J + \/# a + i From this value of m we have 
of = m (m + 1), and (6) becomes 

=0. (7) 

N 



Changing the independent variable from < to , where < = cos 
we have Legendre's equation (196, Ex. 2), 



Q. (8) 

In the particular case in which m is an integer, we may choose for 
4> Legendre's coefficient J^(<)=j^(cos^). 
Therefore the particular solutions of (4) are 
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Ex. Find the potential due to a circular ring of small cross section and radius a. 

If the center of the ring is taken as the origin of coordinates, and the axis 
OZ is perpendicular to the plane of the ring, Laplace's equation assumes the 
form 



dr 

since, from the symmetry of the problem, V is independent of 0. 
This equation is satisfied by 



F = .f- + (coa *), (2) 

r/J=0 

where A m and B m are arbitrary constants. 

At any point on the axis OZ distant r from the origin 



(8) 



/a 2 -f r* 

where M is the mass of the ring, as shown by the method of Ex. !), p. 90. 

Then, when = 0, cos0 = 1, and by 190, Ex. 2, P m (cos0) = 1. At the 
same time the right-hand members of (2) and (3) must be equal, i.e. 




and the coefficients A m and B m must be chosen so as to satisfy this equation. 
Ifr<a(31,Ex.4), __jr_ = Jf/ _ 1 r* 3r*_ 

Va* + r \ 2a 2-4o* 
... M M/a la 8 1-8 a* 

andlfr>a ' ^^"TV-SH+ri^ 

Hence if r < a, we place all the JB's equal to zero, -4o = -4i = 0, -4* = 

M 1 1 a 

-- ._.__, etc. , and obtain the solution 



and if r > a, we place all the A's equal to zero, JB = ct, l?i = 0, -Ba = 
----- a 3 , , and obtain the solution 



PROBLEMS 

Solve the following equations : 

i &z &z dz A 
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dx dy 

8dz dz + A dz . dz 

. h = 1. 14. x + y - = z. 

ax ay ax ay 

9dz dz * ~ m f _ dz dz 

. x y = 0. 15. x 2 xy 

ay ax ax ay 



10. 2+2*i = ft. 16. x* + y* = xy. 

dx ay ax ay 

- 1 y , . dz . .&z 1 a a 

11. ( + x)---(2 + y)-~ = y-x. 17. yz~ + 2x - = xy. 

dy dx dx dy 



19. Find particular solutions of the equation -~ = a 2 ^ in terms of trigo- 
nometric functions of x and t. c x 

20. Find particular solutions of Laplace's equation in the plane in polar 

.. ,. , a a F 1 dV I d*V fl 
coordinates --- 1 ----- h -- = 0. 
dr 2 r r dr r* d0* 

21. Find the permanent temperature at any point in a semicircular plate of 
radius unity, the circumference of which is kept at the temperature unity and 
the bounding diameter of which is kept at the temperature 0, given that the 
temperature u satisfies the differential equation of Ex. 20. 

22. The equation for the linear flow of heat is = a 2 ^, where u is the 

dt ax 2 
temperature at any time , and x is measured parallel to the direction in which 

the heat flows. If a slab of thickness TT is originally at the temperature unity 
throughout, and both faces are then kept at a temperature 0, find the tempera- 
ture at any point of the slab, the slab being so large that only the flow of heat 
normal to its bounding faces need be considered. 



ANSWERS 

(The answers to some problems are intentionally omitted.) 
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1. 

8 -i' 



-. 

X 



CHAPTER II 



(x+6x 2 +16x-6). 



2 

Vx"' 



3. 

4. 
5. 

17. log- 

V3-4x + 4x 2 

18. _l(2-3x)8. 



19. - log (a -f frcosx). 
a 



x 2 ). 



7. 
8. 

9. x-x 2 +4x-81og(x+2). 15 

10. S(H-e*) 5 - 

11. iog(e* + a). 

22 



12. log (log x). 

13. log(tan-*x). 

14 



+ sinx) 2 



16. 



23. 55 + ! 



-log(a'+6'x). 



24. log Vc 2 * -H tan 2x. 



20. - 



21. - 



4(l-f 

1 



2(2 + 3x 2 ) 



28. f (tan-ix-1)*. 
27. 
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6). 



29. -! 

31. log [log (x -f Vx 2 + a 2 )]. 

32. 

33. 



35. 



87. - (esc bx ctn bx). 
o 



38. 



- 
a 



(Vox - VSx) 3 



39. 

40. logVa 2 -f secx 2 . 

41. tan*x + tan^x + tanx. 

42. ^x~ \siu4x. 

43. log (esc x ctn x) -f 2 cosx. 

44. -fcos'x. 

45. tanx + ctnx. 



36. A [8in e ( ax + 6)-co 8 '(ax + 6)]. *J |(tan8x - secSx) -x 
Qa l ^ ' ^ n 47. 2tanx-secx-. * 
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fa 1 rsin(ro - n)x sin(m + n)x"| 


irsin(m-f-n)x sin(m n 


t )xl 


* 8 ' 2 L - + n J* 


2 L m + w m n 


J 


_ A If cos [(rt 4- &') X + ft + ft'] c 


s[(a a')x + b 6 7 ] \ 




50. - _.....-... [- - 
21. a 4- <* 


a -a' f 


51. (tan 2 2 ctn 2 2). 


60. 2tan--x- 




52. J (secx 2 + tanx 2 ) 2 . 


2 




63. x-sin(2-4x). 
54. 2 cos x -f ^ log (esc x - ctn x). 


61. cscx ctn x. 
62. log (cscx 1). 




55. 2 x - log (sec 2 x + tan 2 x). 


_ JL if X 

63. tan- 1 




56. log(l cosx). 


16 6 




57. siu0 cos0. 


J* A 1 ^ 2 

64. -siii~* . 




58. tan 800 9. 


2 V3 




59. no* + ton'-'. 


65. sec- 1 6x. 
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1 


A 1 2 x -} 5 




66. ~p sin*" 1 v 3x. 
V3 


Q Q 
O 




1 r 
67. 7=tan~ 1 V2x. 

V2 


BS t*iT~l If ^ otn /r\ 




V0. ( wCiJl l*V ^ V/lfU CCI. 


-. 1 .. 6x 


1 . X 4* 3 

84. siii"" 1 




68. rsec- 1 - 
V3 V15 


2 2V3 




69 1 tan- lg ""- 1 . 


85. rfn-i**l 




'3 3 






70. -sin- 1 . 
3 tt 8 


86 X nee- 13 *"" 1 




' 6V3 6 


71. senj" 1 -. 
2 a 2 a 2 


87. sin- 1 
V 




1 x- 3 


88 2 tan~ 1 x 4- i 2 2 . 




7S tun l 






1 40. \lOllt " * 

*> 9 

<0 ^ 


89. log(2x 2 4- 1) 4- V2 tan- 1 


x\/2 


73. sin- 1 (x cos a sin a). 
74. Isec- 1 . 


90 ln0 > f3r4-L7^ tan- 1 


3x 2 


wV. - '-lUgyOo/ ~p 1 ^ - UU1 

12 


V21 


6 b 







I 


91. a sin 1 V^a 2 x 2> 




'TIS tn.iT~l (v IPO IT T-jr fan /T\ 


a 




V uCvll ^tv EtGV/ CC T^ VCUl t*l 


cosct 


92. 2sin~ 1 x. 




76 sin 1 * 


93. tan- 1 (cosx). 






77. tan- 1 (e as -f tana). 


*A 1 a tanx 

94 tan 1 


, 




1 7-9 


a v a 2 4- 6 2 Vd 2 4. 5 2 




78 sec" 1 


5.Ilog^1. 




V2 V2 


- 


12 2 + 3 




' V3 


96. ilog(3x+V9^T2). 




80. sin- 1 (e 2 sin a + cos a). 


fll - 1 . 3x V 




81. tan-i(2x-l). 


2 V3 3x4- V 
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10fl 
100. 



12v2 3x-V2 

Page 36 

,_. . 
104. log 



103. log(x - tana + Vx 2 -2x tana -l) 



105. log(x + sina + Vx 2 + 2ajsina + l). 

i 3*-8-VS 

log 



tno 

106. 



2V3 3X-3+V3 



107. log (10 x - 3 + 2 V26x2-16x~16). 

Vo 



108. l 

8 



109. ~log(3x - 1 -f V9x 2 - 6x + 3). 

Vs 



no. 



X 1 

111. log(2 -f- 2 

V2 



+ 8x - 10). 

_ 

log(x 2 + Vx* ~ a*)- 



112. J 

113. 1 
2 

A A %. --~B \" - / i ~"O o 

2 OX ' 

115. 2 Vx 2 -f x+ ^ - 4 log(2x + 1 + 2 Vx 2 -f x + 2). 

116. 3 Vx 2 + 4 x - 1 + log(x + 2 + Vx 2 + 4x-l). 

2 V2 _ 3 x 2 

3 ^2 Vi 



118. 
2 

119. 



" 



2H-V3 



V5 



2 Vl - 4x - x 2 . 



120. - 
2 



1 
181. 



188. - 



seca. 



+ seca 1 




' 2 n log a ' 2m log 6 ' nloga + 

135. Je^" 1 ^. 

136. L_. 

actnagew* 

187 *fcb log(a * +1 

138. l 
139. 




(2 \ 

140. 2x-alog\e a +lA 

141. 21og(e-f l)-x. 



159. -Isec-i . 

158. x + 4Vx + 41og(Vx-l). 
154. 

155. A 

156. 
157. 

158. isec-i?. 
a a 



a)*. 



151. 
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Ort. L 1 

16ft. 



9(l43x) 
166. ?sii 



xV2 

lf- log *,* 178. - 

2x464- Vx 2 4 8 



188. sin-i g "" 2 174. x(logox-l). 

(x-l)V 

175. 



169. sin- 1 ^ * \ro4l 

/x + 3) V16 1 

^ ' 176. xtan-iox--logVl-|-a*x 2 . 




177. logx[log(logx)-l]. 
Page 38 

178. xlog(x + Vx 2 4 a 2 ) - Vx 2 4 a 2 . m J-.r( a 2 x 2 +l)tan-iax-axl. 
1 2 a 2 

179. (sin ax ax cos ax). 

- A ~ a , 1, / r^rs T\ 1W. (a 2 ^ 2 2ax4-2). 

1 80. x sec- 1 ax - ~ log(ax -f Va 2 x 2 - !) a 8 

184. 




a 

1 86. i [(3 a 2 x 2 - 6) sin ax - (ax* - 6 ax) cos ax], 
a* 

187. x [(log ax) 2 -2 log ax 4- 2]. 

188. Jr x 8 [9 (log ax) 2 - 6 log ax + 2]. 

189. [2a 2 x 2 -2axsin2ax-cos2ax]. 
8 a 2 

190. e 2 * (2 4- cos 2 x 4- sin 2 x). 

191. ^ e [6(cos x 4 sin x) - (cos 3 x 4 3 sin 8 x)]. 
192. 




CHAPTER HI 
Page 61 

1. 4J. . log(24-V8). 14. 

3. T V 8 . 10. Slog(6H-l)-l. le - 

4. 8a 8 (log2-f). 11, tanVe-tanl. 17 

5. 2-V2. _ IT 

1 



2 18. 

T. JlogJ. 18 ' 2' 19. 
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D. i(x Vx 2 - a 2 - a 2 log ?L_ZJL). 
2\ a / 



* 
20. 



22. log2-f 

Page 62 
35. lira. 

Page 63 
46. .4621. 



36. .6366. 



47. .016. 



23. 

__ A\ 

24. ^(8 IT- 4). 

25 2 5 

25. 2- ~- 



48. .8746. 



Page 80 
1. 170 . 

Page 81 

/* 
4. 

5. 

6. 27ra&. 



- e 



8. a 2 cos~ 1 

a 

9. A . 

10 - 4a2 - 

18. 



CHAPTER IV 
2. 



13. 

U< 
15 - - 



2a 2 . 



-- 

V 



3. 47ra 2 . 



22. 
23. 
24. 



oft waS 
' 



26 2 ) 





88 ' " - e 

34- 4 wa 8 (2 log 2-1). 

85. gw*(3 log 2 -2). 

86. tv-V) 1 . 



Page 82 

28. 

29. 

30. jTra 2 . 

31. 

32. 

37. Tr^fc -f J ?ra 8 ; T^o^b $ ira 8 (6 is the distance from the diameter of 

semi-circle to the axis). 

38. |7ra&2. 42. 
39. 

40. 

3 a* 

* 1 -^V + 8 6 ')- 
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Page 83 



45 . -~ (8 A* + 40 pah* 4 240p%2). 46 . j g ^i (5 a - 3 ft). 

120 p 

47. Tra 8 (1 cos a) (a is the radius of the sphere and 2 a: is the vertical angle 
of the cone). 

48. 6*r(l-i-6V07r). 49. Tra*. 50. Jwe*. 58. j a&*. 

54. | a 3 tan (a is the radius of the cylinder). 

55. (TT )fta*(a is the radius of the cylinder and h is the altitude). 

56. $ ha 2 (a is the radius of the cylinder and h is the altitude). 

57. 27rh*Vpipl(pi and p z are the respective parameters of the parabolas). 

58. fWl + ^ (a is the radius of the sphere). 
Page 84 

59. -7T2&. 

60. ^-^ a 8 (a is the parameter of the hypocycloicls). 

61. a& 2 . a(* 



. 

68.n? 2 cu.in. 

64. [( 4 + 0*)l-B]. 69. . 74. 177.5 in. 



1 / , IX 75 1007ft - 

65. log(6 + 6-1). 



< 

66. Ca. 3V3p 



Page 85 

77. a. 78. ^Tra. 79. 8 a. 

80. 2ira(hz AI) (a is the radius of the sphere). 

81. wVp[(ft + p)*-p*]. * V 2 - 

/ 2* _2_*\ 85. fl 3 *ira*. 

88. fcMne - ; + ** ge . .. a 

83. 2 Tra 2 . ' ~ log 



87. 27r6 2 H -- sin- 1 e (e is the eccentricity of the ellipse). 

6 

88. V Tra*. 89. 4 ira* (2 - VI). 

CHAPTER V 
Page 99 

, m - k , 6 

1. 5. log 

a 2 TT^ a 



2. ~(fc is the proportionality factor). 6. __ . 
2a v 



3. fc log V ? ; -- (wJ - * - t?! 1 - Y ). 7. is the length ofthe wire). 

b i?i 1-7 v 
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8. 
9. 

11. 

Page 
12. 
14. 
15. 

16. 
18. 
20. 

Page 
29. 
30. 
31. 
32. 
39. 
40. 



Page 102 



23f 6 

sin- (I is the length of the wire) in a direction bisecting the angle 6. 
Ic 2 

10. 




- V(c + I) 2 + a*). 



2ac). 



3 (a + 2 c) 
surface. 



21. 

22. J a below the surf ace. 

23. T ^6a 2 u>. 

24. \ a below the surface. 

25. | aWw (the axis 2 a being in the 

surface). 

26. -\ir& below the surf ace. 

27. 2250 ib. 

28. 781.25 Ib. 



101 

2234| ft.-lb. 
769.4 Ib. 
1041$ tons. 
8338 foot-tons. 



33. 88.4 tons. 

34. 4} tons 

. (o -). 



86. (fa, | a). 

87. (O,^ a). 



- - 



On the axis, three fifths of the distance from the vertex to the chord. 

:, 0) (x = k is the equation of the ordinate). 
4 a 46\ , A /a a\ 43. 







9 



48. 

49- (jjP l 

50. (5,5 + JtV 



47. Intersection of the 
medians. 

53. On the radius perpendicular to the base of the hemisphere and three 
eighths of the distance from the base. 

54. On the diameter of the sphere perpendicular to the planes, at a distance 
i (hi + fa) from the center. 

.55. jg = a. M.y=%k. 57.^=^6(59 = 4^0). 

58. y = 2/1 (2/1 is the ordinate of the point of intersection of the line and the 
parabola). 

59. y = &b. 

60. At the middle point of the radius of the hemisphere perpendicular to 
the base. 
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61. On the axis of tbe cone, two thirds of the distance from the vertex to the 



82. On the radius of the hemisphere perpendicular to the base, two thirds 
of the distance from the base to the vertex. 



CHAPTER VI 
Page 117 



4.1 



3x 3(2x4-3) 3x-2 2(x4-l) x-2 

2 . X + 1 + _L + _J 1 5. ! + !_!_. l 



2x x-1 2(x+2) x x 2 x* x4-l 



' 6(2x4-1) 2(2x-l) 3(x4-2) x 2 x (2x-l) 2 2x-l 

2 8 2 1 

' X4-2 (X4-2) 2 (x4-2) x' 

8. x-2 g + 1 +-JL,. 

(2x4- 1) 8 (2X4- l) a 2x4-1 

1*.^-+ 2 x 



3x ' (x 2 4-3) 2 3(x 2 4-3) 




20. log(x + 4x + 1) -- 

2 2V8 X+2+V3 

81. 4 log(4x + 4x + 2) + | tan-i(2x + 1). 
22. x - Jx - log [(x - 1) (x + 3)*]. 



. 

2 o 

24. lx 2 4-4x4-6 log(x 2 - 2x - 1) 4- 4 V21og g " 1 
2 
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30. 
31. 
32. 

33. 
34. 

Page 
35. 

36. 

37. 
41. 
42. 

43. 
44. 
45. 
46. 

47. 
48. 

49. 
50. 
51. 
52. 
53. 
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- 2* + log(x 4- 1) + H log(2 - 1) + 



* + 3). 



2x4-2 



log[(x - 1) 
SLA ' 

118 



: + 3]4-~- 



2(2x4-3) 



38. 



x- 2 



log 

10g (x 4- I) 3 x (x -f 1) "~" 2 v ~ 

log[(x - 1) V(x* 4- 2x 4- 2)] 4- 4 tan-^j: + 



ix, 4- 2 x -f 2 
2 



(a; 4- 1)2 ,3 . x - 2 - \ X 2 
log =} - - - - - log . 

Vx 2 -4x-}-2 V2 X-2+V2 



5, x 2 -2x43 1 iX-1 3 X t 3x 

-log ; 1 tan- 1 tan- 1 - 

2 3 x' 2 4- 2 -Y/2 V2 Vo VO 

2 



loo- 2 + 3 2 

g " + -= 



x 6 , ,4x4-1 

- - - - -.taii-i -- 
,/ Vy ( J V39 

~ 'I lg(J5 2 ~ 2 x + 2) - 3 tan- 1 (x - 1) - tan- 1 (x 4- 1). 

13 



, 
tan- 



l /9 x 1, (2x4-3)* 
- (x 2 2 x) H -- log x - - 
4 ( ) + W g 4x2-flx + 

8 . -. , 1 . -V3 10 , ,6x4-3 
-3) + - ? .log- - +- 7 =tan-i -3L_. 

V3 x-fVS V61 V61 



- 
8V3 



-- 
2V3 



V3 



8 ,og^? + 



log 



2V2 
3\/3 



34-Tx 



2x-l 
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CHAPTER VII 



Page 
1. 
3. 
4. 
5. 

6. 

7. 
8. 

9. 
10. 

11. 
15. 
16. 
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l). 2. 2Vx + log ? : 

| ( 2 ^i - 3 Vx + 12 Vx) - 81og(Vi + 1). + 

- : l (x + 1)* - (x + l)-JE(g + 1)*. 

o /i /o i Vl-x - V2 

2 Vl - x 4- V2 log- .- ^r~ - 
v/1 x + V2 



+1TB >_ 4 



; + 4 log ( VTT3& + 2). 



1 + x + 4 Vl + x + 2 log (x - Vl + x) + log 

V5 

x~2Vx + log(Vx + l) a . 



-i -VS 



8~log(l + x 
2(1 + Ox) /l~3x 




20. 
22. 
23. 

26. 
26. 



26V2-3x-2x 2 
-J sin 5 x ^ sin 7 x. 

138 



Page 
28. 

29. sin x - sinx 

80. 

81. 



88 . 

a 



8/ \ 3 

.i 
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84. T " ff z-^sin4-^ g 8in2x. 86. f z - 

86. 



, l + cos4z cos4x 

a . Aft _ iQSt - 

38. f \Vcos2x(cos22x-7). w * 16 *l-cos4x SsinMx 



o 
39. log - 2 -?sina?-2sin5. 4 1. *log 

l-sin? 8 2 2 8 

2 

sin 8s sin3x _ _!_ j l-sm3x 
' g 



12 cos 4 3 x 8cos 3 3x 16 1 

44. J log sin 3 x + J ctn 2 3 x 

45. ?tan5-2tan5 + . 
32 2 



46. -. 

633 3 49. -ctn 

47. (tan 2 x~ctn 2 x) + 21ogtanx. 3 4 



50. - ctn 8x(l + ctn3x + J ctn*3x -f \ ctn3x). 

., sin2x 1. I~sin2x 

Qi . _ ._ _ loir _ - -- 

* 4cos2x 8 6 l 



K X 

HO ^ _i_ ^"6 I ^ 

179, " ^i^*""* ^^i" | ^_ *^JJ ^j^ ^ 

48in5 -' x 16 
5 



53. - 

4 8 \ 8 



54. -( sin ox -h 2 esc ox esc 8 ox V 55. -sec 6 -. 



57. tan*x(^ + & tanx + ^ tanx) 
sin6x sin6x 1 , 1 

g 



' 20 cos* 6 x 40cos 2 6x 80 l-f sin6x 
59. ?tan-igtan|). j 

80. itan- ' ' 



8tan| + l ! 8tan*-4-V? 



84. Jx(2 3 4- 6a*)(x a -f a 3 )* + |a*log(x -fVx a -f a a ). 
85. 
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68. i[x Vx a -f a a - a*log(x + Vx 2 + a 2 )]. 
87. 



68. - 



s - x 2 -f a 

~x(2x 2 + a 2 ) Vx 2 + a 2 - ~ log(x + Vx 2 + a 2 ). 
8 o 





78. 
74. 
79. 
80. 
81. 
82. 

88. 
84. 
86. 



L-l 



x a 



- J (x H- Sa) V2ax - x + ^sin- 



x a 



1 Ssinx 3 

sin x cos 2 x 2 cos 2 x 2 

C08X ' ilog(cscx-ctnx). 
2 



+ tanx). 



85. 



4cos 4 x 
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a 

92 - A- 

98. 

94. |ira5. 

95. 

98. J(4-ir)a 




97. 



99. 
100. 






105. 

106. ira*tan0. 

10T. 
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108. (wa,$a). 

109. (ira, J a). 

/a 5 a 



in /?5?^ 25Qa \ 

" \316ir' 8167T/ 



' 



(!' 



CHAPTER VIII 




Page 155 

y 

10. xsin = c. 

x 

( " -"\ 

11. x\e f e v = r. 

8.e 

12. (x -f y) 6 = cy*ev . 

13. x 2 -f 4xy y 2 Ox 2y = c. 

14. (^43)(x4 y + l) = c. 

15. (x -f 2/) a + 2 // = c. 

16. 2 // = sinx cosx + ce-*. 

17. y = (x 

18. y = i< 

19. x = ce 

20. 2/=e* 

21. logxy -f 

22. X 2 = c 2 + 2cy. 

23. y = l-f-x 2 -f CAA 

24. 2/ = 



6. x = < 

7. x 2 = ! 

8. 2 log x + (sin~ 1 - j = c. 

9. cosx sin y = c. 

25. y = c cosx - 2 cos 2 x. 

26. x 2 + 3xy 4 2 y 2 = ex. 

27. y^i(x 2 - 



28. ^ = - i (2x 2 + 2x -f 3) 



. 

2 + rx 

pimn~*x 

30. 2/= /- -- 

e tan J ^+ C 

31. x 2 (l- 2/ 2 ) = c(l + x 2 ). 

32. x 2 logx 2 + (x* -f y*)l = ex 2 . 

33. y(c ar + l) = e ac + x-hc. 

34. (sec x H- tan x) (1 -f y- 8 ) = x -f c. 

35. 4y = ce 2j: -(2x 2 -f 2x + l). 

36. ?/ = (x + c)e Jc . 

sin ax , 



A( 

37. y = ^ 



a 2 



38. y = e*(x - 2) -f c\x + c 2 . 

39. y = J x 8 logx - / ff x 3 + c x x + c 2 . 



- c a ) 




49. y = 

2Cl 

50. y = Cisin[fc(x - e 2 )]. 



- c 2 . 

51 . y = c\ cosh [A: (x -f c 2 )]. 
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Page 156 

52. 2/(x- 4)2 = 9. 56. y = - 



53. tan^ = e*-i. 57. y-cx n . 

y 58. y = ax 2 + c. 

54. tan| = ce-V2. 59. r = c sin n*. 

55. 4y 8 = Q(kx 4- c) 2 . 80. x = nlogy + c. 

62. y = -cosh[fc(x - c)]. (k is the constant ratio.) 63. x 2 + y 2 = ex. 

1C 

64. y = a cosh ---- (a is the constant length.) 

Jff2 8 X & 2 1 __ 

65. y = sin- a --- - v A:~x 4x 2 -f- c. (A: is the constant ratio.) 

8 & 2 2 

3* f* 

66. y = A: cosh ---- (k is the constant ratio.) 



70. (x ci) 2 H- (y c 2 ) 2 = c 2 . (c is the given constant.) 

r a 

71. ciy 2 l - (x + c 2 ) 2 = 1. (fc is the constant ratio.) 

K 

Page 157 

72. Harmonic motion. 

78. t = c 4- %/ a - ( Vax - x 2 - a sin-i ? a ) , where A; is the constant ratio, 

\2fc\ 2 a / 

and x = a when t> = 0. 
74. Same velocity as if the body fell freely. 75. About 7 miles per second. 

CHAPTER X 




7. e-. 
8. TT V2 + 4?r 2 -f log(7r\/2 -f V2?r 2 -f l). 

11. cos-*- =1- 13 2x _ % y + o^ 21 = 0. 

V2 + < 2 
Page 196 

14. x + y + 2 - C = 0. 16. ay + &s = 0. 

17. wx-2y-2s-f-27r = 0. 

18. e'(x - e') - e-*(y - e-<) H-\^( - tV%) = 0. 

19. x-|-2y + 3* -0 = 0. 25. x-2y + s + 6 = 0. 

7 3 26. sin~ 1 . 



V139 Vl9 27. (1, 2, 1), (J, f , i). 

28. x - -f- 2 = 0. 29. 11 x -f 13y - 37 = 0, 3x + 13 4- 10 = 0. 
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30. (2, -1,2) 

31. x-l = 






38. 



* 



87. (1,-1,1). 

39. x + 16y + 

40. 3x-22,- 
41. 

48. 



34. x - z = 0, y = 0. 

35. 2y + z = 0. 



V2 



38. 



, 
Vl3 2 



, , 008-1 






-- 
Vl3 

CHAPTER XI 



. x - z = 0. 

44. 93x-46y + 13- 179 = 0. 

46 ' ^ * 2 ' 4 >' * V. 
47. (0, 1, 2), flfli, 



Page 218 

10. AA = .396 sq. in., dA = .398 sq. in. 11. AZ, = .057 in., di = .057 in. 
12. Ar= 5.11 cu. ft., dF= 5.09 cu. ft. 

dB 



13 

18. xix + friy - (zi - a)( - a) = 0. 
21 / ^ 

\ a* + b* 



cd 



22, (a, a, a), (- a, - a, a), (- a, a, - a), (a, - a, - a). 

23. Point of intersection of the medians. 



3\/3 
Page 219 

82. -f - H ~ = 1. 
Page 220 



a a 



38. 0. 



39. 



2oc 



41. + + ==<). 

ax Sx dy dy dz ~fa 



44 



. /- 

\ 



a 2 6* 



47. (- 1, - 1, 1). 



48. 



49. 90. 



ar ar 
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Page 221 



WA . 1+Vl-a 2 

70 TT loir - - 


71. log(a + l 


) 




IV. 7f lUg 




CHAPTER XII 






Page 234 








1. 41og2-lJ, 


4. 3 (log 2-1). 


7. 


Jwa 2 . 


2. 2. 


5. ^Tra*. 


. 


1 1 


3. |ii*+l + l. 


8. 6. 




e~2' 
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9. ^7T 2 a 2 . 


11. T^a 8 - 


13. 


^.ira 6 . 


10. logV2. 


12. ^ 5 . 


14. 


4* 




CHAPTER XIII 






Page 253 








1. i- 


Q ( 


fll W 


i 4- a^ 


2. ^Vo6(a + 6)(6a a 


[ + 2a&+66*). ' 34066 8 


^ JL JL l/^ 


T **;. 


4. $a*V. 


8. |ira 4 . 


12. 


J|a 4 . 


5. Vfr wo . 


9. ira*. 


13 


64 a 6 Va 


8. fira*. 


10. f Tra*. 


AO. 


34656^ 


7. i Tra*. 


11. -j^Tra 4 . 


14. 


^(8 + 37r)a 4 . 
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15. fiira*. 


21. ^(TT 2) a 2 . 


24. 


8 a 2 . 


18. (107T- V) a4 - 
17. (Y- log 4) a 2 . 


22. ^a 2 (37r~8); 
T 1 ^a 2 (37r-8); 


25. 
28. 


2a 2 (?r-2). 


18. (2ir~f)a 2 . 


^a 2 (3?r + 8). 


27. 


8 a 2 . 


19. 10 TT. 


00 V5 


28. 


2a 2 csc2a. 


20. ft (a 4* 6) Va6. 


83. _*. 






29. 2 + (y + 2 tan a) 2 


= a 2 ; 2 a* (ctn a + csc*a). 






30. i (20 -8 ir). 


31. ftt'Or-2). 


32. 


ja 2 (20 - STT). 
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83. 16a 2 [ir \/2 lo| 


?\1 "4" ^r 2) 1. 






34. (2 a? g a ). 


37 / I 


39 


/266a 256 a\ 


ox /n 3a(57r-f 8)\ 


VlS^r' 35W 
3g 7288 a 288 a\ 


Ov 


\315v' 815 7T/ 


V' 6(6-4)/' 
38. (10,0). 


" \1767r' 175 W 


40. On the axis of the 


flprtor a Sln a distant from th 


e center of the circle. 






4 a 






128 V2 a 


42. (Ja,0). 
43. (^ Tra, 0). 


44. 


(|,|Mc). 


1057T 
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26 



ow 

48. On the axis of the cone, distant from its vertex. 

28 

49. On the axis of the cone, | of distance from vertex to base. 

Page 256 

60* ($ a <*f ? a )i the center of the sphere being at the origin, and the octant 
being in the first octant bounded by the coordinate planes. 

51. On the axis of the cone, midway between the vertex and the base. 

52. ^a 8 . 59. 3. 65. ira. 

53. 7ra 8 (fc 2 -fci). 60. OTT. 66. 

54. f vabc. 61. J ire* (6 a + b). 87. | a 8 . 

55. 6^. ... 87ra* 68. 

56. (TT + 2) a*. ' 1*2^ 89. 

57. ^7ra 2 6. 83. ^ira 8 . 70. ^ r a 8 (3ir-4). 

58. (j J - log 4) a 8 . 64. a 8 (37r - 4). 
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71. 3w*-a 8 . 72. 4ir 2 a 8 . 73. 

75. ^ fcTrA- 6 tan*a. (k is the constant ratio.) 

76. fora 6 . (A: is the coefficient of variation.) 

78. I ka*. (k is the coefficient of variation.) 
MA 6Jf(l coscr) ftO 

w. ~ *v. 



4. K/f 

81. . (3f is the mass of the hemisphere.) 
3a a 

82. 43f ( 7 ~ 4V ^. (M is the mass of the hemisphere.) 

15 a 9 



83. - . (M is the mass of the ring. ) 
12a a N 
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1. ?ira*. 2. ^(36 -2a). 8. !T^ 

8 & o 
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z> 



> 

5. 2. 6. 0. 7. -. (k is the constant ratio, r is the distance.) 

8. k logr (k and r as in Ex. 7). 14. x a 4- y 2 xy + x y = c. 

10. ; ; J-; 0. 15. 1 + y* + a^a = ex*. 

ii- |; i; -i- l 

12. JJl; J/-. 17 

18. - 10; - 4A; 0. 1 
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Page 278 

19. x 8 4- Sxy2 = cy 2 . 24. x* xty 4- xty 2 c . 

20. tan -1 x 4 xy = c 25. 2* + sin2x4-4y cosx = c. 

21. c" * + log y as c. 86. log cos 2 (x 4- y) + I/ 2 =c. 



2 1 
27. logx 

y xy 

28. xy 4- log? = c. 28 Uy (x + 1} _ ^ _ B ^ 

CHAPTER XV 
Page 302 

14. !<<!. 18. All values of x. 21. Kx<l. 

15. l<x<l. 19. All values of x. M _ <: <* ? 

16. -!<<!. 20. -Kx<l. ' 66" 

17. -l<x<l. 

x 2 5 x 4 61 x 8 Oll - x 2 x* 

2 o 



24. H-x4-x24- ! ~-4----. 27. 14- x4-~-f - + -. 

Oft ^ j. ** ** J. 28 ~ ~ ~ 17 X 8 

' X ""T~12 " "" 2"""l2""46~"2^5" 

A ^ f vv// cos2x . cos3x 

29. -r ' 



siiihaTr 2asinha7r/ cosx cos2x 
so. 



air 



2 sinh a?r / sinx __ 2sin2x 3 sin 8 x ^ \ 
+ i : \12 + a 2 "" 2 4 a 2 32 + a 2 / 



A4 ./*, , sinSx , sin5x , 
.81. 4( - 1- 1 h 



- , w ; cos 8x cos5x \ /sinx sin2x sinSx \ 
4 "" ir V l 32 62 ""! ( j g r ^ 1 . 

as 5Z ^ /cosx cosSx cos5x 
"4 ^ \"~ j~ "* 32 ^ 

/3sinx sin2x 3 sin 3 x sin4x 



v " 


1 23 


4, T "7 






84 **" r- 21 - 


;osx cos2x , cos3x 


....] 






6 L 


12 2 2 3 2 


- p 


/ir 2 4\ ff2 


(7T 2 4\ 


j 




+ ~ 


(.-.-.- \sinx -sin: 


i sin 


1 3 x sin 4 ; 


. 


irL 


\ 1 I 1 / 2 


3 8 8 / 


4 
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85. sin a. 
86. 1. 


3.. log|. 


40. -2. 


48. 5. 
44. 0. 


46. 0. 

> 47. 0. 


87. -2. 


89. 0. 


42. 2. 


45. 0. 


48. 0. 
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M** dO 


52. 0. 


56. -1. 


60. 1. 


63. 1. 


49. 2. 

GO 


53. QO. 


57. 1. 


61. 1. 


64. e. 


50. 2. 


54. -1. 


58. 1. 


a* 1 


65. <**. 








R2 . 




51. - J. 


55. J. 


59. 1. 


V<0. ~~ 

e 


66. 1. 
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2. y = 
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-r a 8 - 2X*4- -= 
3a 4a 2 6a 8 

3. y = a 4- a 2 x 4- a 8 x 2 + a^a* + (O( 6 + 

4. (y _ 5x + c) (y + 2x + c) = 0. 

5. (y ~ ex) (y* - x - e*) = 0. 

8. [x - a - c(x 4- a)ev] [x - a - c(x + 

9. y 2 sin 2 a: + 2 cy + c a = 0. 

10. cy2 - 2c 2 xy + ^x 2 = 1. 

11. y 2 = 2cx ~ c 2 . 

12. y 2 = 



6. (x 2 y - c) (y - ox) = 0. 

7. (y-c)(y-ce-a a )(3y~x-c) = 
)e-y] '= 0. 



13. c*(l + y) - 2cxy -f c*x = 1 

14. x = logp -fjp-fc, y = p 

15. y = c(c-x) 2 . 
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16. x 2 = _ 

17. y = p log Vcp, x = (l -f- log Vcp) log Vcp. 

18. y = ex 2 -f c 2 . 20. 9(x 4- 2y -f c) 2 = 4(x + I) 8 . 

19. x + y = ctn(c-y). 21. (y-xlogcx)(2x 2 y 2 -x*-c) = 



- 3y -f c) (xy 4- cy + 1) = 0. 




28. 
30. 
31. 
32. 

. 

34. 
38. 
39. 
41. 
42. 



= ce* 4- _ 

y = cxdbVl -c 2 , y 2 -x a =l. 
(2y - 8x 2 + c) (2y - x 2 4- c) = 0. 
x 2 = 2 cy + c 2 H- a 2 , x 2 4- y 2 = a 2 . 



(y + cx) = c, 4xy ~ 1 = 0. 

4- aty 2 - a 2 6 2 = 0, y = ex 4- 



(aJ 2 4-l)(y 2 -l) 2 

x 8 4- y 2 4- * a 4- logy* 2 = c. 

xy 4- y* 4- x (b 4- c)x (c + a) y (a 4- &) = fc. 



37. 27 y- 4x 8 = 0. 

a 2 c 2 . 
40. (x 4- y) (y 4- *) ( 4- x) = c. 
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4. 

AA *** _i_ & j_ * u A y ** 

! Lg(f 4 + + + - e. log* = tan-| + , 



48. x 2 + ct 2 = fci(2/ 2 + 6 2 ), - tan*" 1 tan*" 1 - = & 2 . 

6 6 c c 

49. x 2 - y 2 = ci, y 2 - 2 = c 2 . .1 .1 _l 

50. x = z + ci, s/ 2 = 2x + c 2 . 51 - e * + -** = ci f e *-e '^c* 

52. y = (x + Ci) Vx 2 -f 1, 2 = (ci tan- l x -f c 2 ) Vx 3 -f 1. 
Page 338 

54. x 2 - xy = ci, z -f x 2 - c 2 x + c t = 0. 

55. x + y = Cie*, 2y = 2 2 + c 2 . 



56. x - y = < 

57. x y = CiZ, x 2 y 2 = c 2 y. 

58. x + y -|- z = GI, x 2 H- y 2 + 2 = < 

60. y = ci, x 2 -f y 2 -h 2 = c 2 2. 

61. 16 y 8 -f 27 x* = 0. 71. (x - y) 2 - 2 fc(x H- y) + & 2 = 0. 

62. 4xy = c 2 . 

63. x 2 4 w 2 ss i 




74. 2(x - c) = k log(& V* 2 - 4y 2 ) qp 
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75. r = fc. 77. 2 x 2 + y 2 = c 2 . 79. y = ex 4 . 

A *""**0 78. x 2 -|- y 2 = 2 d a logx + c. 80. y 2 = 



76. r = 

81. A family of circles tangent to OX at 0. 

84. A family of lemniscates having the line = ~ for a common axis. 

85. r as c (1 - cos 9). 86. r = e Vc -*. 

CHAPTER XVIII 
Page 360 

y = c/T 

y = ce- 8 * -h i 2 f * H- i^y + ^(Ssuix cosx). 
. y = ce 2ar + e 8 * + ^e ac (sinx cosx). 
. y = (c + 3x)e-H- J^x-ljc*. 
. y = ce- 4 * + | ~^(2cos2x-f sin2x). 
. y = e a: [c + 2x-log(e aa? -f 1)]. 
. 2/ = ce 2a; ~ ^(2sin6x+ 6cos6x)-f iV( 2sinx + C08X )- 
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8. y = Cie 2jc 4- C 2 6""**. 10. y = (ci 4- 1 

9. y = cie 6 * 4- c 2 . 11. y = Ci&in3x 4- c 2 cos3x. 

12. y = e 8ac (cicos2x 4- C 2 sin2x). 

13. y = Cje* 4- c 2 e~ 8a: x 4 | x 8 ^ e x 2 J^ x 

14. y = Cie* 4- Cue- 3 ' - 2 4- f cos 2x. 

15. y = ciC 2ac 4- c 2 e~ 6ar 4- ? ^ T (9sin3x 19 cos 3 x). 

16. y = Cie* 4- c 2 6~ 4ac J. 

17. y = Ci 4- c 2 e- 8ac 4- -^ x* 4- J x 8 ^ x 2 4- ^ x. 

18. y = (GI 4- -ix 8 x 2 4x)6 2flc 4- c 2 e~ 8ac . 



Page 361 

19. y == (ci + c 2 x 

20. y = (ci -f c^Jc-* -f x 8 Ox 2 + 18x 25. 

21. y = [ci 4- c 2 x - log (x - 3)] <**. 



22. y = (ci + c^) e-* x 4- (7 sin 3x 24 cos3x). 

6 2 

28. y = Ci sin 2 x + o 2 cos 2 x H -- (sin 2 x 2 cos 2 x). 

24. y = ci sin x + c 2 cosx cos 2 x -f 3*3 cos 8 x. 

25. y = ci cos 2 x + (c 2 + x) sin 2 x. 

26. y = Cicosx V5 -f c a sinx V3 -f + xcos2x 2sin2x. 

27. y = a * [ci sin 3 x 4- (c 2 - x) cos 3 x]. 

88. y = 1 + !- + e-S^coa^ 
3 \ 2 

29. y = e-(cicos2x + c 2 sin2x) -f 



80. y = eci cos + Ca sin L + 3x + lOx -f 3. 

\ 2 2 / 

81. y = Ci 4- c 2 x 4- CsC 8 ^. 

82. y = ci 4- c a cosx + c s sin x. 

38. y = cie* 4- c"" 2 (ca cos - -- h c 8 sin - - ) . 
\ 2 2 / 

34. y = (GI 4- c 2 x) cosx + (c a + c^x) sinx. 
85. y = x 2 4- cix + c a 4- c 8 cosx 4- c+ sin x. 

36. y = 1 (c - c-*)4- c^/Ci cos 4- c a sin ^=) 

X 

4-e Wcs cos -^=4-c 4 sin -2-Y 
\ V2 V2/ 

87. y B cie-* 4- e ( c a cos ? - 4- c s sin ^ - - ) 
\ 2 2 / 

4- J e (2 sinx cosx) 4- ^ e- (2 sinx 4- 3 cosx). 



ANSWERS 395 

38. y = c rv ^(cicos2x -f c a sin2x) -f e~ a " v /(c3cos2x+ 04 sin 2 x) 



39. y = ci + c 2 x -f (J x 8 - 2x 2 + 7x -4- c s )e*. 

40. y = (ci -f c 2 x) cos 2 x -f (c 8 + c 4 x ^ x 3 ) sin 2x. 

41. y = ci + x + (c a + CsX + | x 2 )e 2 *. 

42. y = cie-* + c 2 -f c 8 x - 3x 2 



* * 

43. x = ce 2 , y = ce 2 . 

5t 6t 

44. x = re 2 + e fi *-2e 2 <, y = ce 2 - ge 5 '- e 2 '. 

45. x = Cie 8 ' + c a e- 2 + j e* -f 5 V (6cos2 + sin2<), 

y = - Scjes* - Jc 2 e- 2 ' + e' - ^ (17 cos 2t -f 19 sin 2$). 

46. x = Cie' + c 2 e*' + ^-, y = de - 2 c 2 e* + ^. 

47. x = Cie 8 ' + cge 4 ' + 3, y = 2cie' + cge 4 ' + 2. 

48. x = ci + c 2 e 2 ' -f c s e- -f -t - 



49. x = ci + c 2 e 2 ' -f c 3 e- + | - 2 + 



. x = ci c 2 e - c 3 e- - , 

y = d- Y + 3c e ~* - ^ e ~ 2 ' -f 6 - 3< 2 -f 8 . 

50. x = e^lci cos = + c 2 sin - ) -f e "^ 2 / c 8 cos - -f c 4 sin - ^ j , 

\ V2 V2/ \ V2 \/2/ 

at at 

y = e^/ 2 / c 2 cos - ci sin ^ j -}- e ^ 2 / c 8 sin - c 4 cos -- j . 
V V2 V2/ V V2 -v^/ 

Page 362 

51. y = CiX + f 2 x 2 -f- i 8 - 

52. y = - [c x cos (log x 2 ) + c 2 sin (log x 2 )] + - (6 log x - 2). 

x 8 100 

53. y = Ci cos (2 logx) + c 2 sin (2 logx) -f I (logx) 2 ~ ^. 

54. y = ^ x 2 + ci (log x) 2 -f c 2 log x + c 8 . 

55. y = Cix + c 2 cos (logx) + c 8 sin (logx) - - 

4x 

56. y = G! + c 2 x 2 + ~ 8 - 1 (logx) 2 . 



x 8 



58. y = Cl (24- 18a; + 6z- x) + c^ (l- \x + -5-z' _ _ J 

\ u 0-7 o / 



59. i; = ci(36 - 42x + 21 x 2 - 4x 8 ) + ^ (8 - 14x + 21 x 2 ). 

x* 
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- 6- 7- 8 



3) r \ 
+ 6) X ' / 



61. y= 






__ 

- * (nx) + ^ ( 



..7+ n(n-4Mn-16)...[n-(2r-2)] ^ r + H 



15 15 II 

(n - l)(n - 0)(i - 25) [n - (2r - 1)*] 1 

i^TT" x + J' 



63. a = ci cos ht -f c 2 sin hi + - cos Atf . (A 2 is the constant ratio.) 
9 = ci cos &$ -f c a sin W + ain Ari, if A = k. 

lit 



64. 3 =t 



a ^. C2e 2 
a(ft 2 -fc2)costo 



a = e"^Yc * V ** 8 - I - t^W-l*} 



\ 



Ci COS - 



-f c 2 sin - 



(/i 2 and Z are the constant ratios.) 
65. h = fc, I very small. 

CHAPTER XIX 
Page 370 

1. z = i(y)# 4- *2(y)e-*. 3. * = 

x+i 

2. * = ~ 0i(y) + 02(y). 4. z = 
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5. z= 

6 . Z = 

7. *=J(x* + ay)+#i(y)+*i(*)' 14. 

8. 0(x-y, y-c)=0. 8 

9. * H- y 2 , *) = 0. 



10. = 0. 18. - , xy - # = 0. 

\x x/ \x / 

11. 0(x 4- y + 2, a: + y 2 - s 2 ) = 0. 17. 0(x 2 - y 2 , 2/ 2 - * 2 ) = 0. 

12. 0x 2 + ?/, z + tan-i\ = 0. 18. /x - , x - - = 0. 



21. u = - (r sin* + - r>flin3 tf + \ i* sin 5 6 + -V 
ir\ 8 5 / 



22. u = - (e-^sinx -h - e-^'sinSx -f - e- 25a2 'sin6x 
v \ 3 6 
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(The Roman numerals refer to the volume, the Arabic to the page.) 



Abscissa, I, 80 

Absolute convergence, II, 283 

Absolute value of complex number, 

II, 305 

Absolute value of real number, II, 283 
Acceleration, I, 202 
Adiabatic line, II, 267 
Algebraic equations (see Equations) 
Algebraic functions, classification, 1, 48 
graphs, I, 121 
differentiation, I, 178 
implicit, I, 188 
integration, II, 20, 113, 119 
Amplitude of complex number, II, 305 
Analytic function, II, 311 
Angle between normal and focal radii 

of ellipse, I, 191 
between plane curves, 1, 211 
between planes, II, 186 
between space curves, II, 184 
between straight lines in plane, I, 

67 
between straight lines in space, II, 

183 
between tangent and radius vector, 

1,345 

eccentric, of ellipse, I, 304 
vectorial, I, 329 

Arc, derivatives in plane polar coordi- 
nates, I, 347 
derivatives in plane rectangular 

coordinates, I, 196 
differential in plane polar coordi- 
nates, II, 79 

differential in plane rectangular 
coordinates, II, 78 



Arc, differential in space rectangular 
coordinates, II, 180 

length defined, I, 195 

length in plane polar coordinates, 
11,77 

length in plane rectangular coordi- 
nates, II, 75 

length in space rectangular coordi- 
nates, II, 179 

limit of ratio to chord, I, 195 
Archimedes, spiral of, I, 332 
Area, center of gravity by single in- 
tegration, II, 94, 90 

center of gravity by double inte- 
gration, II, 240 

derivative in polar coordinates, I, 
348 

derivative in rectangular coordi- 
nates, I, 204 ; II, 47 

determination by double integra- 
tion, II, 239, 240 

determination by line integral, II, 
200 

determination in oblique coordi- 
nates, II, 00 

determination in polar coordi- 
nates, II, 67 

determination in rectangular co- 
ordinates, II, 64 

moment of inertia, II, 236 

of any surface, II, 241 

of ellipse, I, 304; II, 65, 66, 
261 

of lemniscate, I, 348 

of parabolic segment, I, 216 ; II, 
96 
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INDEX 



Area of rose of three leaves, II, 69 

of sphere, II, 242 

of surface of revolution, II, 79 

projection of, II, 177 

representing definite integral, II, 

41 

Argument of complex number, II, 305 
Asymptote, defined and illustrated, I, 
128 

of hyperbola, I, 146 

of hyperbolic spiral, I, 333 
Attraction, by multiple integration, II, 
252 

by single integration, II, 86 

of cylinder, II, 252 

of wire, II, 87 

Auxiliary circle of ellipse, I, 304 
Axes of coordinates (see Coordinates) 

of ellipse, I, 141 

of hyperbola, I, 145 
Axis of parabola, I, 147 

of revolution, II, 69 

of symmetry, I, 121 

radical, I, 175 

Beams, bending moment of, II, 149 
Bernouilli's equation, II, 148 
Bessel's equation, II, 359 
Bessei's functions, II, 360 
Binomial theorem, II, 59 
Bisection of straight line, I, 39 
Boyle-Mariotte's law, I, 43 

Cardioid, I, 337 

radius of curvature, I, 362 
Cassini, ovals of, 1, 338 
Catenary, equation and graph, I, 281 

equation derived, II, 143 

property of, II, 152 
Center of circle, 1, 134 

of conic, I, 238 

of curvature, I, 356 
Center of gravity, defined in plane, II, 
90 

defined in space, II, 245 

of elliptic segment, II, 96, 247 



Center of gravity, of parabolic seg- 
ment, II, 95 

of plane area by single integra- 
tion H, 94 

of plane area by double integra- 
tion, II, 246 

of plane curve, II, 92 

of quarter circumference, II, 93 

of solid, II, 248 

of solid or surface of revolution, 
11,96 

of spherical segment, II, 97 
Center of pressure, II, 98 

of pressure of circle, II, 98 
Change of coordinates (see Coordinates) 

of limits in definite integral, II, 49 
Chord of contact, I, 248 

supplemental, I, 264 
Circle, auxiliary of ellipse, 1, 804 

center of gravity of quarter cir- 
cumference, II, 93 

definition and general equation, I, 
134 

involute of, I, 811 

of curvature, I, 354 

parametric equations, 1, 303 

polar equation, I, 342 

pressure on, II, 89, 98 

special case of conic, 1, 149 

special case of ellipse, 1, 142 

tangent to known line, 1, 136 

through known point, 1, 136 

through three known points, 1, 138 

with center on known line, 1, 137 
Cissoid, 1, 151 

polar equation, I, 341 
Clairaut's equation, II, 321 
Coefficient, differential, II, 7 

of element of a determinant, 1, 8 

undetermined, in differential equa- 
tions, II, 350 

undetermined, in partial fractions, 

11,104 
Collinear points in a plane, 1, 88 

in space, II, 188 
Comparison test for convergence, 11,280 
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Complex numbers, argument, n, 806 

conjugate, 1, 32 

defined, 1, 31 ; II, 804 

functions of, n, 807 

graphical representation, II, 304 

modulus of, II, 805 

operations with, I, 32 ; II, 806 
Complementary function, II, 840 
Components of force, I, 34 

of velocity, 1, 200 
Concavity of plane curve, 1, 112 
Conchoid, I, 334 
Cone, II, 166 
Conies, classification, I, 237 

definition, I, 148 

diameter, I, 252 

general equation, I, 220 

in oblique coordinates, I, 244 

limiting cases, I, 234 

polar, I, 247 

polar equation, I, 843 

tangent, I, 246 

through five points, I, 241 

treatment of numerical equations, 
I, 240 

See also Ellipse, Hyperbola, Pa- 
rabola 

Conjugate axis of hyperbola, I, 146 
Conjugate complex numbers, I, 32 
Conjugate diameters of conic, I, 2ft8 
Conjugate functions, II, 818 
Conjugate hyperbolas, I, 262 
Conoid, II, 173 
Constant, defined, I, 40 

of integration, I, 206 ; n, 12 
Contact, chord of, I, 248 

point of, 1, 106 

Continuity of function of one variable, 
1,101 

of function of two variables, II, 

200 
Convergence, absolute, n, 288 

/comparison test, II, 280 

definition, II, 270 

ratio test, II, 281 

region of, II, 286 



Coordinates, Cartesian, I, 224 

change from plane rectangular to 

oblique, I, 224 
change from plane rectangular to 

polar, I, 341 
change from space rectangular to 

cylindrical, II, 231 
change from space rectangular to 

polar, II, 231 
change in multiple integrals, II, 

234 
change in partial derivatives, II, 

208 
change of direction of plane axes, 

1,221 
change of direction of space axes, 

II, 103 

change of plane origin, 1, 217 
change of space origin, II, 198 
cylindrical, II, 231 
oblique in plane, 1, 223 
oblique in space, II, 169 
polar in plane, I, 829 
polar in space, II, 231 
rectangular in plane, 1, 86 
rectangular in space, II, 168 
Curvature, center of, 1, 360 
circle of, I, 364 
definition, I, 363 
radius of, in parametric form, I, 

360 
radius of, in polar coordinates, I, 

361 
radius of, in rectangular cottrdi- 

nates, I, 364 
Curve, Cartesian equation of plane 

curve, I, 44 

center of gravity, U, 92 
degree, I, 160 

direction of space curve, n, 182 

equations of space curve, II, 170 

'parametric equations of plane 

curve, I, 802 
polar equation of plane curve, I, 

830 i. 

second-degree curves, 1, 220 
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INDEX 



Curve, slope of plane curve, I, 99 
tangent to plane curve, 1, 104 
tangent to space curve, II, 189 
with given slope, I, 207 
See also Arc, Area, Curvature 

Curves, family of, II, 316 
intersection of, I, 161 
with common points of intersec- 
tion, I, 171 

Cycloid, I, 305 

radius of curvature, I, 361 
tangent to, I, 315 

Cylinders, II, 169 

Cylindroid, II, 173 

Definite integrals, applications to 
geometry, II, 64, 236 

applications to mechanics, II, 86, 
236 

change of coordinates, n, 234 

change of limits, II, 49 

defined, II, 39 

differentiation, II, 216 

double, II, 222 

element, II, 64 

evaluation, II, 47 

graphical representation, II, 41 

limits of, II, 40 

properties, II, 45 

triple, II, 230 

with infinite integrand, II, 53 

with infinite limits, II, 52 
Degree of plane curve, I, 166 
Derivative, applications, I, 202, 203 

application to velocity, I, 198 

defined, I, 102 

higher, I, 111, 187 

higher partial, II, 212, 214 

illustrations of, I, 203 

illustration of partial, II, 199 

of /(, y) when x and y are func- 
tions of 8 and t, II, 206, 214 

of /(x, y) when x and y are func- 
tions of t, II, 202, 214 

of polar coordinates with respect 
to plane arc, I, ,347 



Derivative of rectangular coordinates 
with respect to plane arc, 1, 196 

of rectangular coordinates with 
respect to space arc, II, 182 

partial, II, 198 

second, I, 110 

sign of first, I, 106 

sign of second, I, 111 

theorems on, 1, 179 

See also Differentiation 
Descartes' folium, I, 132 
Descartes' rule of signs, I, 87 
Determinants, defined, I, 4 

elements, I, 4 

expansion, I, 8 

minors, I, 4 

properties, I, 6 

solution of equations, 1, 1, 12-23 
Diameters, conjugate, I, 258-262 

of conic, 1, 252 

of ellipse, I, 256 

of hyperbola, I, 267 

of parabola, I, 254 

Differential, defined for one independ- 
ent variable, II, 6 

defined for several independent 
variables, II, 201 

exact, II, 269 

formulas, II, 10 

graphical representation for one 
independent variable, II, 8 

graphical representation for two 
independent variables, II, 206 

higher order, II, 10 

of plane arc, II, 78 

of space arc, II, 180 

partial, II, 202 

total, II, 200 

when equal to zero, II, 209 
Differential equations, (a& + b\y -f Ci) 
dx + (oax + b t y + c 2 )dy = 0, II, 
146 

Bernoulli's, II, 148 

BessePs, II, 359 

Clairaut's, II, 821 

defined, II, 141 



INDEX 



403 



Differential equations, first order, ex- 
istence of solution, II, 316 

first order not of first degree, II, 
318 

Laplace's, in plane, II, 366 

Laplace's, in three dimensions, n, 
308 

Legendre's, II, 367 

linear, II, 340 

linear, constant coefficients, any 
order, II, 348 

linear, constant coefficients, first 
order, II, 341 

linear, constant coefficients, second 
order, II, 343 

linear, constant coefficients, solu- 
tion by partial fractions, II, 347 

linear, constant coefficients, solu- 
tion by undetermined coeffi- 
cients, II, 350 

linear, variable coefficients, II, 354 

Mdx 4- Ndy = 0, exact, II, 270 

Mdx+ Ndy = 0, homogeneous, II, 
145 

Mdx + Ndy = 0, linear, II, 146 

Mdx + Ndy = 0, xfeuirt, II, 317 

Mdx, -f Ndy = 0, variables sepa- 
rable, II, 144 

order of, II, 143 

partial, II, 363 

partial, linear of first order, II, 364 

Pdx + Qdy 4- Rdz = 0, integrable 
case, II, 328 

Pdx + <$y 4- Rdz = 0, noninte- 
grabie case, II, 335 

problems in geometry, II, 141, 
161, 827 

problems in mechanics, II, 142, 
140, 153, 346, 367, 370 

second order, special cases, II, 149 

singular solutions, II, 326 

simultaneous of first order, II, 
332 

simultaneous, linear, constant 
coefficients, II, 353 

solution by series, II, 318, 356 



Differentiation, collected formulas, II, 
10 

defined, I, 102 

general formulas, I, 184 

of algebraic functions, 1, 178 

of definite integrals, II, 216 

of exponential functions, I, 284 

of hyperbolic functions, I, 290 

of implicit functions, I, 188 ; II, 
210 

of inverse hyperbolic functions, I, 
292 

of inverse trigonometric func- 
tions, I, 276 

of logarithmic functions, I, 284 

of polynomials, I, 103 

of trigonometric functions, I, 272 

of u, I, 185 

partial, II, 198 

partial, independent of order, II, 
213 

successive, 1, 187 

use of logarithm, I, 288 

See also Derivative, Differential 
Direction, cosines defined, II, 180 

cosines found from two equations 
of line, II, 186 

of normal to plane, II, 184 

of plane curve in polar coordi- 
nates, I, 345 

of plane curve in rectangular co- 
ordinates, I, 197 

of space curve, II, 182 

of straight line in space, II, 180 
Directrix of circle, I, 149 

of conic, I, 148 

of ellipse, I, 149 

of hyperbola, I, 149 

of parabola, I, 146 
Discontinuity defined, I, 101 

examples of, I, 41, 128, 268, 28$, 
283 ; H, 292, 294 

finite defined, II, 291 
Discriminant defined, I, 117 

of cubic equation, 1, 114,iH7 

of quadratic equation, I, 73, 117 
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Discriminant of quadratic equation in 

two variables, I, 236 
Distance between two points in plane, 

1,36 

between two points in space, II, 178 
of point from plane, II, 191 
of point from straight line, I, 63 
Divergence, II, 279 

e, the number, I, 280 
Eccentric angle of ellipse, I, 304 
Eccentricity of conic, I, 148 
Elasticity, I, 204 
Element of definite integral, II, 64 

of determinant, I, 4 
Eliminant, I, 23 
Elimination, I, 1 

Ellipse, angle between normal and 
focal radii, 1, 191 

area, I, 304 ; II, 65, 66, 261 

center of curvature, I, 367 

center of gravity of segment, II, 
96, 247 

definition and simplest equation, 
I, 139 

evolute, I, 358 

expressed by general equation of 
second degree, I, 281, 235 

length, II, 77 

parametric equations, I, 303 

special case of conic, I, 148 

radius of curvature, I, 355 

referred to conjugate diameters, 

1,259 
Ellipsoid, equation, II, 166 

volume,,II, 73, 249 
Energy, kinetic, I, 203 
Entropy, II, 272 
Envelopes, II, 322 
Epicycloid, I, 307 
Epitrochoid, I, 309 
Equations, complex roots, I, 82 

depression of, I, 79 

differential (see Differential equa- 
tions) 

discriminant, 1, 117 



Equations, fractional roots, I, 90 

first degree in two variables, I, 62 

first degree in three variables, II, 
161 

irrational roots, I, 92 

multiple roots, I, 116 

Newton's method of solution,!, 114 

number of roots, I, 80 

rational roots, I, 89 

second degree in two variables, I, 
229 

simultaneous, I, 161 

simultaneous linear, I, 12 

simultaneous linear homogeneous, 
1,21 

solution by factoring, I, 77 

sum and product of roots, I, 82 

transcendental, I, 293 

with given roots, I, 79 
Evoluto, I, 367 

of ellipse, I, 358 

Exact differential in three variables, 
II, 276 

in two variables, II, 269 
Expansion, coefficient, I, 204 
Exponential equations, I, 296 
Exponential function, differentiation, 
1,284 

expansion, II, 68, 308 

integrals, II, 26 

of complex number, II, 307 

of real number, I, 279 

Factoring of quadratic polynomial, 1,79 

solution of equations by, I, 77 
Factors, integrating, II, 271, 328 

list of integrating, II, 273 

of polynomial, I, 81, 83 
Families of curves, II, 816 

orthogonal, II, 314, 327 
Flow of liquid, II, 259, 266 
Focus of conic, I, 148 

of ellipse, I, 139 

of hyperbola, I, 142 

of parabola, I, 146 
Folium of Descartes, I, 182 
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Force, I, 202 

function, II, 206 
Forms, indeterminate, II, 205 
Fourier's series, II, 200 
Fractions, differentiation, I, 182 

integration, II, 118 

partial, II, 104 
Functions, analytic, II, 811 

BessePs, II, 800 

classes, I, 43 

complementary, II, 840 

conjugate, II, 318 

continuous, one variable, I, 101 

continuous, several variables, II, 
200 

decreasing, I, 106 

defined, one variable, I, 40 

defined, several variables, II, 158 

defined by equation of second de- 
gree, I, 127 

graphical representation, one vari- 
able, I, 44 

graphical representation, two vari- 
ables, II, 169 

implicit,!, 188; 11,210 

increasing, I, 106 

increment, one variable, I, 100 

increment, several variables, II, 200 

involving fractions, I, 128 

mean value, II, 64 

notation, I, 44 

periodic, II, 200 

total differential, II, 200 

See also Algebraic, Exponential, 
Hyperbolic, Logarithmic, Trans- 
cendental, Trigonometric func- 
tions 

Gas, graph of Boyle-Mariotte's law, 

1,48 

illustrating differential, II, 8 
illustrating function, II, 168 
illustrating partial derivative, II, 

100 

temperature-pressure-volume sur- 
face, II, 168 



General solution, linear differential 

equation, II, 360 
Generators, rectilinear, II, 172 
Graph, I, 40 
Gravity (see Center of gravity) 

Harmonic division of line, I, 260 
Harmonic motion, I, 276 
Harmonic property of polars, I, 240 
Heat, as line integral, II, 260 

dependent on path, II, 267 

derivatives, II, 260 

entropy, II, 272 
Helix, direction, II, 182 

equation, II, 172 

length, II, 180 
Homogeneous differential equation, II, 

146 

Homogeneous equations, I, 21 
Homogeneous functions, II, 146 
Homer's method referred to, I, 02 
Hyperbola, conjugate, I, 262 

definition and simplest equation, 
I, 142 

equilateral, I, 140 

expressed by general equation of 
second degree, I, 281, 236 

referred to asymptotes, I, 224 

referred to conjugate diameters, 
1,260 

special case of conic, I, 140 
Hyperbolic functions, defined, I, 288 

differentiation, I, 200 

differentiation of inverse, I, 202 

expansion, II, 63 

integrals leading to inverse, II, 24 

inverse, I, 201 
Hyperbolic spiral, I, 882 
Hyperboloid of one sheet, n, 168 

of two sheets, n, 166 
Hypocycloid, I, 800 

four-cusped, I, 132 

Imaginary numbers (see Complex num- 
Imaginary surfaces, II, 160 f [ben] 
Imaginary unit, I, 81 
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Implicit functions, general discussion, 

II, 210 

special case, I, 188 
Increment of function of one variable, 

I, 100 

of functions of several variables, 

II, 200 

Indefinite integral, defined, II, 41 
containing %/a + bx, II, 29, 119 
containing Va 4- bx + x 2 , II, 121 
containing Va 4- bx x 2 , II, 122 
containing Va 2 x 2 , II, 29 
containing Vx 2 -f a 2 , II, 29 
containing Vx 2 a 2 , II, 29 
fundamental formulas, II, 26 

of ~*fe- , II, 29 

(Ax + B) Vax 2 + 6x 4- c 
dx dx 

a + b cosx ' a + b sin x 

* --; , 11,129 

a cosx + &smx 

of e"* sin bx dx, & tjc cos bx dx, II, 

31 

of rational fractions, II, 113 
of secxdx, cscxdx, II, 127 
of sinxdx, cosxdx, II, 123 
of sinxcosxdx, II, 124, 135 
of tanxdx, ctnxdx, II, 126 



of 



of taii w x sec w xdx, ctn w x csc w xdx, 
II,J28_ 

of Va 2 ~x 2 dx, II, 28 

of Va 2 + x 2 dx, 11,32 

of u\ II, 14 

of x m (a + bx)Pdx, II, 120, 130 

reduction formulas, II, 130, 135 

See also Integration 
Indeterminate forms, II, 295-301 
Indicator diagram, II, 43, 54 
Inertia (see Moment of inertia) 
Infinitesimal, defined, II, 1 
Infinitesimals, fundamental theorems 
on, II, 4 

order of, II, 1 
Infinity, I, 29 

Inflection, point of, II, 112, 194 
Integral, particular, II, 349 



See also Definite, Indefinite, and 

Line integrals 
Integrand, defined, II, 12 

infinite, II, 63 
Integrating factors, II, 273 
Integration, by parts, II, 30, 61 

by substitution (see Substitution) 

constant of, II, 12 

definition, II, 12 

elementary formulas, II, 26 

fundamental formulas, II, 13 

of rational fractions, II, 113 

of simple differential equations, 
II, 141 

possibility of, II, 32 

preliminary discussion, I, 206 

special methods of, II, 119 

See also Definite and Indefinite 

integrals 
Intercepts, I, 53 

Intersection, curves with common 
points, I, 171 

number of points, I, 169 

of plane curves, I, 161 
Involute, I, 357 

of circle, I, 311 
Isolated points, examples, 1, 126 ; 11,292 

Kinetic energy, I, 203 

Laplace's equation, in plane, II, 366 

in three dimensions, II, 368 
Latus rectum, I, 211 
Legeiidre's coefficients, II, 359 
Legendre's equation, II, 367 
Lemniscate, I, 340 

area, I, 348 

Cartesian equation, I, 341 
Length (see Arc and Distance) 
Lima^on, I, 386 

Limit, approached by variable, defined, 
1,97 

of ratio of arc to chord, I, 195 



T . ., - 

Limits of 



sin h 



, 

and 



of (1 + A)* and ! 



LZ_^,I,270 
h 

^-=-^, I, 283 
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Limits, theorems relating to, I, 178 

Limits of definite integral, change of, 

II, 49 

defined, II, 40 
infinite, II, 62 

Line, adiabatic, II, 267 

Line integral, defined, II, 258 
dependent on path, II, 2(57 
independent of path, II, 263 
related to double integral, II, 261 

Line, straight, determined by two 

points in plane, I, 60 
determined by two points in space, 

II, 187 
determined by point and direction 

in plane, I, 68 
determined by point and direction 

in space, II, 100 
direction cosines, II, 186 
direction in plane, I, 66 
direction in space, II, 180 
equation in plane, I, 60 
equations in space, II, 170 
intersection in plane, I, 61 
normal equation in plane, I, 64 
parallel lines in plane, I, 66 
parallel lines in space, II, 183 
parametric equations in plane, 1, 302 
perpendicular lines in plane, I, 67 
perpendicular lines in space, II, 

183 

polar equation in plane, I, 342 
satisfying two conditions in plane, 

1,68 

tangent to plane curve, I, 104 
tangent to space curve, II, 189 

Linear algebraic equations, I, 1 

Lineardifferentialequations,II,146,340 

Linear partial differential equations, 

II, 364 

See also Equations and Differential 
equations 

Liquid, flow of, II, 269, 266 

Locus, I, 46 

problems, I, 316 

Logarithm, Naperian, I, 280 



Logarithmic function, differentiation 

of, I, 284 
expansion, II, 69 
of complex number, II, 310 
of real number, I, 279 

Maclaurin's series, II, 66, 287 
Maxima and minima defined, I, 108 
discussed by Taylor's theorem, II, 

60 
for functions of two variables, II, 

206 

problems, I, 192, 275 
test by first derivative, I, 108 
test by second derivative, I, 112 
Mean value of function, II, 54 
Mechanics and physics problems, ac- 
celeration, I, 202 
adiabatic lines, II, 267 
attraction of wire, II, 87 
attraction of cylinder, II, 262 
beams, bending moment, II, 149 
Boyle-Mariotte's law, I, 43 
catenary, II, 142 
center of gravity, II, 90, 246 
center of pressure, II, 98 
coefficient of expansion, I, 204 
components of force, I, 34, 35 
components of velocity, I, 200 
damped vibrations, II, 346 
deflection of girder, I, 110 
elasticity, I, 204 
flow of liquid, II, 269, 266 
force, I, 202 
gas (nee Gas) 
harmonic motion, I, 275 
heat (see Ileat) 
height of atmosphere, I, 287 
indicator diagram, II, 43 
kinetic energy, I, 203 
lever, I, 192 
mean velocity, II, 54 
moment of inertia, II, 236, 251 
momentum, I, 203 
motion of particle (see Motion) 
pendulum, II, 153 
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Mechanics and physics problems, po- 
tential, II, 203 

potential due to ring, II, 370 

pressure, II, 88 

pressure-temperature-volume sur- 
face, II, 168 

projectile, I, 314 

refraction of light, I, 192 

saturated steam, I, 42 

temperature in long plate, II, 307 

uniform motion, I, 199 

velocity, I, 198 

work (see Work) 
Minima (see Maxima) 
Minors of determinant, I, 4 
Modulus of complex number, II, 305 
Moment, bending, II, 149 
Moment of inertia, defined, II, 236 

any plane area, II, 236 

rectangle, II, 224 

solid, II, 251 

sphere, II, 261 
Momentum, I, 203 

Motion of particle, falling in resisting 
medium, I, 292 

harmonic, I, 275 

in circle, I, 314 

in ellipse, I, 314 

path of, I, 313 

projected upwards, I, 203 

uniform, I, 199 

vibrating in resisting medium, II, 
346 

with given velocity and accelera- 
tion, I, 207 

Newton's solution of equations, I, 114 
Normal equation, of plane, II, 185 

of straight line, I, 64 
Normal, to plane, II, 184 

to plane curve, 1, 191 

to straight line, I, 59 

to surface, II, 204, 211 
Numbers, classification, I, 28 

complex, I, 81; 11,304 

Irrational, I, 28 



Numbers, rational, I, 28 
real, I, 29 
See also Complex numbers 

Operator, differential, II, 340 
formulas for , II, 842 



Order of differential equation, II, 143 

of infinitesimal, II, 1 
Ordinate, I, 36 

Orthogonal trajectories, II, 327 
Ovals of Cassini, I, 838 

Parabola, area of segment, 1, 216 ; II, 95 

center of gravity of segment, II, 95 

cubical, I, 74 

definition and simplest equation, I, 
146 

expressed by general equation of 
second degree, I, 231, 235 

length, II, 77 

path of projectile, I, 314 

referred to diameter and tangent, 
1,255 

referred to tangents at end of 
latus rectum, I, 132 

semicubical, I, 131 

special case of conic, I, 148 
Paraboloid, elliptic, II, 162 

hyperbolic, II, 166 

tangent plane, II, 205 
Parametric equations, I, 302 

differentiation, I, 315 
Partial derivative, II, 198 
Partial differential, II, 202 
Partial differential equations, II, 363 
Partial fractions, II, 104 
Particular integral, II, 849 
Parts, integration by, II, 30, 61 
Pedal curves, I, 319 
Pendulum, II, 153 
Periodic function, II, 290 
Physics (see Mechanics) 
Plane determined by normal and point, 
II, 184 

determined by three points, II, 190 
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Plane, direction of normal, II, 184 

distance of point from, II, 191 

equation, II, 101 

normal equation, II, 185 

parallel planes, II, 183 

perpendicular planes, II, 188 

tangent, II, 204, 211 

through given straight line, II, 192 
Polars, I, 247 

reciprocal, I, 261 
Pole of straight line, I, 247 

of system of coordinates, I, 329 
Polynomial, defined, I, 43 

derivative of, I, 97 

factors, I, 81, 83 

first degree, I, 60 

nth degree, I, 74 

second degree, I, 70 

square root of, I, 121 
Potential due to ring, II, 370 

rate of change, II, 203 
Pressure, II, 88 

center of, II, 98 

on circle, II, 89, 98 
Prismoid, II, 76 
Prismoidal formula, II, 74, 173 
Products, graphs of, I, 83 
Projectile, path of, I, 314 
Projection in plane, I, 34 

in space, II, 176 

Radius of curvature in parametric 
form, I, 3HO 

of curvature in polar coordinates, 
1,301 

of curvature in rectangular co- 
ordinates, I, 354 

vector, I, 329 
Rate of change, I, 203 
Ratio test for convergence, II, 281 
Rationalization of integrals, II, 119 
Reduction formulas, algebraic, II, 180 

trigonometric, II, 134 
Region of convergence, II, 285 
Resultant, I, 23 
Revolution, area of surface, II, 79 



Revolution, center of gravity of sur- 
face or solid, II, 96 

equation of surface, II, 168 

volume of solid, II, 69 
Ring-surface, area, II, 80 

volume, II, 71 
Roots, complex, I, 82 

fractional, I, 90 

irrational, I, 92, 114 

location, I, 86 

multiple, I, 116 

number of, I, 80 

of unity, II, 807 

rational, I, 89 

relation to factors, I, 78 

sum and product, I, 82 
Rose of three leaves, I, 331 

area, II, 69 
Ruled surfaces, II, 172 

Segments of line, addition of, I, 32 
Series, convergent, II, 279 . 

divergent, II, 279 

Fourier's, II, 290 

geometric, II, 279 

harmonic, II, 280 

Maclaurin'8, II, 56, 287 

operations with, II, 69, 286 

power, II, 284 

solution of differential equations 
by, II, 318, 866 

Taylor's, II, 65, 287 
Sine, graphical construction, I, 267 
Singular points of curve, II, 324 
Singular solution of differential equa- 
tion, II, 826 
Slope of plane curve, I, 99 

of straight line, I, 54 
Solid (see Center of gravity, Moment 

of inertia, and Volume) 
Space coordinates (see Coordinates) 
Sphere, area, II, 242 

center of gravity of segment, II, 97 

equation, II, 178 

moment of inertia, II, 251 
Spiral of Archimedes, I, 882 
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Spiral, hyperbolic, I, 382 

logarithmic, I, 383 
Statistics, graphs, I, 41 
Stokes's theorem, II, 274 
Straight line (see Line) 
Strophoid, I, 152 
Subnormal, I, 210 

polar, I, 361 
Substitution, integration by, II, 27 

general discussion, II, 119 

in definite integrals, II, 49 

suggestions for, II, 29 
Subtangent, I, 210 

polar, I, 361 

Successive differentiation, I, 187 
Supplemental chords, I, 264 
Surface, normal line, II, 204, 211 

of second order, II, 162-168 

of revolution, II, 168 

ruled, II, 172 

tangent plane to, II, 204, 211 

See also Area, Center of gravity, 

Moment of inertia, Volume 
Sylvester's method of elimination, 1, 24 
Symmetry, axis of, 1, 121 

Tangent to circle, I, 190 

to conies, simplest equations, 1, 190 
to conies, general equation, 1, 246 
to plane curve, I, 104; II, 210 
to space curves, II, 189, 212 
to surface, II, 204, 211 
with given slope, I, 163 

Taylor's series for one variable, II, 

65, 287 
for several variables, II, 288 

Temperature of long plate, II, 367 

Time as parameter, I, 313 

Total differential, II, 200 

Tractrix, II, 142 

Trajectories, orthogonal, II, 327 

Transcendental equations, I, 293 

Transcendental functions of complex 
number, II, 307-311 

Transcendental functions of real num- 
ber, I, 266 



Transformation of coordinates (see Co* 
ordinates) 

Trigonometric equations, I, 293 

Trigonometric functions, differentia- 
tion, I, 272 

differentiation of inverse, I, 276 
expansion, II, 58, 62, 308 
integrals leading to inverse, II, 19 
integration, II, 123 
inverse, I, 269 

inverse, expansion, II, 59, 62 
of complex number, II, 307 
of real number, I, 266 

Trochoid, I, 306 

Undetermined coefficients (see Co- 
efficients) 

Value (see Absolute and Mean value) 

Variable, defined, I, 40 

Variation of sign in polynomial, I, 87 

Vector, II, 304 
radius, I, 329 

Vectorial angle, I, 329 

Velocity, I, 198 

components, I, 200 

Vertex of ellipse, I, 141 
of hyperbola, I, 144 
of parabola, I, 147 

Volume, any solid, II, 249 

common to two cylinders, II, 74 
cylindrical coordinates, II, 232 
ellipsoid, II, 73, 249 
polar coordinates, II, 233 
prismoidal formula, II, 74 
solid of revolution, II, 69 
solid with parallel bases, II, 72 

Witch, I, 149 

points of inflection, I, 194 

Work, defined, II, 40 

dependent on path, II, 267 
expressed by indicator diagram, 

11,43 

expressed as line integral, II, 269 
independent of path, II, 266 

Zero, I, 29 



